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A B S T R A C T
This d i s s e r t a t i o n  c o n s i d e r s  thre e a s p e c t s  of the p r o b l e m s  
i n v o l v e d  in a p p l y i n g  p a t t e r n  r e c o g n i t i o n  m e t h o d s  to large 
m e d i c a l  d a ta  sets. The s p e c i f i c  e x a m p l e s  c o n s i d e r e d  are the 
d i a g n o s i s  of d e p r e s s i o n  f r o m  s u b j e c t i v e l y  a s s e s s e d  s y m p t o m s ,  
the d i a g n o s i s  of h ear t d i s e a s e  f ro m a b a l l i s t o c a r d i o g r a m  and
the d i a g n o s i s  of l iv e r  d i s e a s e  fr o m a l iv er scan.
A n e w  m e t h o d  of v a r i a b l e  s e l e c t i o n  is p r o p o s e d  that 
i n v o l v e s  the e l i m i n a t i o n  of a l r e a d y  c l a s s i f i e d  ca se s. This 
e f f e c t i v e l y  re d u c e s  a m u l t i d i m e n s i o n a l  p r o b l e m  to a se rie s  
of s i m p l e r  u n i v a r i a t e  s t ag e s . An a l t e r n a t i v e  to the
t r a n s f o r m a t i o n  m e t h o d s  of f e a t u r e  s e l e c t i o n  is al so  
i n v e s t i g a t e d .  This uses the t e c h n i q u e  k n o w n  as p r i n c i p a l  
c o o r d i n a t e  a n a l y s i s  w h ic h ,  it is a rg ued , s h o u l d  give b e t t e r  
r e s u l t s  th an m a n y  of the c o m m o n l y  used t e c h n i q u e s .
A m e t h o d  of p a r t i a l  d i s c r i m i n a t i o n  u s i n g  t o l e r a n c e
i n t e r v a l s  and c o n v e x  hu l ls  is d e v e l o p e d .  This w o r k  i n c l u d e s  
a n e w  a l g o r i t h m ,  the first to a l l o w  the c o n v e x  h u l l  to be 
f o u n d  in any n u m b e r  of d i m e n s i o n s .
I n i t i a l  m i s c l a s s i f i c a t i o n  is sh o w n  to be a p a r t i c u l a r  
p r o b l e m  w i t h  the li v e r scan data and an i t e r a t i v e  m e t h o d  for 
o v e r c o m i n g  such e r r o r s  is s u g g e s t e d .  This m e t h o d  is u se d  to 
m o d i f y  the l i n e a r  d i s c r i m i n a n t  f u n c t i o n  and the n e a r e s t  
n e i g h b o u r  a n a l y s i s  and its p e r f o r m a n c e  is st u di e d .
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1. I N T R O D U C T I O N
T he  m a i n  o b j e c t i v e  of p a t t e r n  r e c o g n i t i o n  is to b r i n g  
o r d e r  to a c o l l e c t i o n  of items by a s s i g n i n g  them to cl a s s e s .  
T h e s e  c l a s s e s  are s o m e t i m e s  p r e d e t e r m i n e d ,  h a v i n g  be e n  
d e f i n e d  s u b j e c t i v e l y ,  and s o m e t i m e s  the a n a l y s i s  n e e d s  to 
g e n e r a t e  its own c l a s s e s .  As an i l l u s t r a t i o n  of e v e r y  day 
p a t t e r n  r e c o g n i t i o n  c o n s i d e r  the i n t e r p r e t a t i o n  of spe e c h.  
W e  are all a c c u s t o m e d  to t a k i n g  s o un d s and g r o u p i n g  th em  
i n t o  c l a s s e s  w h e r e  e a c h  cl a ss  r e p r e s e n t s  a d i f f e r e n t  word. 
P a t t e r n  r e c o g n i t i o n  i n v e s t i g a t e s  such a p r o c e s s  wi t h  the 
l on g  terra a i m  of f i n d i n g  an a u t o m a t i c  m e t h o d  of 
c l a s s i f i c a t i o n .
T he d e v e l o p m e n t  of an a u t o m a t i c  p a t t e r n  c l a s s i f i e r  is a 
m u l t i - s t a g e  p r o c e s s .  It i n v o l v e s  the c o l l e c t i o n  of 
i n f o r m a t i o n  l i k e l y  to i n f l u e n c e  the a s s i g n m e n t  of items to 
a class, the s i f t i n g  of such da ta  to find the most i m p o r t a n t  
f e a t u r e s ,  the d e s i g n  of a c l a s s i f i e r  and the i n v e s t i g a t i o n  
of the p e r f o r m a n c e  of the c l a s s i f i e r .  T h r o u g h o u t ,  this 
p r o c e s s  is s u b j e c t  to e rr or.  Not only is any  p r a c t i c a l  
a n a l y s i s  b as e d  on only a s u b s e t  of the f e a t u r e s  that m i g h t  
h a v e  b e e n u s ed  but the it ems  f r o m  any si ng l e  class m a y  v a r y  
q u i t e  c o n s i d e r a b l y .  This n a t u r a l  v a r i a t i o n  w i t h i n  c l a s s e s  
is w e l l  i l l u s t r a t e d  by our e x a m p l e  of s p e e c h  r e c o g n i t i o n .  
T h e  b r a i n  is ab le to co pe  w i t h  d i f f e r e n t  a c c e n t s  and yet
st il l  r e c o g n i s e  a w ord ; the a u t o m a t i c  p r o c e d u r e s  need  to be 
a b l e  to do the same.
As the s p e e c h  r e c o g n i t i o n  e x a m p l e  s u g g e s t s ,
c l a s s i f i c a t i o n  is one of the f u n d a m e n t a l  m e n t a l  p r o c e s s e s  
w i t h  a long h i s t o r y  g o i n g  b a c k  m u c h  f u r t h e r  than the 
n u m e r i c a l l y  b as e d  a u t o m a t i c  p r o c e d u r e s  d e v e l o p e d  d u r i n g  the 
c u r r e n t  c e n t u r y .  I n d e e d  m o s t s c i e n c e s  pass t h r o u g h  an e a r l y  
s t a g e  in t h e i r  d e v e l o p m e n t ,  d u r i n g  w h i c h  the p h e n o m e n a  un d e r  
s t u d y  are g r o u p e d  and c l a s s i f i e d .
B e a r i n g  in m i n d  the f u n d a m e n t a l  n a t u r e  of the p r o c e s s  it
is not s u r p r i s i n g  that p a t t e r n  r e c o g n i t i o n  has f ou nd an
e n o r m o u s  n u m b e r  of v e r y  v a r i e d  a p p l i c a t i o n s .  As w el l  as the
m e d i c a l  p r o b l e m s  that h a v e  m o t i v a t e d  this work, p a t t e r n
r e c o g n i t i o n  has b ee n  u s e d  in a r e a s  i n c l u d i n g  b i o l o g y ,  
p s y c h o l o g y ,  a r c h e o l o g y ,  a n t h r o p o l o g y  and f o r e n s i c  s c i e n c e .  
E n g i n e e r s  h a v e  a l s o  b e e n  s t u d y i n g  p a t t e r n  r e c o g n i t i o n  for 
so me time; a l t h o u g h  t h e i r  l a n g u a g e  and a p p r o a c h  o f t e n  d i f f e r  
f r o m  t ho s e  of s t a t i s t i c s .  In th ei r a p p l i c a t i o n s  they have 
t e n d e d  to c o n c e n t r a t e  on p a r t i c u l a r  types of p r o b l e m  su ch  as 
s p e e c h  and c h a r a c t e r  r e c o g n i t i o n  and the i n t e r p r e t a t i o n  of 
i m a g e s ,  e s p e c i a l l y  t h o s e  p r o d u c e d  by a e r i a l  p h o t o g r a p h y .
M e d i c i n e  o f f e r s  c o n s i d e r a b l e  s c o p e  for a s t a t i s t i c a l  
a p p r o a c h  to p a t t e r n  r e c o g n i t i o n .  The d i a g n o s i s  of an 
i l l n e s s  i n v o l v e s  the d o c t o r  in s e l e c t i n g  and m e a s u r i n g  the 
i m p o r t a n t  s y m p t o m s  of the p a t i e n t  and the m a t c h i n g  of the 
s y m p t o m s  w i t h  t ho s e  of the o t h e r  p a t i e n t s  that the d o c t o r  
h as  s e e n  or r ea d a b o u t .  E a ch  d i s e a s e  can thus be s e en  as
b e i n g  d e f i n e d  by the set of s u f f e r s  and c h a r a c t e r i s e d  by 
t h e i r  s y m p t o m s .  The p r o b l e m  is, of cours e,  c o m p l i c a t e d  by 
the fact that no two p a t i e n t s  wi ll  e x h i b i t  e x a c t l y  the same 
set of s y m p t o m s .
A s t a t i s t i c a l  a p p r o a c h  to m e d i c a l  d i a g n o s i s  not only 
o f f e r s  the p o s s i b i l i t y  of h i g h l y  e f f i c i e n t  s e l e c t i o n  and 
m a t c h i n g  of s y m p t o m s  but al so  the c h a n c e  to i n d i c a t e  the 
p r o b a b i l i t y  that the d i a g n o s i s  is co r re c t .  W h e n  a c o m p u t e r  
is a v a i l a b l e  it is a l s o  p o s s i b l e  to e x t e n d  the data base of 
d i s e a s e s  and s y m p t o m s  to a s i z e  f a r  be y o n d  that w h i c h  any  
d o c t o r  c o u l d  a c q u i r e ,  e v e n  in a l if e time of p r a c t i c e .  Such 
c o m p u t e r i s e d  m e t h o d s ,  or ' ex per t s y st e m s '  as t he y  have  
b e c o m e  kn ow n ,  are n o w  the s u b j e c t  of m u c h  r e s e a r c h  and m a n y  
e x p e r i m e n t s  are a l r e a d y  u n d e r w a y  to test their p e r f o r m a n c e  
in the field.
The w o r k  in this d i s s e r t a t i o n  has been m o t i v a t e d  by the 
s t u d y  of t hre e m e d i c a l  data  sets. One, f ro m  p s y c h i a t r y ,  is 
c o n c e r n e d  w i t h  the d i a g n o s i s  of d e p r e s s i o n  f r o m  o b s e r v e d  
b e h a v i o u r .  A n o t h e r ,  f r o m  c a r d i o l o g y ,  d e a l s  w i t h  the 
d i a g n o s i s  of h e a r t  d i s e a s e  f r o m  b a l l i s t o c a r d i o g r a m s  w h i c h  
ar e w a v e s  d e s c r i b i n g  the m o v e m e n t s  of the b od y  i n d u c e d  by 
the a c t i o n  of the he a rt . F i n a l l y  the third da t a set, f r o m  
n u c l e a r  m e d i c i n e ,  c o n s i s t s  of the li v e r  s c an s  of p a t i e n t s  
w i t h  a v a r i e t y  of li v e r d i s e a s e s .
T h e s e  data sets, as w e l l  as b e i n g  of i n t e r e s t  in t h e i r  
own right, a l s o  h a v e  c h a r a c t e r i s t i c s  c o m m o n  to m a n y  m e d i c a l
p r o b l e m s  and as s uc h e n a b l e  us to test g e n e r a l  m e t h o d s  of 
a n a l y s i s .
The m os t o b v i o u s  c h a r a c t e r i s t i c  of r e a l i s t i c  m e d i c a l  
c l a s s i f i c a t i o n  p r o b l e m s  is the e n o r m o u s  n u m b e r  of p o s s i b l e  
f e a t u r e s  that one m i g h t  c o n s i d e r .  It is f r e q u e n t l y  the case 
w i t h  such p r o b l e m s  that the n u m b e r  of p o t e n t i a l  f e a t u r e s  far 
e x c e e d s  the n u m b e r  of c l a s s i f i e d  ca ses in the dat a base. 
Fo r  this r e a s o n  it is not p o s s i b l e  to use all of the 
f e a t u r e s  as th er e  w o u l d  not be e n o u g h  ca ses to e s t i m a t e  all 
of the p r o p e r t i e s  of the f e a t u r e s .
S e c o n d l y  s y m p t o m s  tend to be h i g h l y  c o r r e l a t e d  and of 
c o m p l e x  d i s t r i b u t i o n .  C o n s e q u e n t l y  a s o p h i s t i c a t e d  
m o d e l l i n g  a p p r o a c h  to the data is v e r y  d i f f i c u l t .  T h e r e  are 
c o m p a r a t i v e l y  f ew  u s a b l e  m u l t i v a r i a t e  s t a t i s t i c a l  m o d e l s  and 
it is n e c e s s a r y  to s e a r c h  for n o n - p a r a m e t r i c  m e t h o d s  or to 
a r g u e  by a n o l o g y  w it h  wh at  w o u l d  h ave  h a p p e n e d  had the da ta  
b e e n  m u l t i v a r i a t e  nor ma l .
The  third g e n e r a l  c h a r a c t e r i s t i c  of m e d i c a l  data, that is 
c l e a r l y  e x h i b i t e d  by ou r e x a m p l e s ,  is that of po o r i n i t i a l  
c l a s s  i f I n  s e t t i n g  up r e l e v a n t  da ta ba s e s  It is 
n e c e s s a r y  to r e l y  on the d i a g n o s e s  of m e d i c a l  s p e c i a l i s t s  
a nd  s u c h  d i a g n o s e s  are o f t e n  far f r o m  p e r f e c t .  T h e r e  is a 
d a n g e r  of e n d i n g  up by d i v i s i n g  a m e t h o d  not for c o r r e c t  
d i a g n o s i s  but fo r r e p r o d u c i n g  the m i s t a k e s  of the 
s p e c i a l i s t .
Ou r  t h r e e  d at a sets e x h i b i t  all th r e e of t h e s e  g e n e r a l  
c h a r a c t e r i s t i c s .  T h e y  all c o n t a i n  too m a n y  f e a t u r e s  for
p r a c t i c a l  use; the l a r g e s t ,  n a m e l y  the li ve r  scans, o f f e r i n g  
1 6 , 3 8 4  v a l u e s  on e a c h  of 291 c a s e s .  That same da ta  set a ls o  
b e s t  i l l u s t r a t e s  the th i r d p r ob l e m ,  as it was f oun d that 
on ly  a f r a c t i o n  of the ca se s  had d e f i n i t e  : usabl e d i a g n o s e s .  
F i n a l l y  all t h r e e  data sets p o s s e s s  the c o m p l e x ,  h i g h l y  
c o r r e l a t e d ,  s t r u c t u r e  that is so d i f f i c u l t  to m o d e l  
p a r a m e t r i c a l l y .
B e c a u s e  of the la r g e v a r i e t y  that is p o s s i b l e  in the 
s t r u c t u r e  of m e d i c a l  d a ta  se ts,  it is v e r y  d i f f i c u l t  to 
c o m p a r e  m e t h o d s  of a n a l y s i s ,  for it is not p o s s i b l e  to be 
s u r e  w h e t h e r  s u c c e s s  is due to the m e t h o d  or to so me
i n h e r e n t  c h a r a c t e r i s t i c  of that p a r t i c u l a r  data set. The
n e e d  for a s t a n d a r d  d a t a  set on w h i c h  c o m p e t i n g  m e t h o d s
m i g h t  be te s t ed  le a d s  to the c o m p r o m i s e  of u s i n g  
m u l t i v a r i a t e  n o r m a l  data. C l e a r l y  it is not the i n t e n t i o n  
to d e v i s e  a m e t h o d  that w i l l  out p e r f o r m  the w e l l  k n o w n  
o p t i m a l  p r o c e d u r e s ,  but it m i g h t  be a r g u e d  that u n l e s s  a 
m e t h o d  can c ope  w i t h  su ch  w e l l  b e h a v e d  data it is u n l i k e l y  
to be g e n e r a l l y  a p p l i c a b l e .  I n d e e d  it w o u l d  be d e s i r a b l e  
f o r  the m e t h o d  u n d e r  test to r e d u c e  to the o p t i m a l  p r o c e d u r e  
in the ca se of n o r m a l  data.
T h i s  d i s s e r t a t i o n  s t a r t s  w i t h  a g e n e r a l  r e v i e w  of the 
p r e s e n t  s t a t e  of s t a t i s t i c a l  p a t t e r n  r e c o g n i t i o n  a nd t he n  
g o e s  on to i n t r o d u c e  the t hre e d at a sets. C o n v e n t i o n a l l y  
p a t t e r n  r e c o g n i t i o n  is b r o k e n  do w n  i nto  two s t a g es ,  n a m e l y  
the s e l e c t i o n  of the i m p o r t a n t  f e a t u r e s  and the d e s i g n  of
the c l a s s i f i e r *  H o w e v e r  w i t h  c o m p l e x  data sets such as 
th os e  u n d e r  c o n s i d e r a t i o n  an e xt r a  s ta ge is n e c c e s s a r y  
b e c a u s e  of the m a n y  w a y s  of l o o k i n g  at the o r i g i n a l  p ro b l e m .  
Th us,  for e x a m p l e ,  the b a l l i s t o c a r d i o g r a m s  c oul d be v i e w e d  
as sets of 100 a m p l i t u d e s ,  or just as r e a s o n a b l y  as sets of 
p e a k s  and t r ou g h s .  It is on l y a f t e r  this i n i t i a l  d e c i s i o n  
ha s b e e n  m a de  that the f e a t u r e s  are d e f i n e d  and the
i m p o r t a n t  ones can t hen  be ch os en . For this r e a s o n  we
c o n s i d e r ,  in c h a p t e r  four, the v a r i o u s  wa ys  in w h i c h  the 
d at a  m i g h t  be c h a r a c t e r i s e d .  The c h a r a c t e r i s a t i o n s  i n c l u d e  
a n e w  and s u c c e s s f u l  w a y  of m o d e l l i n g  the
b a l l i s t o c a r d i o g r a m s  as s u p e r i m p o s e d  da m p ed  h a r m o n i c  w a ve s .
A  d e t a i l e d  r e v i e w  of f e a t u r e  s e l e c t i o n ,  in c h a p t e r  five, 
is f o l l o w e d  by the c o n s i d e r a t i o n  of two n e w a p p r o a c h e s  to 
the pr ob l e m .  Th e fi r s t n e w a p p r o a c h  seeks to r e d u c e  the 
c o m p l i c a t e d  m u l t i v a r i a t e  s e l e c t i o n  p r o b l e m  to a s e r i e s  of 
m o r e  raanagable u n i v a r i a t e  p r o b l e m s  by l o o k i n g  at the
d i s t r i b u t i o n s  c o n d i t i o n a l  u p o n  u n h e l p f u l  v a l u e s  for t h o s e  
v a r i a b l e s  a l r e a d y  s e l e c t e d .  Th us , the best v a r i a b l e  is 
s e l e c t e d  fi r s t and the n e x t  v a r i a b l e  is th en c h o s e n  on the
a s s u m p t i o n  that th e o b s e r v e d  v a l u e  of the fi rst  w i l l  t u rn  
out to be u n h e l p f u l .
T h e  s e c o n d  a p p r o a c h  u se s  the s t a n d a r d  m u l t i v a r i a t e  
t e c h n i q u e  of p r i n c i p a l  c o - c o r d i n a t e s . Th is  t e c h n i q u e  is 
w e l l  k n o w n  o u t s i d e  the fi eld of f e a t u r e  s e l e c t i o n  an d has 
m a n y  p r o p e r t i e s  that m a k e  its use in f e a t u r e  s e l e c t i o n  
d e s i r a b l e .  T h e s e  p r o p e r t i e s  i n c l u d e  the fact that the w e l l
e s t a b l i s h e d  t e c h n i q u e s  of p r i n c i p a l  c o m p o n e n t s  and c a n o n i c a l  
v a r i a t e  a n a l y s i s  m a y  be v i e w e d  as s p e c i a l  c as e s  of p r i n c i p a l  
c o - o r d i n a t e s .  It w i ll  be s h o w n  how  this t e c h n i q u e  ma y be
m o d i f i e d  to o f f e r  m a n y  o t h e r  p o w e r f u l  p o s s i b i l i t i e s  all of 
w h i c h  are  t e s t e d  on the m e d i c a l  d at a  sets.
M e t h o d s  of d e f i n i n g  l i n e a r  c l a s s i f i e r s  are c o n s i d e r e d  in
c h a p t e r  ei gh t and in c h a p t e r  nine  we r e v i e w  the m e t h o d  of
p a r t i a l  d i s c r i m i n a t i o n  in w h i c h ,  as w el l  as the p o s s i b i l i t y
of c l a s s i f y i n g  the case, one adds the o p t i o n  of l e a v i n g  it 
unclassified.
C h a p t e r  ten i n t r o d u c e s  a n e w  m e t h o d  of n o n - p a r a m e t r i c  
p a r t i a l  d i s c r i m i n a t i o n  w h i c h  is a p p l i e d  to two of the data 
sets. The m e t h o d  is then e x t e n d e d  into  h i g h e r  d i m e n s i o n s .  
T h e  e x t e n s i o n  is b as ed on the c o n v e x  hu l l s  of the s a m p l e s  
and  in o r d e r  to f a c i l i t a t e  this a n e w  a l g o r i t h m  is p r o p o s e d  
for  f i n d i n g  the c o n v e x  h u l l of a p - d i m e n s i o n a l  s a m pl e .  This 
p r o v e d  n e c e s s a r y  as t ho s e  a l g o r i t h m s  c u r r e n t l y  a v a i l a b l e  are 
r e s t r i c t e d  to at m o s t  th r ee  d i m e n s i o n s .
As wa s m e n t i o n e d  e a r l i e r  the li v e r  scans are p l a g u e d  by
p o o r  i n i t i a l  c l a s s i f i c a t i o n .  W h e n  the d i a g n o s e s  o r i g i n a l l y
s u p p l i e d  w e r e  c h e c k e d  a g a i n s t  the i n f o r m a t i o n  that
s u b s e q u e n t l y  b e c a m e  a v a i l a b l e  it was f oun d that a s u r p r i s i n g
n u m b e r  of the o r i g i n a l  c as e s  a p p e a r e d  to h a v e  b e e n  
m i s c l a s s i f l e d .
M e t h o d s  for c o p i n g  w i t h  i n i t i a l  m i s c l a s s i f i c a t i o n  are 
r e v i e w e d  in c h a p t e r  tKlrteen and a new  p r o c e d u r e  is s u g g e s t e d
and tested* F i n a l l y  the li ve r  s ca ns are c o n s i d e r e d  
s p e a r a t e l y  and in deta il.
The ne w  m e t h o d s  s u g g e s t e d  in this d i s s e r t a t i o n  hav e  
v a r y i n g  d e g r e e s  of s u c c e s s  w h e n  m e a s u r e d  a g a i n s t  the th ree  
d a t a  sets that m o t i v a t e d  t he m  but all a p p e a r  to o f f e r  u s e f u l  
a d d i t i o n s  to the b a t t e r y  of a v a i l a b l e  t e c h n i q u e s .
2. A R e v i e w  of D i s c r i m i n a t i o n ,  C l u s t e r i n g  
an d P a t t e r n  R e c o g n i t i o n
2.1 A B r i e f  Hi s t ory
T h e  b o r d e r s  b e t w e e n  d i s c r i m i n a t i o n ,  c l u s t e r i n g  and 
p a t t e r n  r e c o g n i t i o n  are  not at all c l e a r  cut, but the t e r m  
d i s c r i m i n a t i o n  is u s u a l l y  r e s e r v e d  fo r s i t u a t i o n s  in w h i c h  
one  has sets of p r e v i o u s l y  c l a s s i f i e d  cases , r e f e r r e d  to as 
t r a i n i n g  sets, w h i c h  are us e d  in t he  d e s i g n  of a s c h e m e  for
c l a s s i f y i n g  f u t u r e  cases . C l u s t e r i n g  on th e o t h e r  hand,
r e f e r s  to the p r o b l e m  of d i v i d i n g  u n c l a s s i f i e d  c ase s into
g r o u p s  w i t h o u t  a n y  p r e v i o u s  cl as s i n f o r m a t i o n  a v a i l a b l e  as a 
gu id e .
P a t t e r n  r e c o g n i t i o n  is m u c h  m o r e  d i f f i c u l t  to d e f i n e .  It 
Is a t e r m  that is r a r el y,  if ever, us e d by s t a t i s t i c i a n s  but 
for  e n g i n e e r s  and  c o m p u t e r  s c i e n t i s t s  it c o v e r s  
d i s c r i m i n a t i o n ,  c l u s t e r i n g  and a w h o l e  lot m or e .  I n d e e d  it 
is u s e d  as a g e n e r i c  t e r m  for a n y  a n a l y s i s  that i n v o l v e s  the 
s e a r c h  for s i m i l a r i t i e s  b e t w e e n  the c h a r a c t e r i s t i c s  of 
d i f f e r e n t  c ase s a nd  the use of th o s e  s i m i l a r i t i e s  to 
r e c o g n i s e  a case as b e l o n g i n g  to a p a r t i c u l a r  c l a s s .  This
d e f i n i t i o n ,  s i m i l a r  in e s s e n c e  to t ho se us ed by r e v i e w e r s  of 
the field, such  as F u ( 1 9 8 0 ) ,  K a n a l ( 1 9 7 A )  and V e r h a g e n ( 1 9 7 5 ) ,  
is w i d e  e n o u g h  to s t r e t c h  f r o m  the s i m p l e s t  e x p l o r a t i o n  of a 
d a t a  set u s i n g  pl o t s  to the m o s t  s o p h i s t i c a t e d  d i s c r i m i n a n t  
a n a l y s i s  and yet al s o  i n c l u d e s  a n u m b e r  of n o n - s t a t i s t i c a l  
t e c h n i q u e s .
W h i l s t  th e r e  is n o w  c o n s i d e r a b l e  o v e r l a p  b e t w e e n  the 
t h r e e  f i e l d s  of s t u d y  t h ey  ea c h  ha d th er e  o w n  s e p a r a t e  
o ri g i n .  T he  fi rs t,  and in m a n y  w ay s  m o s t  i m p o r t a n t  
c o n t r i b u t i o n  to d i s c r i m i n a t i o n  was m a d e  by F i s h e r (1936). His 
l a r g e l y  i n t u i t i v e  m e t h o d  was b a s e d  on the idea that two 
c l a s s e s  are m o s t  e a s i l y  d i s t i n g u i s h e d  if one l oo k s  in the 
d i r e c t i o n  that m a x i m i s e s  the r a t i o  of the d i f f e r e n c e  b e t w e e n  
t h e i r  m e a n s  to th e ir  c o m m o n  s t a n d a r d  d e v i a t i o n .  F i s h e r ' s  
r e s u l t  was l a t e r  o b t a i n e d  u s i n g  p r o b a b i l i s t i c  and d e c i s i o n  
t h e o r e t i c  a n a l y s e s ,  t o g e t h e r  w i t h  the a s s u m p t i o n  of 
m u l t i v a r i a t e  n o r m a l i t y ,  by W e l c h ( 1 9 3 9 )  and W a l d ( 1 9 4 4 ) ,  and 
t his  t e c h n i q u e  r e m a i n s  the m o s t  w i d e l y  used. N o n - p a r a m e t r i c  
m e t h o d s  b e g a n  to be c o n s i d e r e d  in the e a r l y  1 96 0's  f o l l o w i n g
a p a p e r  by P a r z e n ( 1 9 6 2 )  and d i s t r i b u t i o n s  o t h e r  t h a n  the
n o r m a l ,  i n c l u d i n g  some d i s c r e t e  ca ses , h a v e  n o w  b e e n
s t u d i e d .
Th e B a y e s i a n  s c h o o l  of s t a t i s t i c i a n s  w e r e  l e a d  by
G e i s s e r C 1964) in th e i r  st u d y  of d i s c r i m i n a t i o n .  The f a i l u r e  
of th e i r  m e t h o d s  to ga in  w i d e s p r e a d  a c c e p t a n c e  is p a r t l y  a 
r e s u l t  of the a d d e d  c o m p l e x i t y  of the a n a l y s i s  and p a r t l y
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due to the c o n t i n u i n g  d e b a t e  o v er  the v a l i d i t y  of the 
g e n e r a l  a p p r o a c h .  The ex t r a  p r o b l e m s  of s p e c i f y i n g  s e n s i b l e  
p r i o r  d i s t r i b u t i o n s  and the l a c k  of c o m m o n l y  a v a i l a b l e  
s o f t w a r e  are t o g e t h e r  s u f f i e n t  to put off all but the 
s p e c i a l i s t s  in this field.
C l u s t e r i n g  can be t r a c e d  b a c k  to the 1930's  w h e n  
Z u b i n ( 1 9 3 8 )  a t t e m p t e d  to a p p l y  s i m p l e  ad ho c ru l es  to 
s p e c i f i c  d at a  sets. E v e n  m o r e  th an  d i s c r i m i n a t i o n ,  the f i e ld  
of c l u s t e r i n g  is d e p e n d e n t  on the use  of c o m p u t e r s  and 
l i t t l e  real p r o g r e s s  was m a d e  u n t i l  the 1960' s w h e n  
c o m p u t e r s  b e g a n  to be w i d e l y  a v a i l a b l e .  At that tim e t h er e  
w a s  an e x p l o s i o n  of w o r k  in the f ie l d  w i t h  c o u n t l e s s  p a p e r s  
b e i n g  w r i t t e n  e a c h  s u g g e s t i n g  its ow n a l g o r i t h m .  The 
s u g g e s t i o n  of ad h oc  c l u s t e r i n g  p r o c e d u r e s  c o n t i n u e s  to this 
d a y  w i t h  v e r y  l i t t l e  in the w a y  of u n d e r l y i n g  t he o r y,  and 
i n d e e d ,  v e r y  f ew  g u i d e l i n e s  to h e l p  a u s e r  c h o o s e  b e t w e e n  
th e m u l t i t u d e  of m e t h o d s .
B e i n g  m o r e  v a g u e l y  d e f i n e d  it is h a r d e r  to say just w h e n  
p a t t e r n  r e c o g n i t i o n  was f ir s t  s t u d i e d  but the t er m  se e m s  to 
h a v e  b e e n  c o i n e d  by S a m m o n ( 1 9 6 8 )  w h o  w r o t e  on " O n - l i n e  
P a t t e r n  A n a l y s i s  and R e c o g n i t i o n  S y s t e m s " .  The l i t e r a t u r e  
s o o n  s u c k e d  in the s t a t i s t i c a l  w o r k  a d d i n g  to the t h e o r y  and 
i n t r o d u c i n g  the m e t h o d s  to m a n y  n e w  and d i v e r s e  
a p p l i c a t i o n s .  B e c a u s e  p a t t e r n  r e c o g n i t i o n  was b e i n g  s t u d i e d  
b y  p e o p l e  f r o m  v e r y  d i f f e r e n t  b a c k g r o u n d s ,  such as c o m p u t e r  
s c i e n c e  a n d  e n g i n e e r i n g ,  this n a t u r a l l y  led to a w h o l e  n e w
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set of a p p r o a c h e s .
The m a j o r  a l t e r n a t i v e  to the s t a t i s t i c a l  a p p r o a c h  is the 
s y n t a c t i c  or s t r u c t u r a l  m e t h o d ,  some of the e a r l y  t h e o r y  of 
w h i c h  p r e d a t e s  S a m m o n ' s  1968 pape r.  In the m i d  1950 's  
C h o m s k y  and o t h e r s  s t a r t e d  to d e v e l o p  m a t h e m a t i c a l  m o d e l s  
for the g r a m m a r s  of n a t u r a l  l a n g u a g e ;  w o r k  w h i c h  led to the 
d e s i r e  to p r o g r a m  c o m p u t e r s  to u n d e r s t a n d  and to t r a n s l a t e .  
T h e  a n a l o g y  b e t w e e n  t he se aims and t h o s e  of p a t t e r n  
r e c o g n i t i o n  was s i e z e d  on by m a n y  w o r k e r s .  The p a t t e r n s  of 
i n t e r e s t ,  that is to say the s e n t e n c e s  are d i v i d e d  up, or 
s e g m e n t e d ,  into b a s i c  c o m p o n e n t s  c a l l e d  w o r d s  or m o r p h s .  
T h e s e  b a s i c  u n i t s  w o u l d  t y p i c a l l y  be m o r e  c o m p l e x  t ha n the 
s i n g l e  m e a s u r e m e n t s  u s e d  in a s t a t i s t i c a l  a n a l y s i s .  For 
e x a m p l e ,  if one w e r e  a n a l y s i n g  h a n d w r i t i n g  the m o r p h s  m i g h t  
be the v a r i o u s  s t r o k e s .  The g r a m m a r  of our p r o b l e m  is then 
th e w a y  in w h i c h  t h e s e  b a s i c  un i t s are put t o g e t h e r  to m a k e  
m e a n i n g f u l  p a t t e r n s  and the s y n t a x  is the set of ru le s that 
d i c t a t e  w h i c h  m o r p h s  m a y  f o l l o w  one a n o t h e r .
By t he s e  m e a n s  the p a t t e r n s  or s e n t e n c e s  are c o m p o s e d  of 
b a s i c  u ni t s  a c c o r d i n g  to s p e c i f i e d  r ul es and we m a y  t h i n k  of 
th e w h o l e  p r o c e s s  as b e i n g  r e p r e s e n t e d  by a tr ee  d i a g r a m ,  
w i t h  the s t a r t i n g  u n it  at the b ase  ii: fans out a c c o r d i n g  to 
th e  p o s s i b i l i t i e s  of the s y n t a x  to end w i t h  the c o m p l e t e  
p a t t e r n .  A g a i n  t a k i n g  a t e r m  f r o m  l a n g u a g e  t he ory , a pass 
t h r o u g h  s u c h  a tr ee  is k n o w n  as a par se .
T h e  s t r u c t u r a l  m e t h o d  is st i l l  b e i n g  d e v e l o p e d  and
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e x t e n d e d  and r e c e n t l y  ot h e r  e s s e n t i a l l y  n o n - s t a t i s t i c a l  
a p p r o a c h e s  h a v e  b e en  tried. Th e se  n ew  m e t h o d s  h a v e  b r o u g h t  
in ideas f r o m  s uc h  f i e l d s  as f u zz y  set theory ,  
v a r i a b l e - v a l u e  logic, c a t e g o r y  t h e o r y  and r e l a t i o n  th e or y .  
W h i l s t  e ac h  a p p r o a c h  is w o r t h y  of st u d y in its own right,  we 
w i l l  c o n c e n t r a t e  on the s t a t i s t i c a l  a p p r o a c h  in the rest of 
th is r e v i e w  s i n c e  that is the c o n c e r n  of the rest of this 
t h e s i s .
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2.2 Li te rat ure and So ftwar e
The l i t e r a t u r e  on all th e s e  ar e as ,  but e s p e c i a l l y  on 
p a t t e r n  r e c o g n i t i o n ,  is e n o r m o u s .  The best k n o w n  text books  
d e a l i n g  p r i m a r i l y  w i t h  d i s c r i m i n a n t  a n a l y s i s  are th ose by 
G o l d s t e i n  and D i l i o n (1978), H a n d ( 1 9 8 1 )  and
L a c h e n b r u c h (1975), a l t h o u g h  it is de a l t w i t h  f r o m  a B a y e s i a n  
v i e w  p o i n t  in A i t c h i s o n  and D u n s m o r e ( 197 5),  and f r o m  an 
i n f o r m a t i o n  v i e w  p o i n t  in K u l l b a c k ( 1959). C l u s t e r i n g  is 
d e s c r i b e d  f u l l y  in A n d e r b e r g (1973), E v e r i t t (1980), 
H a r t i g a n (1975) and J a r d i n e  and S i b s o n ( 1971). T h e r e  are e v e n  
m o r e  s t a n d a r d  te xts  on p a t t e r n  r e c o g n i t i o n ,  F u ( 1 9 8 0 )  in a 
r e v i e w  lists tw en ty , the m o s t  w i d e l y  q u o t e d  b e i n g  
A n d r e w s (1972), B a t c h e l o r (1974), B e c k e r ( 1 9 7 1 ) ,  C h e n ( 1 9 7 3 ) ,
C h e i n ( 1 9 7 8 ) ,  D u d a  and H a r t (1973), F u ( 1 9 6 8 ) ,  F u ( 1 9 7 4 ) ,
F u k u n a g a ( 1 9 7 2 ) ,  M e n d e l  and F u ( 1 9 7 0 ) ,  P a t r i c k (  1972 ) , To u and 
G o n z a l e z ( 1 9 7 4 ) ,  U l l m a n (1973), V a n  R y z i n ( 1 9 7 7 )  and 
W a n t a n a b e (1972). ^ i n c e  that r e v i e w  n o t a b l e  p u b l i c a t i o n s
i n c l u d e  D e v i j v e r  and K i 1 1 1er( 1982) and H a n d (1981 ). T h e r e  are 
a l s o  n u m e r o u s  c o l l e c t i o n s  of p a p e r s  and b oo k s  d e a l i n g  w h i c h  
s p e c i f i c  a p p l i c a t i o n s  suc h as i ma g e  a n a l y s i s .
A l l  th r e e f i e l d s  h a v e  b e e n  r e g u l a r l y  r e v i e w e d  in the
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l i t e r a t u r e ,  the best g e n e r a l  r e v i e w s  b e i n g  by L a c h e n b r u c h  
a n d  G o l d s t e i n ( 1 9 7 9 )  on d i s c r i m i n a n t  a n a l y s i s ;  C o r m a c k ( 1971) 
a n d  B l a s h f i e l d  and A 1 d e n d e r f e r (1978) on c l u s t e r i n g ,  and 
K a n a l ( 1 9 7 4 )  and F u ( 1 9 8 0 )  on p a t t e r n  r e c o g n i t i o n .
T h e  f a c t o r  that p r o b a b l y  has the g r e a t e s t  i n f l u e n c e  on 
th e m e t h o d s  u s e d  in p r a c t i c e  is the a v a i l a b l i t y  of s o f t w a r e .  
M o s t  l ar g e  s t a t i s t i c a l  p a c k a g e s  i n c l u d e  p r o g r a m s  for 
d i s c r i m i n a t i o n  and c l u s t e r i n g ,  m o s t  c o m m o n  in B r i t a i n  b e i n g  
SP SS, G E N S T A T  and B M D — P. The s c o p e  of the a n a l y s i s  o f f e r e d  
b y  t h e s e  p a c k a g e s  is h o w e v e r  q u i t e  l i m i t e d ,  for e x a m p l e  eac h  
o f f e r s  only m u l t i v a r i a t e  n o r m a l  d i s c r i m i n a t i o n .
A few s p e c i a l i s t  p a c k a g e s ,  su c h as C L U S T A N  are w i d e l y  
a v a i l a b l e  and s e v e r a l  text bo o k s  h a v e  i n c l u d e d  l i s t i n g s  of 
p r o g r a m s  for s p e c i f i c  a n a l y s e s .  T h e s e  i n c l u d e  G o l d s t e i n  and 
D i l l o n ( 1 9 7 8 )  and  H a r t i g a n ( 197 5). P r o g r a m s  are a lso  p u b l i s h e d  
r e g u l a r l y  in s u c h j o u r n a l s  as ' A p p l i e d  S t a t i s t i c s '  a nd  'The 
C o m p u t e r  J o u r n a l  « H o w e v e r  t h es e  p r o g r a m s  h a v e  c o n s i d e r a b l y  
le ss i n f l u e n c e  on the t yp es of a n a l y s i s  r o u t i n e l y  p e r f o r m e d .  
It is not at all u n u s u a l  to fi nd the m u l t i v a r i a t e  n o r m a l  
d i s t r i b u t i o n  a s s u m e d  s i m p l y  b e c a u s e  of the a v a i l a b i l i t y  of 
the s o f t w a r e .
T h e r e  is no m a j o r  p a c k a g e  a i m e d  s p e c i f i c a l l y  at p a t t e r n  
r e c o g n i t i o n ;  this is not s u r p r i s i n g  w h e n  one c o n s i d e r s  the 
v a s t n e s s  of the field  and the t e n d e n c y  to r e q u i r e  m e t h o d s  
s p e c i f i c  to a p a r t i c u l a r  p ro bl e m .
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2.3 D i s c r i m i n a t i o n
In this s e c t i o n  we w i l l  r e v i e w  the m a j o r  a s p e c t s  of 
d i s c r i m i n a t i o n  and s t a t i s t i c a l  p a t t e r n  r e c o g n i t i o n  b a s e d  on 
c l a s s i f i e d  t r a i n i n g  sets. A n y  s uc h a n a l y s i s  can be 
s u b d i v i d e d  into th re e  sta g e s,  the s e l e c t i o n  of the v a r i a b l e s  
or f e a t u r e s  that best d i s c r i m i n a t e  b e t w e e n  the c l a s s e s ,  the 
d e s i g n  of the c l a s s i f i e r  and f i n a l l y  the a s s e s s m e n t  of the 
w h o l e  sc he m e . T h e s e  t h re e  pa rt s  do, of c ou r se ,  i n t e r r e l a t e .  
Fo r  e x a m p l e ,  the v a r i a b l e s  c h o s e n  w i l l  d i c t a t e  the c h o i c e  of 
c l a s s i f i e r  and the a s s e s s m e n t  c r i t e r i o n  w i l l  i n f l u e n c e  both  
the c h o i c e  of f e a t u r e s  and the d e s i g n  of the c l a s s i f i e r .
F e a t u r e  s e l e c t i o n  and c l a s s i f i e r  d e s i g n  are r e v i e w e d  in 
s o m e  d e p t h  in c h a p t e r s  f i ve  and e ig h t  r e s p e c t i v e l y .  Our 
i n t e n t i o n  h er e  is m e r e l y  to o u t l i n e  the b a s i c  r e s u l t s  so as 
to p l a c e  the rest of the th e s i s  into a g e n e r a l  c o n t e x t .
F o l l o w i n g  the n o t a t i o n  set out in a p p e n d i x  I, s u p p o s e  
tha t we  o b s e r v e  a v e c t o r  of m e a s u r e m e n t s  x f r o m  e a c h  of m 
c l a s s e s ,  (Wj), j=l , .. . m , and that the d e n s i t i e s  of such 
m e a s u r e m e n t s  is f C x j w ^ )  w i t h  a p r i o r i  p r o b a b i l i t i e s  P (w  .).
A c l a s s i f i e r  w il l  d i v i d e  the sp ac e S into m u t u a l l y  e x c l u s i v e  
a n d  e x h a u s t i v e  s u b s e t s  (S^), j= l ,. . . m,  and the a s s o c i a t e d
c l a s s i f i c a t i o n  rule w i ll  a s s i g n  x to cl as s w. if xeS .
J - j
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Th e m o s t  c o m m o n l y  u sed  c r i t e r i o n  for d e s i g n i n g  a 
c l a s s i f i c a t i o n  s c h e m e  is the m i n i m i s a t i o n  of the total cost 
of c l a s s i f i c a t i o n  g i v e n  by,
m m
Z Z 
j=l i=l
c.. f (x I w ) P(w.) dx 
J ]  —
w h e r e  c j is the cost of c l a s s i f y i n g  a case f r o m  w. i n t o  w . . 
T h e s e  co st s are u s u a l l y  d i f f i c u l t  to e v a l u a t e  and it is 
c o m m o n  p r a c t i c e  to a s s u m e  that c ^j =l  for all i and j ,an d
for all i, so that the c r i t e r i o n  r e d u c e s  to the
m i n i m i s a t i o n  of the p r o b a b i l i t y  of er ro r.
Th is  is not the o nl y  p o s s i b l e  c r i t e r i o n .  One m i g h t ,  for 
e x a m p l e ,  c h o o s e  to m i n i m i s e  the m a x i m u m  p r o b a b i l i t y  of 
m i s c l a s s i f i c a t i o n  o ve r the m c l a ss es .
M i n i m i s a t i o n  of the to t a l p r o b a b i l i t y  of
m i s c l a s s i f i c a t i o n  l ea ds to the so c a l l e d  Ba y e s  c l a s s i f i e r ,  
g i v e n  by,
Sj = (x ; f (X I Wj) P(Wj) > f u  I P(W^), i ^ j}
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Th e n a m e  d e r i v e s  f r o m  the w o r k  of Ba yes  and s p e c i f i c a l l y  his 
t h e o r e m  w h i c h  s t at e s that,
f (x I w ) P(w )
P(w. x) = -----------— 3----- 2_
i —  m
Z f (x I w ) p(w.) 
1=1 ^ 1
C o n s e q u e n t l y  S^ is the r e g i o n  that m a x i m i s e s  f ( x | w ^ ) P ( w ^ )  
or e q u i v a l e n t l y  w h i c h  m a x i m i s e s  P ( w j x ) .  The la t e r  b e in g
the p r o b a b i l i t y  of cl as s w. g i v e n  the data x.
J “
In t h e o r y , s o  lon g as the p r o b a b i l i t y  of 
m i s c l a s s i f i c a t i o n  is a c c e p t e d  as the b es t c r i t e r i o n ,  then 
the d i s c r i m i n a t i o n  p r o b l e m  is so lved* H o w e v e r  in p r a c t i c e  
t h e r e  are m a n y  p r o b l e m s  l i n k e d  to the ne ed  to e s t i m a t e  
f (X (w j ) and P (W j ) .  U n f o r t u n a t e l y  th er e are f e w m u l t i v a r i a t e  
f a m i l i e s  of d e n s i t i e s  that are bo th  t r a c t a b l e  and r e a l i s t i c .  
T h e  r e s u l t  is that one is f o r c e d  e i t h e r  to a s s u m e  
m u l t i v a r i a t e  n o r m a l i t y  or to e s t i m a t e  the d e n s i t y  
n o n - p a r a m e t r i c a l l y ;  th e  labfcer b e i n g  a c o m p l e x  p r o b l e m  in 
i t s e l f  if the n u m b e r  of d i m e n s i o n s  is l a r g e .  T h e s e  
d i f f i c u l t i e s  h a v e  lead to t h e  s u g g e s t i o n  of n u m e r o u s  ad hoc 
p r o c e d u r e s  w h i c h  g ive  s e n s i b l e  if not o p t i m a l  r e s u l t s .
Th e one d e n s i t y  that is t r a c t a b l e  is the p - d i m e n s i o n a l  
m u l t i v a r i a t e  n o r m a l  d i s t r i b u t i o n  w h i c h  has a de n s i t y .
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|2n z I exp {-b (x - y)' (X - y)}
If the c l a s s e s  sh a r e  a c o m m o n  c o v a r i a n c e  m a t r i x  then the 
B a y e s  c l a s s i f i e r  w il l  d i v i d e  the s pa c e  S i nt o  s u b s e t s  Si 
u s i n g  p - d i m e n s i o n a l  p l a n e s ,  and w he n  there are  two c l a s s e s
an e q u i v a l e n t  c l a s s i f i c a t i o n  can he o b t a i n e d  u s i n g  the rule
based on,
I -  “  i ^  ^ - }L2^ <> ln|P(w2)/P(w^) I
If the m a x i m u m  l i k e l i h o o d  e s t i m a t e s  are s u b s t i t u t e d  for p.
— i
and _  then one o b t a i n s  the re s u lt  o b t a i n e d  by F i s h e r ( 1 9 3 6 )  
u s i n g  h e u r i s t i c  m e t h o d s .
Without the assumption of equal covariance matrices the
c l a s s i f i e r  is q u a d r a t i c  r a t h e r  than linear. Th e b o u n d a r i e s  
b e i n g  p - d i m e n s i o n a l  h y p e r q u a d r i c s .  G e n e r a l l y  l i n e a r  
c l a s s i f i e r s  are s i m p l e r  to e s t i m a t e  and e a s i e r  to i n t e r p r e t  
so that m uc h  i n t e r e s t  has been s h o w n  in f i n d i n g  l i n e a r  
d i s c r i m i n a n t  f u n c t i o n s  for s i t u a t i o n s  In w h i c h  they are not 
a c t u a l l y  op t i m a l .  \
A n d e r s o n ( 1 9 7 2 )  lo ok e d  at the p r o b l e m  in a s l i g h t l y  
d i f f e r e n t  w a y  by a t t e m p t i n g  to mo d e l  p ( w j l x )  u s i n g  a 
l o g i s t i c  f u n c t i o n .  Thus one takes.
P(w |x) = exp(a: x) P(w |x) j = 1,
J — ] —  m —  ... m
where
P (w^ I x) = m
1 + Z exp (a.'x) 
i=l -
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Th is  f o r m  can be s h o w n  to be ex a ct  in several s i t u a t i o n s  
i n c l u d i n g ; ( i )  m u l t i v a r i a t e  n o r m a l  d i s t r i b u t i o n s  w i t h  eq u al  
c o v a r i a n c e  s t r u c t u r e s ,
(ii) m u l t i v a r i a t e  i n d e p e n d e n t  0,1 v a r i a b l e s ,
(iii) m u l t i v a r i a t e  0,1 v a r i a b l e s ,  f o l l o w i n g  a log
l i n e a r  m o d e l  w i t h  s e c o n d  and h i g h e r  o r d e r  e f f e c t s
e q u a l  to zero
(iv) any c o m b i n a t i o n  of (i) and  (iii).
T h e  p a r a m e t e r s  a^ can be e s t i m a t e d  by the m e t h o d  of m a x i m u m  
l i k e l i h o o d  a l t h o u g h  such e s t i m a t e s  can s u f f e r  f r o m  
c o n s i d e r a b l e  bias. A n d e r s o n  and R i c h a r d s o n ( 19 79)  h ave  
e x t e n d e d  this w o r k  s u g g e s t i n g  w ay s  of r e d u c i n g  s uch  bias.
So far we ha v e  l o o k e d  at the d i s c r i m i n a t i o n  p r o b l e m  fr om  
a c l a s s i c a l  v i e w  p o i n t  but t he r e  is one i m p o r t a n t  
a l t e r n a t i v e  s c h o o l  of s t a t i s t i c i a n s ,  the B a y e s i a n s ,  who 
w o u l d  c o n s i d e r  the p r o b l e m  s o m e w h a t  d i f f e r e n t l y .  A B a y e s i a n  
a n a l y s i s  is d i s t i n g u i s h e d  by a s u b j e c t i v e  v i e w  of 
p r o b a b i l i t y  and the a s s u m p t i o n  of p r i o r  d i s t r i b u t i o n s  to 
m o d e l  the s t a t i s t i c i a n s  b e l i e f s  ab o u t  the p a r a m e t e r s  b e f o r e
the d a t a  are c o l l e c t e d .
In the case of d i s c r i m i n a n t  a n a l y s i s  the B a y e s i a n  w o u l d  
f i r s t  r e q u i r e  a d e n s i t y  f ( x l 6 ) for the data and a p r i o r  
d i s t r i b u t i o n ,  r(0) for the p a r a m e t e r s .  G i v e n  the s a m p l e  of
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d a t a  , i = l , . . . , n  he w o u l d  then w i s h  to m o d i f y  his vi e ws
a b o u t  the p a r a m e t e r s  and this w o u l d  be done a c c o r d i n g  to 
B a y e s  t h e o r e m .  T ha t is the p o s t e r i o r  d i s t r i b u t i o n  w o u l d  be 
g i v e n  by,
L(£|x^, i=l,...,n)r(6)
r(^|x-f i=l,...,n) =
 ^ i=l, —  ,n) r(£)d^
w h e r e  L d e n o t e s  the l i k e l i h o o d .
T hi s  i n f o r m a t i o n  can then be u s e d  to set up a p r e d i c t i v e  
d i s t r i b u t i o n  by w h i c h  f u t u r e  v a l u e s  x^ can be c l a s s i f i e d .  
T h u s  the p r e d i c t i v e  d i s t r i b u t i o n  is g i v e n  by.
f(x X., i=l,...,n) = f(x |£) r(i0|x^ , i=l, —  fn)
T his  a p p r o a c h  wa s fi r s t  i n t r o d u c e d  by G e i s s e r (1964) and is 
d e s c r i b e d  in some d e t a i l  in the b o o k  by A i t c h i s o n  and 
D u n s m o r e (1975).
B a y e s i a n  a n a l y s e s  are f r e q u e n t l y  c r i t i c i s e d  for t h e i r  
s u b j e c t i v i t y .  The m a i n  p r o b l e m  in p r a c t i c e  is that it is 
o f t e n  d i f f i c u l t  to s p e c i f y  a s e n s i b l e  prior , e s p e c i a l l y  w h e n  
it is r e a l i s e d  that no p r i o r  can be o b j e c t i v e l y  te s t ed .  
C e r t a i n l y  the B a y e s i a n  a n a l y s i s  tends to be m o r e  c o m p l e x  and
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u s u a l l y  r e q u i r e s  that the p r i o r s  s e l e c t e d  take s i m p l e  fo rm s  
b e f o r e  it is p o s s i b l e  to give e x p r e s s i o n s  for the p r e d i c t i v e  
d i s t r i b u t i o n s  .
A i t c h i s o n ,  H a b b e m a  and K a y ( 1 9 7 7 )  p u b l i s h e d  a c o m p a r i s o n  
b e t w e e n  the p r e d i c t i v e ,  or B a y e s i a n  a p p r o a c h  and the 
e s t i m a t i v e  or c l a s s i c a l .  On b o th  t h e o r e t i c a l  and p r a c t i c a l  
g r o u n d s ,  s u p p o r t e d  by a sm a l l s i m u l a t i o n ,  t he y c am e  d o wn  
f i r m l y  in f a v o u r  of the p r e d i c t i v e  a p p r o a c h .  H o w e v e r ,  M o r a n  
and  M u r p h y ( 1 9 7 9 )  in an a r t i c l e  r e c o n s i d e r i n g  the p r o b l e m ,  
s h o w e d  that the a d v a n t a g e  of the B a y e s i a n  a p p r o a c h  co u l d be 
r e m o v e d  by the use of an u n b i a s e d  e s t i m a t o r  of the l i n e a r  
d i s c r i m i n a n t  f u n c t i o n .  T h a t  is by using.
—  —  -1 , —  —  I 1 1
+ n, - 2 - i 2> ï-2> I +
T h e y  a l s o  no te ,  as do A i t c h i s o n  and D u n s m o r e  that the 
B a y e s i a n  p r e d i c t i v e  r e s u l t  can i ts e l f  be d e r i v e d  by
c l a s s i c a l  l i k e l i h o o d  r a t i o  m e t h o d s  as d e s c r i b e d  in
A n d e r s  o n ( 1 9 6 6 ) .
Th e c h o i c e  b e t w e e n  c l a s s i c a l  and B a y e s i a n  s t a t i s t i c s  is 
not an e a s y  one and  w h i l s t  it is p r o b a b l y  true  t ha t  the
B a y e s i a n  a p p r o a c h  to s t a t i s t i c s  in g e n e r a l  w i l l  b e c o m e  the 
m o s t  w i d e s p r e a d  in use, th e r e  r e m a i n  m a n y  p r o b l e m s  in its 
a p p l i c a t i o n  e s p e c i a l l y  in the s p e c i f i c a t i o n  and v a l i d a t i o n  
of p r i o r s .  As a r e s u l t  it is p r o b a b l y  too e a r l y  to t a k e  on
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the B a y e s i a n  m e t h o d s .
R e t u r n i n g  t he n to the c l a s s i c a l  v i e w  of the pro b l em ,  
a n o t h e r  w a y  of o b t a i n i n g  Bayes c l a s s i f i c a t i o n  for 
m u l t i v a r i a t e  n o r m a l  dat a w h e n  the c o v a r i a n c e  m a t r i c e s  are
e q u a l  and the a p r i o r i  p r o b a b i l i t i e s  are equal, is to use
th e M a h a l a n o b i s  d i s t a n c e  f r o m  x to the cl ass  m e a n s  , 
t ha t  is,
(x - u .)" Z ^ (x - p.)
F r o m  the f o r m  of the m u l t i v a r i a t e  n o r m a l  d e n s i t y  it w i l l  be 
s e e n  that Ba y e s c l a s s i f i c a t i o n  is o b t a i n e d  if one a s s i g n s  x 
to the class to w h i c h  it is cl o s e s t .  O nc e  a g a i n  the
s i m p l i c i t y  of the r e s u l t  has lead to the s u g g e s t i o n  of m a n y  
o t h e r  d i s t a n c e  m e a s u r e s  that are e i t h e r  ro b u s t  or a p p l i c a b l e  
to o t h e r  d i s t r i b u t i o n s .  It is u s u a l l y  the case that such
d i s t a n c e  m e a s u r e s  give s e n s i b l e  if not o p t i m a l  r e s u l t s .
T he  onl y n o n - n o r m a l  d i s t r i b u t i o n  that has b e e n  s t u d i e d  
e x t e n s i v e l y  is the m u l t i n o m i a l .  This mo s t  g e n e r a l  m o d e l  for 
d i s c r e t e  da ta  a s s u m e s  that th er e  are k c e l l s  e a c h
r e p r e s e n t i n g  a v a l u e  of the v a r i a b l e .  P ( K ^ l w ^ )  is t h e n  the 
p r o b a b i l i t y  of a case f r o m  cl ass w^ f a l l i n g  in cell K^. The 
B a y e s  c l a s s i f i c a t i o n  p r o c e d u r e  in this case w i l l  d e p e n d  u p on  
the r e l a t i v e  si z es  of P ( w ^ ) P ( K ^ I w ^ ) for d i f f e r e n t  c l a s s e s  
w j . T h e s e  cell p r o b a b i l i t i e s  co ul d be e s t i m a t e d  in the m o s t
g e n e r a l  case by the p r o p o r t i o n  of ea ch  cl ass that fall in
that  cell.
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This is a p o t e n t i a l l y  i m p o r t a n t  a p p r o a c h  b e c a u s e  any set of
v a r i a b l e s  c ou ld be discretised, a p r o c e d u r e  that was s t u d i e d
by C o c h r a n  and H o p k i n s (1961). H o w e v e r  the p r o b l e m  is once
a g a i n  one of e s t i m a t i o n ,  for u n l e s s  the t r a i n i n g  sets are
v e r y  l a r g e  in c o m p a r i s o n  to the n u m b e r  of cells , we w i l l  be
u n a b l e  to o b t a i n  s t a b l e  e s t i m a t e s .
H i l l s ( 1 9 7 1 )  s u g g e s t e d  that the v a r i a n c e s  of the s i m p l e
p r o p o r t i o n  b a s e d  e s t i m a t o r s  co u l d  be r e d u c e d  by u s i n g
i n f o r m a t i o n  f r o m  n e i g h b o u r i n g  c ell s. Thus if n^ is the
n u m b e r  of ca ses  in the t r a i n i n g  set that co m e f r o m  c la ss w^,
a n d  n. . of t h e m  are f o u n d  in cell K., th en the m a x i m u m  
^ J 1
l i k e l i h o o d  estimate of the cell p r o b a b i l i y  is.
If, h o w e v e r ,  a set A of n e i g h b o u r i n g  cells is d e f i n e d  t h en  
one m i g h t  i n s t e a d  take.
n + I n 
P(k^|w.) = Lc-A ^
"j
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g i v i n g  a s m a l l e r  v a r i a n c e  at the e x p e n s e  of some bias.
V a r i o u s  m o d e l s  ha ve  be en  p r o p o s e d  for the s t r u c t u r e  of 
m u l t i n o m i a l  dat a sets; m o s t l y  these  e n a b l e  one to m a k e  
s i m p l i f y i n g  a s s u m p t i o n s ,  s uc h as no i n t e r a c t i o n  b e t w e e n  the 
v a r i a b l e s ,  thus r e d u c i n g  the n u m b e r  of p a r a m e t e r s  that h av e  
to be e s t i m a t e d .  M o d e l s  of this type i n c l u d e  th o s e of 
B a h a d u r ( 1 9 6 1 ) ,  a l o g - l i n e a r  m o d e l  p r o p o s e d  by B e r k s o n (1955 ) , 
a l o g i s t i c  model* p r o p o s e d  by D ay  and K e r r i d g e (1 9 6 7)  and 
C o x ( 1 9 7 0 )  w h i c h ,  as we h a v e  seen, was l a t e r  i n c o r p o r a t e d  
i n t o  the w o r k  of A n d e r s  o n (1972), and a n u m b e r  of m o d e l s  
b a s e d  on o r t h o g o n a l  p o l y n o m i a l s .  A good g e n e r a l  s u r v e y  of 
d i s c r e t e  m e t h o d s  is f oun d in G o l d s t e i n  and D i l l o n ( 1 9 7 8 )
T he  l a c k  of o t h e r  p a r a m e t r i c  a l t e r n a t i v e s  to the 
m u l t i v a r i a t e  n o r m a l  has lead to r e s e a r c h  a l o n g  two lines. 
I n t o  the r o b u s t n e s s  of the n o r m a l  b a s e d  r e s u l t s  and in t o  
n o n - p a r a m e t r i c  m e t h o d s .
R o b u s t n e s s  is c o n s i d e r e d  la t e r  in c h a p t e r  ei g h t .  We w i l l  
see that such  s t u d i e s  c o n c e n t r a t e  on e i th e r,  the e f f e c t  on 
th e r e s u l t s  d e r i v e d  f r o m  n o r m a l  t h e o r y  w h e n  the d a t a  f o l l o w  
s o m e  n o n - n o r m a l  d i s t r i b u t i o n ,  or the e f f e c t  w h e n  n o r m a l  data  
ar e c o n t a m i n a t e d  by v a l u e s  f r o m  a s e c o n d  d e n s i t y ,  or the 
e f f e c t  of a s s u m i n g  e q u a l  c o v a r i a n c e  s t r u c t u r e  w h e n  the 
a s s u m p t i o n  is not j u s t i f i e d .  One m i g h t ,  h o w e v e r ,  i n c l u d e  
u n d e r  this h e a d i n g  the e f f e c t  of u s i n g  t r a i n i n g  sets that 
c o n t a i n  m i s c l a s s i f l e d  cases. This to p i c  is c o v e r e d  in 
c h a p t e r  thirteen.
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C l e a r l y  n e a r  B a y e s  c l a s s i f i c a t i o n  w o u l d  be p o s s i b l e  if we 
c o u l d  o b t a i n  a goo d n o n - p a r a m e t r i c  e s t i m a t e  of the 
d e n s i t i e s .  The l i t e r a t u r e  on such e s t i m a t e s  is n o w  
e x t e n s i v e ,  see W e g m a n ( 1 9 7 2 )  for a r evi ew.  The two m a i n  
a p p r o a c h e s  are b a s e d  on K e r n e l  e s t i m a t e s  and o r t h o g o n a l  
s e r i e s .
K e r n e l  e s t i m a t e s  for u n i v a r i a t e  d e n s i t i e s  take the form.
w h e r e  x ^ , . . . , x ^  are the n v a l u e s  in the t r a i n i n g  set, K is a 
f u n c t i o n  s a t i s f y i n g  r e g u l a r i t y  c o n d i t i o n s  g i v e n  by 
P a r z e n C 1962), an d h (n ) is a f u n c t i o n  that c o n t r o l s  the 
s m o o t h n e s s  of the e s t i m a t e .  The m a i n  p r o b l e m  that r e m a i n s  
u n s o l v e d  w i t h  this m e t h o d  is the r e l i a b i l i t y  of the 
e s t i m a t e .  A l t h o u g h  the c h o i c e  of the f u n c t i o n  K d o e s  not 
s e e m  c r i t i c a l ,  the v a l u e  of h(n) can a l t e r  the a p p e a r a n c e  of 
the e s t i m a t e  q u i t e  d r a m a t i c a l l y .  F u r t h e r ,  m u l t i v a r i a t e  
g e n e r a l i s a t i o n s  r e q u i r e  e n o r m o u s  a m o u n t s  of da ta  if t h e y  are 
to gi ve r e l i a b l e  r e s u l t s .
Th e c o r r e s p o n d i n g  f o r m  for e s t i m a t e s  b a s e d  on o r t h o g o n a l  
s e r i e s  is.
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q(n)
f(x) = I a g (x) 
j=0  ^ J
w h e r e  g. (x)  is the s e r i es  of n o r m a l i s e d  H e r m i t e  f u n c t i o n s  
and
n
a . = Z g. (x.)/n
 ^ i=l 3
O nce  a g a i n  the p r o b l e m  is to c h o o s e  q(n), the f a c t o r  that
c o n t r o l s  the s m o o t h n e s s  of the e s t i m a t e  and to find w a y s  of 
e x t e n d i n g  the m e t h o d  to m u l t i v a r i a t e  d ata  w i t h o u t  the
r e q u i r e m e n t  of h u g e  d ata  sets.
One  ot h e r  n o n - p a r a m e t r i c  d e n s i t y  e s t i m a t e  is in c o m m o n  
u s e  and that is b a s e d  on the idea of t a k i n g  a v o l u m e  V 
a r o u n d  the u n c l a s s i f i e d  p o i n t  x. The size of the v o l u m e  is 
c h o s e n  so that V c o n t a i n s  k of the p o i n t s  f r o m  the t r a i n i n g
sets. If t hen  k. of t hos e p o i n t s  com e f r o m  cl as s w. t h e n  we
1
m i g h t  use  the e s t i m a t e ,
k./n
f(X = —
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so that;
f(3£,W ) k
T his  idea l ead s n a t u r a l l y  to the k ^ ^ n e a r e s t  n e i g h b o u r  rule  
t hat  has r e c e i v e d  so m u c h  a t t e n t i o n  si n ce  its o r i g i n a l  
s u g g e s t i o n  by F i x  and H o g e s ( 1 9 5 1 ) .  A c c o r d i n g  to this m e t h o d  
the u n c l a s s i f i e d  ca se  x is p l a c e d  in the cl as s m o s t  c o m m o n  
a m o n g s t  the K n e a r e s t  n e i g h b o u r s .
W i t h  any of the m e t h o d s  of c l a s s i f i c a t i o n  that l e a d to 
d e n s i t y  e s t i m a t e s  w e  m i g h t  in turn e s t i m a t e  the p r o b a b i l i t y  
of m i s c l a s s i f i c a t i o n  or e r r o r  of the s c h e m e  by,
m
1 -  I
j=l
f(xjwj) P(Wj) à x
'j
U n f o r t u n a t e l y  this e s t i m a t e  is b o u n d  to gi ve  a f a l s e l y  
o p t i m i s t i c  v i e w  b e c a u s e  the b o u n d a r i e s  of S^ w i l l  h a v e  b e e n  
d r a w n  to a c c o m m o d a t e  the e s t i m a t e d  d e n s i t i e s  f ( x | w ^ )  and 
no t the a c t u a l  d e n s i t i e s  f ( x| w ^ ) .
S i m i l a r l y  if one a p p l i e s  the c l a s s i f i c a t i o n  s c h e m e  to the
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t r a i n i n g  data u s e d  to c r e a t e  it, one is bo u n d  to get an 
o p t i m i s t i c  v i e w  of the s c h e m e ' s  p e r f o r m a n c e ;  for the s c h e m e  
is g e a r e d  to the s a m p l e  and not to the p o p u l a t i o n .
T h i s  a p p a r e n t  e r r o r  rate was firs t s u g g e s t e d  as a w ay  of 
a s s e s s i n g  c l a s s i f i e r s  by S m i t h ( 1947), a l t h o u g h  it is n o w  
o n l y  u s e d w i t h  gr ea t  c a u ti o n . L a c h e n b r u c h (1965) s u g g e s t e d  
the u s e  of an a l t e r n a t i v e  ' l e a v e - o n e - o u t '  m e t h o d .  A c c o r d i n g  
to this  a p p r o a c h  ea c h case is left out in t urn  and the 
b o u n d a r i e s  of the c l a s s i f i c a t i o n  s c h e m e  are e s t i m a t e d  f r o m  
the ot h e r s .  The o m i t t e d  case is t hen  u s e d  to test the 
sc h e m e .  By r e p e a t i n g  this p r o c e s s  w i t h  ea ch case one gets an 
e s t i m a t e  of the e r r o r  rate that is o n l y  s l i g h t l y  
p e s s i m i s t i c a l l y  bi a se d .
Of the m a n y  s i m u l a t e d  s t u d i e s  of the e r r o r  ra t e  the 
r e s u l t s  of F u k u n a g a  and K e s s e l ( 1 9 7 1 )  are b o t h  t y p i c a l  and 
i l l u s t r a t i v e .  T h e y  to ok  two e ig h t  d i m e n s i o n a l  n o r m a l  
d i s t r i b u t i o n s  w i t h  u n e q u a l  c o v a r i a n c e  m a t r i c e s  and an a c t u a l  
p r o b a b i l i t y  of e r r o r  of 0.019. The r e s u l t s  of the 
l e a v e - o n e - o u t  m e t h o d  of e r r o r  rate e s t i m a t i o n  w e r e  then  
c o m p a r e d  w i t h  the e s t i m a t e s  b a s e d  on e s t i m a t e d  
h y p e r q u a d r i c s .  T a b l e  2.1 s h ow s  the r e s ul t s .
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Table 2.1
Apparent and ’leave-one-out' estimates of the error rate for various 
sample sizes.
S a m p l e  s iz es E r r o r  Ra t e s
e q u a l A p p a r e n t  L e a v e - o n e - o u t
100 .0144 (-24%) .0215 (13%)
200 .0156 (-18%) .0 200 ( 5%)
400 .0183 (- 4%) .0197 ( 4%)
percentage bias shown in brackets
W h i l s t  the a p p a r e n t  e r r o r  rate is se en to be f a l s e l y  
o p t i m i s t i c ,  the l e a v e - o n e - o u t  m e t h o d  is f a l s e l y  p e s s i m i s t i c ,  
a l t h o u g h  not to su ch a gr ea t deg r ee .  In b o t h  cases the bias  
r e d u c e s  as the s a m p l e  size i n c r e a s e s .
M a n y  o t h e r  m e t h o d s  h a v e  be en s u g g e s t e d  for r e d u c i n g  the 
b i a s  in the s p e c i a l  ca se  of m u l t i v a r i a t e  n o r m a l  d i s t i b u t i o n s  
w i t h  e q u a l  c o v a r i a n c e  m a t r i c e s ;  L a c h e n b r u c h  and M i c k e y ( 1 9 6 8 )  
g i v i n g  a c o m p a r i s o n .  U n f o r t u n a t e l y  su ch a p p r o a c h e s  are not 
e a s i l y  g e n e r a l i s e d  for use w i t h  n o n - n o r m a l  data.
G i v e n  the c l a s s i f i e r  the p r o b l e m  of f e a t u r e  s e l e c t i o n  
r e d u c e s  to one of l o o k i n g  at the p r o b a b i l i t y  of e r r o r  
a s s o c i a t e d  w i t h  e a c h  su b s et  of the a v a i l a b l e  v a r i a b l e s .  
H o w e v e r ,  as we h a v e  note d, it is not e as y to e s t i m a t e  the 
p r o b a b i l i t y  of er ro r,  and if the n u m b e r  of p o t e n t i a l  
v a r i a b l e s  is l a r g e  then the n u m b e r  of p o s s i b l e  s u b s e t s  to be 
c o n s i d e r e d  m a y  be e n o r m o u s .  To give some idea of the s c a l e
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of the p r o b l e m  w i t h  f o r t y  p o s s i b l e  v a r i a b l e s  to c h o o s e  fr o m  
t h e r e  are some m i l l i o n  m i l l i o n  p o s s i b l e  s u b s e t s  to be 
c o n s i d e r e d .
M e t h o d s  for s e a r c h i n g  out good s u b se t s  w i t h o u t  e x h a u s t i v e  
s e a r c h  are d e t a i l e d  in c h a p t e r  five, t o g e t h e r  w i t h  a r e v i e w  
of the v a r i o u s  ad hoc t e c h n i q u e s  in c o m m o n  use for d e f i n i n g  
a good su b s e t  or f u n c t i o n  of the v a r i a b l e s .
T he  q u e s t i o n  of h o w  m a n y  f e a t u r e  to i n c l u d e  is f u r t h e r  
c o m p l i c a t e d  by the f i n i t e  sizes  of the t r a i n i n g  sets. It is 
t r u e  that as one i n c r e a s e s  the n u m b e r  of f e a t u r e s  so the 
a p p a r e n t  e r r o r  r at e m u s t  d e c r e a s e  but t her e is l i k e l y  to 
c o m e  a p o i n t  w h e n  one has so m a n y  f e a t u r e s  that the s a m p l e s  
are  no l o n g e r  l a r g e  e n o u g h  to g i v e n  r e l i a b l e  e s t i m a t e s  of 
the m u l t i d i m e n s i o n a l  d e n s i t i e s .  C o n s e q u e n t l y  the c l a s s i f i e r  
w i l l  be p o o r l y  e s t i m a t e d  and the a c t u a l  e r r o r  ra te w i l l
s ta r t  to i n c r e a s e .
T his  a p p a r e n t  p a r a d o x  was n o t e d  qu i t e  e a r l y  in the
h i s t o r y  of p a t t e r n  r e c o g n i t i o n  and has b e en  s t u d i e d  u s i n g  
s i m u l a t i o n  m e t h o d s  by a n u m b e r  of w o r k e r s .  The m o s t  n o t a b l e  
s t u d i e s  b e i n g  t ho s e  by L i d d e l l ( 1 9 7 7 ) ,  V an N e s s ( 1 9 7 9 ) ,  V a n  
N e s s  and S i m p s o n ( 1 9 7 6 ) ,  J a i n  and W a l k e r (1978) and E l - S h e i k l  
an d  W a c k e r (1980 ).  U n f o r t u n a t e l y  th er e is no s i m pl e  r u l e  of 
t h u m b  to tell one h o w  la r g e  the t r a i n i n g  sets ne e d to be in 
o r d e r  to j u s t i f y  a p a r t i c u l a r  n u m b e r  of f e a t u r e .  Th e  
s o l u t i o n  to that p r o b l e m  b e i n g  d e p e n d e n t  on the s t r u c t u r e  of
the data.
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This w h o l e  p r o b l e m  is f u r t h e r  c o m p l i c a t e d  by the fact 
t hat  the same p h e n o m e n o n  can be o b s e r v e d  as a r e su l t of the 
us e  of an i n a p p r o p r i a t e  m o d e l  for the de n si t y .  The r e a s o n  
b e i n g  that the f a l s e  m o d e l  m a y  be a b e t t e r  a p p r o x i m a t i o n  in 
s o m e  d i m e n s i o n s  t h an  o t h e r s . H a n d ( 1 9 8 1) q u o t e s  an e x a m p l e  of 
just such a case in w h i c h  a one d i m e n s i o n a l  c l a s s i f i e r  out 
p e r f o r m s  a two d i m e n s i o n  c l a s s i f i e r .  Thus the p r o b l e m  is not 
r e s t r i c t e d  to l a r g e  s c a l e  s t u d i e s .
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2.4 Cl us ter ing
C l u s t e r i n g ;  or u n s u p e r v i s e d  a n a l y s i s ,  i n v o l v e s  the 
d e r i v a t i o n  of a c l a s s i f i c a t i o n  rule f ro m  a t r a i n i n g  set that 
h a s  not i t s e l f  b e e n  c l a s s i f i e d .  The a n a l y s i s  m u s t  t h e r e f o r e ,  
be c a p a b l e  of d e f i n i n g  the g r o u p s  or c l u s t e r s  for i t s e l f .
D e s p i t e  the l a r g e  a m o u n t  of p u b l i s h e d  w o r k  in this f i e l d  
c l u s t e r  a n a l y s i s  r e m a i n s  a c o l l e c t i o n  of l a r g e l y  u n r e l a t e d  
p r o c e d u r e s .  I n d e e d  the fact that the la rg e  m a j o r i t y  of 
p a p e r s  on this t o p i c  deal w i t h  a p p l i c a t i o n s  e m p h a s i s e s  the 
i m p o r t a n c e  of the m e t h o d s  to practitionetsand the la c k  of an 
u n d e r l y i n g  theory.
The m e t h o d s  in c o m m o n  use i n c l u d e  two m a i n  types, n a m e l y  
h i e r a r c h i c a l  and i t e r a t i v e  p a r t i t i o n i n g .  The f o r m e r  u ses  a 
m e a s u r e  of d i s t a n c e  to b u i l d  up c l u s t e r s  of c l os e e l e m e n t s .  
At e a c h  st a g e i n d i v i d u a l  case s or a l r e a d y  e x i s t i n g  c l u s t e r s  
a r e  m e r g e d  if th e y are the c l o s e s t .  In this w a y  a h i e r a r c h y  
of a s s o c i a t i o n  is p r o d u c e d .  C l e a r l y  the d e f i n i t i o n  of the 
d i s t a n c e  b e t w e e n  two g r o u p s  is a m a t t e r  for d e b a t e  and m a n y  
d e f i n i t i o n s  h a v e  b e e n  s u g g e s t e d .  For i n s t a n c e ,  one m i g h t  use 
the d i s t a n c e  b e t w e e n  the c l o s e s t  cases (n e a r e s t  n e i g h b o u r ) ,  
or the d i s t a n c e  b e t w e e n  the f u r t h e s t  s e p a r a t e d  ca s e s  
( f u r t h e s t  n e i g h b o u r ) ,  or an y one of a n u m b e r  of a v e r a g e
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d i s t a n c e s .  It is this a r b i t r a r i n e s s  in the ch oi c e  of the 
d i s t a n c e  that is to be u s e d  to m e a s u r e  the s e p a r a t i o n  of 
c as e s  and g r o u p s  that is the root of m u c h  of the
d i s s a t i s f a c t i o n  w i t h  the o v e r a l l  a p p r o a c h .
I t e r a t i v e  p a r t i t i o n i n g  r e q u i r e s  that one specifies the 
n u m b e r  of g r o u p s  th at  one e x p e c t s  and an i n i t i a l  p a r t i t i o n  
of the cases. Cases are th en  m o v e d  b e t w e e n  the g r o u p s  w i t h  
the o b j e c t  of o p t i m i s i n g  some m e a s u r e  of the d e g r e e  of 
c l u s t e r i n g .  For e x a m p l e ,  one m i g h t  try to m a x i m i s e  the
a v e r a g e  M a h a l a n o b i s  d i s t a n c e  b e t w e e n  g r o u p s .  A full a c c o u n t  
of t hes e and ether m e t h o d s  in c o m m o n  use m ay  be fo un d in an y  
of the s t a n d a r d  t e x t s  r e f e r r e d  to in s e c t i o n  2 .2 .
T h e  la ck  of a t h e o r e t i c a l  f r a m e w o r k  for c l u s t e r  a n a l y s i s  
m e a n s  that t h e r e  is l i t t l e  h o p e of b e i n g  ab le  to give g ui d e  
l i n e s  for d e c i d i n g  w h i c h  of the m a n y  c l u s t e r i n g  m e t h o d s
s h o u l d  be u s e d  on a n y p a r t i c u l a r  p r o b l e m .  As t h i n g s  s t a n d  at
the p r e s e n t  the best a d v i c e  seems to be that one s h o u l d  t r y  
s e v e r a l  m e t h o d s  and o n l y b e l i e v e  in t ho s e  c l u s t e r s  that 
a p p e a r  in all of the a n a l y s e s .
One a p p r o a c h  r e l a t e d  to c l u s t e r i n g  that does h a v e  so m e  
t h e o r e t i c a l  ba s i s  is the m e t h o d  of m i x t u r e s .  A c c o r d i n g  to 
this  p r o c e d u r e  a m o d e l  is p r o p o s e d  for the c l a s s e s  s u s p e c t e d  
of b e i n g  r e p r e s e n t e d  w i t h i n  the data. The u n c l a s s i f i e d  d a t a  
ar e th en  t r e a t e d  as a m i x t u r e  f r o m  t hos e d i s t r i b u t i o n s  and 
h e n c e  it is p o s s i b l e  to s p e c i f y  the l i k e l i h o o d  of the 
sa mpl e.  The p a r a m e t e r s  of the m i x t u r e  can th e n be e s t i m a t e d
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by m a x i m i s i n g  the l i k e l i h o o d .  In c h a p t e r  t w e l v e  this 
a p p r o a c h  is a p p l i e d  to data s u s p e c t e d  of c o n t a i n i n g  
i n i t i a l l y  m i s c l a s s i f i e d  cases.
M o r e  d e t a i l e d  r e v i e w s  of the a s p e c t s  of p a t t e r n  
r e c o g n i t i o n  r e l e v a n t  to the w o r k  of this th e s is  w i l l  be 
f o u n d  in s u b s e q u e n t  c h a p t e r s ,  but ne xt  we m o v e  on to 
c o n s i d e r  the da ta  sets that m o t i v a t e d  the p r o p o s e d  m e t h o d s .
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3. THE DATA SETS
3.1 Introdu ction
T hr e e  sets of m e d i c a l  data wi ll  be a n a l y s e d  in this 
the si s . As w el l  as b e i n g  of i n t e r e s t  in th e i r own right, 
t he y  w il l also se rv e to i l l u s t r a t e  the m a i n  p r o b l e m s  of 
p a t t e r n  r e c o g n i t i o n  and are r e p r e s e n t a t i v e  of three m a j o r  
a r e a s  of a p p l i c a t i o n .  One set, the p s y c h i a t r i c  data, 
c o n s i s t s  of s y m p t o m  rat i ng s ;  a n o t h e r  set, the 
b a l l i s t o c a r d i o g r a m s ,  c o n s i s t s  of w a v e f o r m s  d e s c r i b i n g  
m o v e m e n t s  of the bo dy  i n d u c e d  by the b e a t i n g  of the heart;  
and the fina l set, the li v e r  scans, c o n s i s t s  of' r a d i o n u c l i d e  
im a g e s .
The p s y c h i a t r i c  data set c o n t a i n s  s u b j e c t i v e l y  o r d e r e d  
c a t e g o r i c a l  r a t i n g s  for s y m p t o m s  m e a s u r e d  on p a t i e n t s  
s u f f e r i n g  f r o m  one of five types of d e p r e s s i o n .  T h e  
b a l l i s t o c a r d i o g r a m s  r e c o r d  the m o v e m e n t s  of the b od y  
r e s u l t i n g  f r o m  the b e a t i n g  of the h ea r t  and the c o n s e q u e n t  
f l o w  of b l o o d  and w e r e  o b t a i n e d  f ro m s a mp l e s of h e a l t h y  and
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u n h e a l t h y  s u b j e c t s .  The l a r g e s t  data set is that c o n t a i n i n g  
the li ve r scans; t hes e w e r e  r e c o r d e d  as part of the r o u t i n e  
w o r k  of a h o s p i t a l  and c o n s i s t  of the r a d i o n u c l i d e  im ag es of 
p a t i e n t s  w i t h  a v a r i e t y  of a c t u a l  or s u s p e c t e d  d i s e a s e s .
A ll  three data sets p r e s e n t  p r o b l e m s  of f e a t u r e  s e l e c t i o n  
and c l a s s i f i e r  de si g n , but the l i v e r  scans pose the ad d e d  
p r o b l e m  that they are d i f f i c u l t  to i n t e r p r e t ,  ev en  for 
e x p e r i e n c e d  c l i n i c i a n s ,  and c o n s e q u e n t l y  the d i a g n o s e s  
o r i g i n a l l y  gi v e n  are s o m e w h a t  do u b t f u l .
As one m i g h t  e x p e c t  w i t h  su ch  data sets, the n o r m a l  ba se d  
t h e o r y  that d o m i n a t e s  in p a t t e r n  r e c o g n i t i o n  is not 
s t r i c t l y  a p p l i c a b l e .  H o w e v e r  it is o f t e n  of i n t e r e s t  to see 
h o w  a p r o p o s e d  m e t h o d  of a n a l y s i s  w o u l d  p e r f o r m  on n o r m a l  
data, for this is o f t e n  the on ly wa y  that d i f f e r e n t  m e t h o d s  
can be c o m p a r e d .  To this end s e v e r a l  sets of m u l t i v a r i a t e  
n o r m a l  data wer e g e n e r a t e d  and u s ed  for t e s t i n g  the p r o p o s e d  
m e t h o d s .
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3.2 Data set 1: The P s y c h i a t r i c  Data
This data set was c o l l e c t e d  by C a e t a n o (1980), a 
p s y c h i a t r i s t  i n t e r e s t e d  in the d i f f e r e n t i a t i o n  of five types 
of d e p r e s s i v e  i l l n e s s .  The sa mp le of a c u t e  p a t i e n t s  was 
t a k e n  f r o m  fo ur  c a t c h m e n t  area, C a m b r i d g e ,  P e t e r b o r o u g h ,  
N o r t h a m p t o n  and S t e v e n a g e .  P a t i e n t s  w er e s e l e c t e d  on the 
ba s i s  of a m e d i c a l  or n u r s i n g  re p or t  that there had b ee n  a 
m o o d  c h a n g e  t o w a r d s  d e p r e s s i o n  and or an x ie t y ,  but p a t i e n t s  
who, at i n t e r v i e w ,  s h o w e d  signs of o r g a n i c  i m p a i r m e n t ,  
s c h i z o p h r e n i a ,  m a n i c  p s y c h o s i s  or an y n o n - a f f e c t i v e  n e u r o t i c  
s y n d r o m e  we re e x c l u d e d .
The tota l s a m p l e  size was 152, and i n c l u d e d  p a t i e n t s  
r a n g i n g  f r o m  20 to 80 y ea r s  of age, w i t h  r o u g h l y  tw ice as 
m a n y  w o m e n  as men.
Al l p a t i e n t s  w e r e  i n t e r v i e w e d  for a b o u t  50 m i n u t e s  w i t h i n  
t h e i r  first w e e k  of a d m i s s i o n  to h o s p i t a l ,  that is to say, 
b e f o r e  th eir  t r e a t m e n t  began. The P r e s e n t  St at e  E x a m i n a t i o n  
(PSE) was  used as the ba s is  for the s c o r i n g  of the p a t i e n t s .  
P SE  is a w e l l  e s t a b l i s h e d  and r e l i a b l e  me a n s  of s c o r i n g  
a f f e c t i v e  d i s o r d e r s  and the m a n u a l  was f o l l o w e d  in its 
A c c o r d i n g  to this s c h e m e  e ach  s y m p t o m  is scor ed .
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0 not p r e s e n t  in p r e v i o u s  m o n t h
1 p r e s e n t  in a m o d e r a t e  f o r m  d u r i n g  the last m o n t h
2 p r e s e n t  in a s e v e r e  f o r m  d u r i n g  the last m o n t h
8 u n s u r e
9 not a s k e d  or not a p p l i c a b l e
To o b t a i n  a n a t u r a l  p r o g r e s s i o n  of score s the 
p s y c h i a t r i s t  d e c i d e d  to r e s c o r e  '8 ' as '0.5'. Thus each 
s y m p t o m  was s c o r e d  0, 0.5, 1., 2 or 9.
T h e  p s y c h i a t r i s t  t h en  r e d u c e d  the n u m b e r  of s y m p t o m s  by,
(i) e x c l u d i n g  t h o s e  s y m p t o m s  p r e s e n t  in less than 1 0 % of the 
s am pl e.
(ii) e x c l u d i n g  th o s e  s y m p t o m s  w i t h  a h i g h  p r o p o r t i o n  of 
m i s s i n g  v a l u e s .
(iii) c o m p r e s s i n g  s ome  r e l a t e d  s y m p t o m s  into s in g l e  items. 
W h e r e  s y m p t o m s  w e r e  c o m b i n e d  a f u r t h e r  p o in t  '3' w as ad d e d  
to the s c o r i n g  scale. The c o m p l e t e  list of s y m p t o m s  us e d  is 
s h o w n  in ta ble  3.1.
The 152 p a t i e n t s  w e r e  al so c l a s s i f i e d  into one of five 
c l a s s e s  of a f f e c t i v e  d i s o r d e r ,  na me ly ,
1. P s y c h o t i c  d e p r e s s i o n  (n=13)
2. R et a r de d/A gi tat ed d e p r e s s i o n  (n=32)
3. E n d o g e n o u s  d e p r e s s i o n  (n*=19)
A. N e u r o t i c  d e p r e s s i o n  (n=39)
5. A n x i e t y  st at e  (n=41)
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This left f ou r c a se s  ab o u t w h i c h  the p s y c h i a t r i s t  was 
u n s u r e ,  a l t h o u g h  he did c o m m e n t  that this grou p p r o b a b i l i t y  
c o n s i s t e d  m o s t l y  of ' a n x i e t y  state' p a t i e n t s .
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1 w o r r y i n g
2 t e n s i o n  p a i n
3 t i r e n e s s
A m u s c u l a r  t e n s i o n
5 r e s t l e s s n e s s
6 h y p o c h o n d r i a s i s
7 n e r v o u s  t e n s i o n
8 f r e e - f l o a t i n g  a u t o n o m i c  a n x i e t y
9 p a n i c  a t t a c k s
10 s i t u a t i o n a l  a u t o n o m i c  a n x i e t y
11 a u t o n o m i c  a n x i e t y  on m e e t i n g  p e o p l e
12 s p e c i f i c  p h o b i a s
13 a n x i e t y  a v o i d a n c e
lA i n e f f i c i e n t  t h i n k i n g
15 p o o r  c o n c e n t r a t i o n
16 b r o o d i n g
17 loss of i n t e r e s t
18 d e p r e s s e d  mo o d
19 h o p e l e s s n e s s
20 s u i c i d a l  p l a n s  or act s
21 m o r n i n g  d e p r e s s i o n
22 s o c i a l  w i t h d r a w a l
23 self d e p r e c i a t i o n
2A l a c k  of self c o n f i d e n c e
25 i dea s of r e f e r e n c e
26 g u i l t  id ea s of /^reference
27 p a t h o l o g i c a l  gu i l t
28 loss of w e i g h t
29 d e l a y e d  s le e p
30 s u b j e c t i v e  r e t a r d a t i o n
31 e a r l y  w a k i n g
32 i r r i t a b i l i t y
33 d e r e a l i s a t i o n
3 A d e p e r s o n a l i s a t i o n
35 s u b j e c t i v e  loss of e f f e c t
36 a g i t a t i o n
37 o b s e r v e d  a n x i e t y
38 o b s e r v e d  d e p r e s s i o n
39 d e l u s i o n  or h a l l u c i n a t i o n  (*)
AO h y s t e r i c a l  s y m p t o m s  (*)
A 1 o b s e s s i v e  s y m p t o m s  (*)
(*) amalgamated symptoms
Table 3.1 
List of Symptoms
A1
3.3 Data Set 2: The B a l l i s t o c a r d i o g r a m s
P h y s i c i a n s  in the n i n e t e e n t h  c e n t u r y  w er e  a w a r e  that the 
p u m p i n g  of the he ar t  and the r e s u l t i n g  m o v e m e n t  of the 
bl o o d  p r o d u c e s  a d e t e c t a b l e  m o v e m e n t  in the body of an 
o t h e r w i s e  st ill s u b j e c t .  G o r d o n ( 1 8 7 7 )  us e d the much  q u ot e d  
a n a l o g y  b e t w e e n  the m o v e m e n t  c a u s e d  w h e n  the blood  is forced 
f r o m  the he a r t  and the r e c o i l  of a gun. Then, s h o r t l y  af t er  
the turn of the c e n t u r y ,  H e n d e r s o n ( 1 905 ) d e v i s e d  the first 
i n s t r u m e n t ,  in the f o r m  of a s w i n g i n g  bed, for m e a s u r i n g  
th at recoil.
T he  s y s t e m a t i c  s t u d y  of the p h e n o m e n o n  had to wait un ti l  
the time of the s e c o n d  w o r l d  war w h e n  p i o n e e r s  such as I saa c  
S t a r r  w er e s p u r r e d  by the d i s c o v e r y  that the p a t t e r n s  of 
m o v e m e n t  p r o d u c e d  in y o u n g  h e a l t h y  s u b j e c t s  s h o we d  a r e g u l a r  
r e p r o d u c i b l e  w a v e f o r m  and f u r t h e r  that this w a v e f o r m  
d i f f e r e d  g r e a t l y  f ro m that o b s e r v e d  f rom  p a t i e n t s  w i th  he ar t  
d i s e a s e .
The trace of the b o di e s  m o v e m e n t s ,  k n o w n  as a
b a l l i s t o c a r d i o g r a m  or Beg, was at that time still b ei n g
m e a s u r e d  by i n s t r u m e n t s  c o n s i s t i n g  of a bed s u s p e n d e d  from 
f o u r  p a r a l l e l  cab l es . I n t e r e s t  was, at that time, g e n e r a l l y  
c o n f i n e d  to m o v e m e n t  in the he ad to foot d i r e c t i o n .
By the 1960's beds  had b e e n  d e v e l o p e d  that f l o a t e d  on air 
an d w h i c h  m e a s u r e d  the r o t a t i o n  of the b od y as well as 
m o v e m e n t  in three p e r p e n d i c u l a r  d i r e c t i o n s ;  see, for
e x a m p l e ,  C u n n i n g h a m  and S m i l e y (196 1 ). The first i n s t r u m e n t
to m e a s u r e  the b a l l i s t o c a r d i o g r a m  of a se a t ed  s u b j e c t  was
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p r o d u c e d  by H a r r i s o n  and T a l b o t (1967) and now m e a s u r i n g  
d e v i c e s  are b e i ng  li n ke d  to m i c r o p r o c e s s o r s ,  so o f f e r i n g  
the p o s s i b i l i t y  of real time a n a l y s i s .
I n t e r e s t  in the b a l l i s t o c a r d i o g r a m  has u n d e r g o n e  a m a r k e d  
d e c l i n e  si nce those e a r l y  ye a rs .  Th ere  was an i n it ia l  rush 
of e n t h u s i a s m  wh e n it was t h o u g h t  that the Beg m ig ht be used 
to p r e d i c t  p e o p l e  l i k e l y  to s u f f e r  a he a rt  at ta c k . W h e n  
this e a r l y  p r o m i s e  fa il ed  to m a t e r i a l i s e ,  i n t e r e s t  was 
l a r g e l y  lost and a l t h o u g h  w o r k  has c o n t i n u e d ,  the 
b a l l i s t o c a r d i o g r a m  has n e v e r  be en  a g e n e r a l l y  a c c e p t e d  
d i a g n o s t i c  tool.
In o r d e r  to a p p r e c i a t e  the s i g n i f i c a n c e  of the pe ak s  and 
t r o u g h s  of the b a l l i s t o c a r d i o g r a m  it is n e c e s s a r y  to h ave  a 
r u d i m e n t a r y  u n d e r s t a n d i n g  of the w o r k i n g s  of the heart.  As 
is well known, the he a r t  is d i v i d e d  into four c h a m b e r s ,  a 
ri ght  and left a t r i u m  and two c o r r e s p o n d i n g  v e n t r i c l e s .  
B lo o d  r e t u r n i n g  from b e i n g  o x y g e n a t e d  in the lungs pa ss e s  
into the left a t r i u m  w h ic h , af t e r  fi ll in g ,  c o n t r a c t s  
( a t r i o l e  s y s t o l e )  and fo rc e s b l o o d  into the left v e n t r i c l e .  
T hi s  c h a m b e r  in turn c o n t r a c t s  ( v e n t r i c u l a r  s y s t o l e )  so 
f o r c i n g  the bloo d out of the h e a r t  and into the m a i n  a r t e r y  
w h i c h  is k n o w n  as the aorta . F r o m  there the blood p a s s e s  
a r o u n d  the body r e t u r n i n g  to the h e a r t  via the right atri um .  
The s m a l l e r  ri ght  side of the h e a r t  pu mp s in time wi th the 
left  f o r c i n g  the b lo od into the right  v e n t r i c l e  and then out 
to r e t u r n  to the lungs. The time d u r i n g  w h i c h  the c h a m b e r s  
are c o n t r a c t i n g  is k n o w n  as the s y s t o l i c  phase  and the time
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d u r i n g  w h i c h  they r e la x  to refill wi th  blood is k n o w n  as the 
d i a s t o l i c  phase. The e n t i r e  cycl e is r e p e a t e d  b e t w e e n  60 
and 100 time s per m i n u t e  in a h e a l t h y  i n d i v i d u a l .
The b a l l i s t o c a r d i o g r a m  is by no me a n s the only way of 
f o l l o w i n g  this cycle. M u c h  m or e  c o m m o n l y  us ed  as d i a g n o s t i c  
i n d i c a t o r s  are the s o u n d s  p r o d u c e d  by the b e a t i n g  heart and 
the p a t t e r n  of e l e c t r i c a l  a c t i v i t y  that fires the heart, 
k n o w n  as the e l e c t r o c a r d i o g r a m  or Ecg.
F i g u r e  3.1 shows  a t y p i c a l  h e a l t h y  h ea d to foot 
b a l l i s t o c a r d i o g r a m ,  w i t h  its ma i n f e a t u r e s  d e n o t e d  in the 
c o n v e n t i o n a l  way by the let t e rs  G to P. F i gu r e  3.2 sh ows 
the c o r r e s p o n d i n g  Ecg and t y p i c a l  m e a s u r e m e n t s  of the 
p r e s s u r e s  in the four c h a m b e r s .
The small e a r l y  d e v i a t i o n s  in the b a l l i s t o c a r d i o g r a m  are 
a s s o c i a t e d  wi th the a t r i o l e  s y s t o l e .  The m o v e m e n t s  of the 
b o d y  d u r i n g  the s y s t o l i c  p h a s e  of the v e n t r i c l e s  p r o d u c e  the 
pe a k s  G to K and the later  pe ak s,  L o n w a r d s ,  c o r r e s p o n d  to 
the d i a s t o l i c  phase.
F i g u r e s  3.3 and 3.4 s h o w  the b a l l i s t o c a r d i o g r a m s  of two 
a c t u a l  s u b j e c t s ,  one h e a l t h y  and the ot h e r  p a t h o l o g i c a l .  It 
w i l l  be s ee n  at once how the u n h e a l t h y  i n d i v i d u a l ' s  Beg 
d i f f e r s  m a r k e d l y  from the g e n e r a l  p a t t e r n  s h o w n  in fi gu r e  
3.1.
M a n y  a t t e m p t s  have been m a d e  to find the f e a t u r e s  of the 
b a l l i s t o c a r d i o g r a m  that c ar r y  the i m p o r t a n t  d i a g n o s t i c  
i n f o r m a t i o n .  The two main types of f e a t u r e  that have
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r e c e i v e d  the b ul k of the a t t e n t i o n  b e i n g  the a m p l i t u d e s  of 
the pe ak s and the i n t e r v a l s  b e t w e e n  them. R e p r e s e n t a t i v e  
p a p e r s  are those of J a r a m l o k o v a ~ N i c o l o v a ( 1 9 7 3 )  and 
G r e b e n a r o v ( 1 9 7 3 ) .  J a r a m l o k o v a - N i c o l o v a  found that the 
a m p l i t u d e s  and t i m i n g s  of the H and J w a v e s  were  the 
i m p o r t a n t  f e a t u r e s  for d i s t i n g u i s h i n g  b e t w e e n  h e a l t h y  
s u b j e c t s  and t hos e s u f f e r i n g  f ro m  c o r o n a r y  he a r t  d i s e a s e ,  
and G r e b e n a r o v ,  w h e n  c o m p a r i n g  h e a l t h y  s u b j e c t s  w i t h  those 
s u f f e r i n g  f r o m  d e t e r i o r a t e d  m y o c a r d i a l  f u n ct i on , found that 
the H, J and K a m p l i t u d e s  and i n t e r v a l s  were i m p o r t a n t .  
T h e s e  p a p e r s  are typ i ca l in c o n c l u d i n g  that the la rge p ea ks  
of the s y s t o l i c  phas e are the best d i a g n o s t i c  i n d i c a t o r s .
O ur p a r t i c u l a r  data set was c o l l e c t e d  at the U n i v e r s i t y  
of S t r a t h c l y d e ,  on a h i g h l y  s e n s i t i v e  i n s t r u m e n t  c o m p r i s i n g  
of a light c a r b o n  fibre  bed f l o a t e d  on air. One h u n d r e d  and 
t h i r t y - o n e  h e a d  to foot b a l l i s t o c a r d i o g r a m s  w e r e  m e a s u r e d  by 
s i m u l t a n e o u s l y  r e c o r d i n g  the Beg  and E cg  for p e r i o d s  of 10 
s e c o n d s .  As is the c u s t o m  in this type of study, the pe ak  
of the QRS w a ve  of the e l e c t r o c a r d i o g r a m  was ta k e n  as the 
s t a r t i n g  p o i n t  for each cycle. The r e s u l t i n g  w a v e s  are then 
a v e r a g e s  ov e r s e v e r a l  be ats w i t h i n  the 10 s e c o n d s .  T h e y  
h a v e  b e e n  d i g i t i s e d  at 100 e q u a l l y  sp ac e d p o in t s  and s c al e d  
so that the a m p l i t u d e s  lie in the ra nge - 1 0 0  to 100.
E v e n  a f t e r  the a v e r a g i n g  the wa ve s  still sh ow ed  some 
s i g n s  of n o i s e  and so they w er e p r e - p r o c c e s s e d  u s i n g  a 
F o u r i e r  filter. A low pass t h r e s h o l d  set at 0.1 He rt z  
r e m o v e d  the e f f e c t s  of b r e a t h i n g ,  and a hi gh  pass f i l t e r  set
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at 30 H e r t z  took out the m a i n s  noise.
T he  b a l l i s t o c a r d i o g r a m s  have bee n d i v i d e d  into two 
t r a i n i n g  sets c o n s i s t i n g  of 81 n o r m a l  and 5 0 p a t h o l o g i c a l  
cases . U n f o r t u n a t e l y  there  is no f u r t h e r  i n f o r m a t i o n  
a v a i l a b l e  on the s u b j e c t s ,  a l t h o u g h  i n f o r m a t i o n  on age, 
w e i g h t  and d e t a i l e d  d i a g n o s i s  wo u l d  ha ve been h e l p f u l .  The 
m o s t  s i g n i f i c a n t  m i s s i n g  i n f o r m a t i o n  is h o w e v e r ,  s i m p l y  the 
i n d e n t i t i e s  of the s u b j e c t s ;  the data sets a c t u a l l y  c o n s i s t  
of repeat m e a s u r e m e n t s  on a c o m p a r a t i v e l y  small n u m b e r  of 
s u b j e c t s .  It is b e l i e v e d  that there  w e r e ab ou t ten h e a l t h y  
s u b j e c t s  and h alf  a d oz en u n h e a l t h y  ones. This  fact has 
o b v i o u s  i m p l i c a t i o n s  for any a n a l y s i s  of the data.
Kfigure 3.1 
A typical healthy ballistrocardiogram
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figure 3.2
The Electrocardiogram and corresponding pressure 
measurements on the left and right sides of the 
heart.
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figure 3.3
An example of a healthy ballistrocardiogram
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figure 3.4
An ei^ample of a pathological ballistocardiogram
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3.4 Data Set 3: The Liver Scans
The  idea b e h i n d  the use of r a d i o n u c l i d e s  in m e d i c i n e  is a 
s i m p l e  one, e v e n  if in p r a c t i c e  t h e r e  are m a n y  p r o b l e m s .  A 
r a d i o n u c l i d e  is a r a d i o a c t i v e  i s o t o p e ,  that is a s u b s t a n c e  
that has the p r o p e r t y  of g i v i n g  off r a d i a t i o n .  C o n s e q u e n t l y  
if su ch  an i s o t o p e  is i n t r o d u c e d  in to the b o d y  it can be 
t r a c e d  by f o l l o w i n g  the r a d i a t i o n  that it p r o d u c e s .  The 
p r o b l e m s  are the n to d ir e c t  the r a d i o n u c l i d e  to t h e  site of 
i n t e r e s t ,  to d e s i g n  a s u i t a b l e  d e t e c t o r ,  to find  
r a d i o n u c l i d e s  that de c a y  s u f f i c i e n t l y  q u i c k l y  that t h e y  do 
not a d v e r s e l y  e f f e c t  the p a t i e n t ,  and f i n a l l y  to i n t e r p r e t  
the p a t t e r n  of r a d i a t i o n  g i v e n  off.
Si n c e  r a d i o a c t i v e  i s o t o p e s  r e t a i n  the sa m e  c h e m i c a l  
p r o p e r t i e s  as th e i r n o n - r a d i o a c t i v e  c o u n t e r p a r t s ,  it is 
u s u a l l y  only n e c e s s a r y  to find a c h e m i c a l  that is n a t u r a l l y  
t r a n s m i t t e d  to the site of i n t e r e s t .  In the s t u d y  of l i ve r s  
this p r o b l e m  is p a r t i c u l a r l y  e a s i l y  s o l v e d  si n c e  one of the 
f u n c t i o n s  of the li v e r  is to r e m o v e  u n w a n t e d  s u b s t a n c e s  f r o m  
the blood. It is s u f f i c i e n t  t h e r e f o r e  to la be l s u l p h u r  
c o l l o i d  p a r t i c l e s  w i t h  any s u i t a b l e  i s o t o p e  and then i n j e c t  
t h e m  into the b l o o d  stream. A f t e r  a bo u t  t w e n t y  m i n u t e s  the 
p a r t i c l e s  w i l l  h a v e  b e e n  c o l l e c t e d  in the live r, a l t h o u g h
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so me w i l l a ls o  h a ve  b e en  t a k e n  up by the s p l e e n  and bo ne  
m a r r o w .
Th e r a d i o n u c l i d e  w i l l  be g i v i n g  off ga m m a  rays w h i c h  can 
be d e t e c t e d  by any one of a n u m b e r  of de vi c e s .  The two m a i n  
t y p e s  of d e t e c t o r  b e i n g  the r e c t i l i n e a r  s c a n n e r  and the 
g a m m a  camera. The only d i f f e r e n c e  b e t w e e n  the two is that 
the g a m m a  c a me r a  takes a 'pic tur e' of the li v e r  all in one 
go, w h i l s t  the s c a n n e r  m ov e s  b a c k w a r d s  and f o r w a r d s  in a 
r a s t e r  f a s h i o n  b u i l d i n g  up the p i c t u r e  as it goes. G e n e r a l l y  
s p e a k i n g  any t e c h n i q u e  for a n a l y s i n g  a sca n p r o d u c e d  by one 
m e t h o d  w i l l  w o r k  e q u a l l y  w e l l  on the other.
In the s tud y to be us ed  in this  th es i s  a r e c t i l i n e a r  
s c a n n e r  was used. This type of d e v i c e  has b e e n  u s e d  s inc e  
the 1950's w h e n  it was s i m u l t a n e o u s l y  and i n d e p e n d e n t l y  
d e v e l o p e d  in Los  A n g e l e s  and R o t t e r d a m .  It c o n s i s t s  of a 
l e a d  f o c u s i n g  d e v i c e  c a l l ed  a c o l l i m a t o r ,  a s o d i u m  i o di ne  
c r y s t a l  and d e v i c e s  for a m p l i c a t i o n  and r e c o r d i n g .  G a m m a  
ra ys  c a n no t  pass t h r o u g h  lead so that a f ew s u i t a b l y  a n g l e d  
h o l e s  in a lead b l o c k  w i l l  act as a f o c u s i n g  d e v i c e .  A 
s c h e m a t i c  r e p r e s e n t a t i o n  of a s c a n n e r  is s h o w n  in f i g u r e  3.5 
a nd  it w i l l  be no t ed  that a l t h o u g h  the c o l l i m a t o r  f o c u s e s  on 
a point,  it does in fact take r a d i a t i o n  fr om a n y w h e r e  w i t h i n  
its cone of view.
The e f f e c t  of the ga mm a rays that do get t h r o u g h  the 
c o l l i m a t o r  is to m a ke  a c r y s t a l  s c i n t i l l a t e ,  that is give 
off light. If the e m i s s i o n  is a m p l i f i e d  it m a y  e i t h e r  be
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s t o r e d  p h o t o g r a p h i c a l l y  or d i g i t i s e d  and s t o r e d  as a m e a s u r e  
of l igh t i n t e n s i t y ,  or gr ey  level, on a c o m p u t e r .
sodium iodine crystal
lead collimator
focal point
F i g u r e  3.5
A schematic representation of a rectilinear scanner
Th e r e c t i l i n e a r  s c a n n e r  u s e d  in this s t u d y  was an E l s c i n t  
w h o l e  body sc an ner , m o d e l  W B S - 2 2 0 .  L i k e  m a n y  m o d e r n  s c a n n e r s  
it has two h e a d s  that m o v e  in un i s o n ,  one a b o v e  the p a t i e n t  
a n d  one below. This me a n s that a n t e r i o r  and p o s t e r i o r  v i e w s
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m a y  be o b t a i n e d  in one run and a f t e r w a r d s  the p a t i e n t  m ay  be 
t u r n e d  on t h e i r  side to o b t a i n  right and left s ide d views.
T he d i f f e r e n t  i s o t o p e s  that are in c o m m o n  use ha v e  
s l i g h t l y  d i f f e r e n t  p r o p e r t i e s .  In this st u d y  one of the less 
p o w e r f u l  s o u r c e s  of r a d i a t i o n  was used, n a m e l y  T e c h n e t i u m  
99m ( T c ^ ^ “ ). C o n s e q u e n t l y  it tends to gi ve  a p i c t u r e  of w hat  
is h a p p e n i n g  in the ou t e r  r e g i o n s  of the li v e r  and not at
its cent re.  Thus  an a n t e r i o r  v i e w  wi l l c o n v e y  l i t t l e
i n f o r m a t i o n  a b ou t  wh at is h a p p e n i n g  in the c e n t r e  or at the 
b a c k  of the liver.
One f u r t h e r  p r o b l e m  w i t h  li ve r  scans is that they n e e d to 
be p o s i t i o n e d  over the ar ea  w h e r e  the li ve r is t h o u g h t  to 
lie. O c c a s s i o n a l l y  this w i l l  m e a n  that edges of the li v e r  
get m i s s e d  and since the d at a was b e i n g  c o l l e c t e d  r o u t i n e l y ,  
it was not t h o u g h t  r e a s o n a b l e  to ask  for r e pe a t sc ans in 
s u c h  cases.
O n l y  the a n t e r i o r  vi e w s h av e  b e e n  u s ed  in this study, the 
d a t a  b e i n g  d i g i t i s e d  into a 1 2 8 x 1 2 8  g r i d  and s t o r e d  on a 
c o m p u t e r  as w e l l  as b e i n g  r e p r o d u c e d  p h o t o g r a p h i c a l l y .
T y p i c a l  p h o t o g r a p h s  are s h o w n  in f i g u r e  3.6, the d a r k e r
a r e a s  r e p r e s e n t i n g  r e g i o n s  of h i g h  r a d i a t i o n .
T h e  liver, s h o w n  d i a g r a m a t i c a l l y  in f i g ur e  3.7, is the 
l a r g e s t  gl a nd  in the bod y and o c c u p i e s  the right and u p p e r  
p a r t s  of the a b d o m i n a l  c a v i t y  just b e l o w  the d i a p h r a m .  
T y p i c a l l y  the li v er  w e i g h t s  ab ou t 1 . 6Kg in a h e a l t h y  m an  and 
a b o u t  1.3K g in a w o ma n , h o w e v e r  the v a r i a t i o n  in w e i g h t s  is
53
figure 3.6
T h e  t y p i c a l  p o s t e r i o r  a n d  a n t e r i o r  l i v e r  s c a n s
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l a r g e  and it ma y w e i g h  as l i t t l e  as 1 Kg or as m u c h  as 2.5Kg. 
Th e  l i v e r  takes the f o r m  of two lobes, a l a r g e  right and a 
s m a l l e r  left, s e p a r a t e d  by a l i g a m e n t ;  this d i v i s i o n  is 
h o w e v e r  one of a p p e a r a n c e  r a t h e r  th an  f u n c t i o n .
inferior vena cava
left lobe
right
lobe
falciform ligament
gall
bladder
figure 3.7
A diagrammatic representation of a liver
Th e l iv e r  has great r e g e n e r a t i v e  p o w e r  and p l a s t i c i t y  so 
t ha t  it can take a great v a r i e t y  of shapes. Its a p p e a r a n c e  
w i l l  be l a r g e l y  d i c t a t e d  by the p r e s s u r e  of n e i g h b o u r i n g  
o r g a n s  a l t h o u g h  c o n g e n i t a l  v a r i a t i o n  is also p o s s i b l e .  Th es e  
n a t u r a l  v a r i a t i o n s  can be q u i t e  m a r k e d  and i n c l u d e  the 
R e i d e l ' s  lobe, a p r o j e c t i o n  d o w n w a r d s  f r o m  the right lobe
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that  m a y  be s e v e r a l  i n c h e s  long, as w e l l  as d i f f e r e n t  sizes 
a nd s h a p e s  of the two m a i n  lobes. I n d e e d  in e x t r e m e  cases 
the left lobe m a y  be e n t i r e l y  m i s s i n g ,  w i t h  a c o n s e q u e n t  
e n l a r g e m e n t  of the ri gh t  lobe. T h e s e  v a r i a t i o n s  are not 
tho  u ght to be of any d i a g n o s t i c  i m p o r t a n c e .
I n t e r n a l l y  the li v e r  c o n s i s t s  of n u m e r o u s  p o l y h e d r a l  
l o b u l e s ,  ab o u t  1m m  a c r o s s ,  e ach  s u r r o u n d i n g  a c e n t r a l  vein. 
T h e s e  l o b u l e s  are r e s p o n s i b l e  for a m u l t i t u d e  of c h e m i c a l  
r e a c t i o n s  and are thus l i ab l e to re ac t  to m a n y  of the
d i s e a s e s  that a t t a c k  ot h e r  p ar t s  of the body.
T he  l i v e r ' s  s u s c e p t i b i l i t y  to d i s e a s e s  p r i m a r i l y  
a s s o c i a t e d  w i t h  ot h e r  site s m e a n s  that the n u m b e r  of ca us e s  
for an y a b n o r m a l i t y  in the a p p e a r a n c e  of the l i ve r  is it s e l f  
l arg e.  In o r de r  to b r i n g  some sort of o r d e r  to th ese
d i s e a s e s  two c a t e g o r i e s  h av e b e en  used. The two c l a s s e s ,
containin.g r e s p e c t i v e l y  l e s i o n s  and d i f f u s e  d i s e a s e ,  say 
m o r e  a b o u t  the a p p e a r a n c e  of the li v er  w h e n  d i s e a s e d  r a t h e r  
t h a n  the c a us e s  to the ill n es s .
L e s i o n s  are u s u a l l y  a s s o c i a t e d  w i t h  s e c o n d a r y  c a n c e r s ,  or 
m é t a s t a s é s ,  but m a y  also be c a u s e d  by c ys ts or a b c e s s e s .  
T h e y  m a n i f e s t  as p o c k e t s  of d i s e a s e s  t i s s u e  w i t h i n  the li ver  
a n d  v a r y  in si ze  and shape; the s m a l l e s t  m a y  be b a r e l y  
d e t e c t a b l e  and the l a r g e s t - m a y  be the size  of a fist.
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D i f f u s e  d i s e a s e s  affec'^ the w h o l e  li v e r and this ma y be 
a c o n s e q u e n c e  of any n u m b e r  of i l l n e s s e s .  In its s e v e r e s t
f o r m  the w h o l e  li v e r m a y  be g i v e n  over to fa t ty  tissue, as
in e x t r e m e  c i r r h o s i s ,  but u s u a l l y  the ef f e c t  is m u c h  m i ld e r .
M a n y  s t u d i e s  h a v e  b e e n  c a r r i e d  out to try to a s s e s s  the 
w o r t h  of r a d i o n u c l i d e  i m a g i n g  but the r e s u l t s  are far f r o m  
c o n s i s t e n t .  The o v e r a l l  p e r c e n t a g e  of p a t i e n t s  c o r r e c t l y  
d i a g n o s e d  f r o m  th e ir  li v er  sc an  has b ee n v a r i o u s l y  q u o t e d  as 
b e i n g  a n y t h i n g  b e t w e e n  72% and 92%; A n g e h r n  et a l (1976), 
B r a u n s t e i n  and S o n g ( 1 9 7 5 ) ,  Conn and E l k i n g t o n (1968), 
J h i n g r a m  et a l ( 1 9 7 1 )  and Vi do  et .al(197 5).  One i m p o r t a n t  
p o i n t  to come to l ig ht in m a n y  of the s t u d i e s  is that there 
is a l a r g e  v a r i a t i o n  d e p e n d i n g  u p o n  the sk il l of the
o b s e r v e r ;  B l a n d ( 1 9 7 1 ) ,  B r a u n s t e i n  and S o n g ( 1 9 7 5 ) ,  Conn and 
E l k i n g t o n (1968) and L u d b r o o k  et a l (1972).
B i e l l o  et a l ( 1 9 7 9 )  p e r f o r m e d  a c o m p a r a t i v e  s t u d y  of
r a d i o n u c l i d e  i m a g i n g  and an a l t e r n a t i v e  t e c h n i q u e  k n o w n  as 
c o m p u t e r i s e d  t o m o g r a p h y .  T h e i r  r e s u l t s  for the r a d i o n u c l i d e  
s c a n s  are t y p i c a l  and s h o w  the w ay  in w h i c h ,  e ve n  in the 
h a n d s  of e x p e r t s ,  the scans are m u c h  b e t t e r  at d e t e c t i n g  
s om e  d i s e a s e s  than ot he r s . T h e i r  r e s u l t s  are s u m m a r i s e d  in 
t a b l e  3.1.
B i e l l o  c o n c l u d e d  that r a d i o n u c l i d e  i m a g i n g  c a n n o t  
d i s t i n g u i s h  b e t w e e n  d i f f e r e n t  types of lesi on,  a l t h o u g h  it 
is good at l o c a t i n g  them. F u r t h e r  it is good at d e t e c t i n g
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Table 3.2
Results on the reading of liver scans
% c o r r e c t l y d i a g n o s e d f r o m  a l i v e r scan
D i a g n o s i s C o r r ec t I n c o r r e c t  N u m b e r  of cases
N o r m a l 54% 46% 37
L e s i o n s 96% 4% 73
J a u n d i c e 55% 45% 22
H e p a t o c e l l u l a r  72% 28% 46
O v e r a l l 76% 24% 178
s e v e r e  d i f f u s e  d i s e a s e  but o nl y in cases w h e r e  it c oul d also  
h a v e  b e e n  d e t e c t e d  by ot h e r c l i n i c a l  signs. G e n e r a l l y  they  
f o u n d  c o m p u t e d  t o m o g r a p h y  to be a b e t t e r  t e c h n i q u e  
e s p e c i a l l y  in c o r r e c t l y  i d e n t i f y i n g  n o r m a l  ca s es .  V i r t u a l l y  
the same c o n c l u s i o n s  w e r e  r e a c h e d  by S c h e r e r  et a l (1978) 
a f t e r  a s i m i l a r  but s m a l l e r  study.
C l e a r l y  the p e r c e n t a g e  of ca ses  that are c o r r e c t l y  
d i a g n o s e d  w i ll  d e p e n d  u po n  the e x p e r t i s e  of the c l i n i c i a n  
a n d  a l s o  on the p a t i e n t  mix. The m o r e  n o r m a l  or m i l d  d i f f u s e  
c a s e s  that are scan ned , the l a r g e r  the er r o r  rate w i ll  be.
As an aid to the v i s u a l i s a t i o n  of the p r o b l e m  f i g u r e s  
3.8, 3.9 and 3.10  show, in three d i m e n s i o n s ,  the scans of
n o r m a l  and d i s e a s e d  live rs.  The h e i g h t s  of the pl o t s  are 
p r o p o r t i o n a l  to the r e a d i n g s  o b t a i n e d  and thus the h i g h  
a r e a s  c o r r e s p o n d  to the dar k r e g i o n s  in the p h o t o g r a p h s .
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Figure 3,8 
The liver scan of a normal patient
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Figure 3,9 
The scan of a liver affected by cancer
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Figure 3.10
The scan of a liver affected by a diffuse disease
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3.5 Randomly Generated Normal Data
In this d i s s e r t a t i o n  v a r i o u s  m e t h o d s  are s u g g e s t e d  for 
the a n a l y s i s  of the three sets of m e d i c a l  data. As w e l l  as 
l o o k i n g  at th ei r  p e r f o r m a n c e  on t hes e p a r t i c u l a r  data  sets 
it is a l s o  i n t e r e s t i n g  to see h o w they p e r f o r m  u n d e r  
s t a n d a r d  c o n d i t i o n s .  The n e a r e s t  that we h a ve  to a s t a n d a r d  
set of c o n d i t i o n s  are c l a s s e s  w h e r e  the d a t a f o l l o w  
m u l t i v a r i a t e  n o r m a l  d i s t r i b u t i o n s  and in o r d e r  to o b t a i n  
s u c h  d a t a m e t h o d s  of r a n d o m  g e n e r a t i o n  w il l  be used.
D e t a i l s  of the m a n y  a v a i l a b l e  m e t h o d s  of g e n e r a t i n g  
n o r m a l  r a n d o m  v a r i a b l e s  can be fo und in s uc h  b o o k s  as, 
K e n n e d y  and G e n t l e (1980). H o a g l i n  and A n d r e w s (1 9 7 5)  w h e n  
c o n s i d e r i n g  the r es u l t s  of s i m u l a t i o n  s t u d i e s  m a k e  s e v e r a l  
v a l i d  p o i n t s  a bo ut the d i f f i c u l t y  of i n t e r p r e t a t i o n  due to 
the lack of d e t a i l  that is n o r m a l l y  p r o v i d e d  c o n c e r n i n g  the 
c h o i c e  of a l g o r i t h m  and the c o m p u t e r  used. F o l l o w i n g  th ei r  
s u g g e s t i o n s  we p r e s e n t  a b r i e f  d e s c r i p t i o n  of the m e t h o d s  
e m p l o y e d .
The  N A G  l i b r a r y  of m a t h e m a t i c a l  s o f t w a r e  c o n t a i n s  a 
p r o g r a m  for g e n e r a t i n g  u n i v a r i a t e  n o r m a l  d ata  u s i n g  an 
a l g o r i t h m  s u g g e s t e d  by B r e n t (1974 ).  The l i b r a r y  is 
iraplimented in d o u b l e  p r e c i s i o n  on a H a r r i s  8 00 c o m p u t e r  and 
u s e s  a m u l t i p l i c a t i v e  c o n g r u e n t i a l  r a n d o m  n u m b e r  g e n e r a t o r  
that is i n i t i a l i s e d  from the c o m p u t e r ' s  c l o c k  and w h i c h  
g i v e s  a cy c l e l e n g t h  of abou t 2^^.
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U s i n g  this r o u t i n e  it is p o s s i b l e  to g e n e r a t e  
s t a n d a r d i s e d  u n i v a r i a t e  n o r m a l  v a r i a b l e s ,
Z. 0. N(0,1)
1
so that if we w i s h  to g e n e r a t e  p — d i m e n s i o n a l  n o r m a l  r a n d o m  
v a r i a b l e s ,
X N(y_,£)
We need f ir st to c o n s t r u c t  a p - d i m e n s i o n a l  v e c t o r  of 
s t a n d a r d i s e d  n o r m a l  v a r i a b l e s ,
z % N(0,^) 
and t hen  use the t r a n s f o r m a t i o n ,
X_ = A
w he re,
A A" = £
A s u i t a b l e  f a c t o r i s a t i o n  of the c o v a r i a n c e  m a t r i x  ma y be 
o b t a i n e d  by u s i n g  the C h o l e s k y  d e c o m p o s i t i o n  as d e s c r i b e d  
in, for e x a m p l e ,  K e n n e d y  and G en t l e (1 980).
O t h e r  m e t h o d s  of g e n e r a t i n g  m u l t i v a r i a t e  n o r m a l  data from 
u n i v a r i a t e  v a r i a b l e s  are p o s s i b l e  but in a c o m p a r a t i v e  
s t u d y ,  B a r r  and S l e z a k ( 1 9 7 2 )  f oun d this m e t h o d  to be as good 
as an y  other.
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4. D A T A  C H A R A C T E R I S A T I O N
4.1 I ntrodu ct ion
H a v i n g  i n t r o d u c e d  the t hr ee m e d i c a l  data sets we w i ll  n ow  
c o n t i n u e  by c o n s i d e r i n g  th e ir  a n a l y s i s .  The fi r st  s ta ge in 
a n y  s t a t i s t i c a l  a n a l y s i s  i n v o l v e s  the c h a r a c t e r i s t a i o n  of 
the data. This e f f e c t i v e l y  c o m p r i s e s  of a p r e - p r o c e s s i n g  in 
w h i c h  the o r i g i n a l  data are r e c o n s t i t u t e d  in t o  a f o r m  
t h o u g h t  by the i n v e s t i g a t o r  to be a s u i t a b l e  s t a r t i n g  point 
for the a n a l y s i s .
T he p s y c h i a t r i c  da ta  w e r e  c h a r a c t e r i s e d  by the 
p s y c h i a t r i s t  w h e n  he a l l o c a t e d  sc or e s  to the c a t e g o r i e s  and 
c h o s e  to a m a l g a m a t e  some of the s y m p t o m s .  F u r t h e r  
c h a r a c t e r i s a t i o n  of this da ta  set was f o u n d  to be 
u n n e c e s s a r y  a l t h o u g h  one m i g h t  h a v e  t ri e d  r e - s c o r i n g  the 
c a t e g o r i e s  p e r h a p s  to p r o d u c e  p r e s e n c e - a b s e n c e  sc o re s.
A s  we saw in the last ch a p t e r ,  the b a l l i s t o c a r d i o g r a m s  
are o f t e n  s u m m a r i s e d  in terms of their  pe a ks  a n d  t r o u g h s  and 
in the next  s e c t i o n  we d i s c u s s  the p r a c t i c a l  p r o b l e m s  in 
s u c h  a c h a r a c t e r i s a t i o n .  T h e n  in s e c t i o n s  4.3 a nd 4.4 we 
c o n s i d e r  a n ew  c h a r a c t e r i s a t i o n  in w h i c h  the w a v e s  are 
m o d e l l e d  by a p a i r  of d a m p e d  h a r m o n i c s .  The c o e f f i c i e n t s  of
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th e s e  c u r v e s  are then u s e d  as the set of p o t e n t i a l  f e a t u r e s  
for d i s c r i m i n a t i o n ,  and are found to w o r k  e x t r e m e l y  well.
The li v e r  data p r e s e n t  a m a j o r  c h a r a c t e r i s a t i o n  p r o b l e m  
due to the s iz e and c o m p l e x i t y  of the o r i g i n a l  set of 
m e a s u r e m e n t s .  One c o m m o n l y  used a p p r o a c h  is to r e p r e s e n t  the 
l i v e r  in t erm s of the f e a t u r e s  us ed by c l i n i c i a n s  in their  
d i a g n o s i s .  Such f e a t u r e s  w o u l d  i n c l u d e  the l i v e r ' s  size, 
u p t a k e  and p a t c h i n e s s .  In o r d e r  to look at the g e n e r a l  
p a t t e r n s  of i s o t o p e  u p t a k e  the li v e r  sc ans w e r e  s m o o t h e d  
u s i n g  a cu b i c  s p l i n e  m o d e l  and it was on the b a s i s  of that 
fit that the f e a t u r e s  use d in this st u d y  w e r e  s e l e c t e d .  The 
m e t h o d  of f i t t i n g  and the f e a t u r e s  e x t r a c t e d  are d e s c r i b e d  
in s e c t i o n s  4.5 and  4.6 r e s p e c t i v e l y .
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4.2 L o c a t i n g  the P e a k s  of a Beg.
It m a y  be s ee n f r o m  the e x a m p l e s  p r e s e n t e d  as f i g u r e s  3.2
a nd 3.3, that the n o r m a l  b a l l i s t o c a r d i o g r a m  sh ows a r e g u l a r  
d a m p e d  p a t t e r n  of o s c i l l a t i o n  w h e r e a s  the p a t h o l o g i c a l  
b a l l i s t o c a r d i o g r a m s  can v a r y  c o n s i d e r a b l y  b ot h f r o m  the 
n o r m a l  p a t t e r n  and f r o m  p a t h o l o g i c a l  s u b j e c t  to p a t h o l o g i c a l  
s u b j e c t .  In th e s e  a b n o r m a l  case s it is not p o s s i b l e  to say
w i t h  an y d e g r e e  of c e r t a i n t y  just ho w  m a n y  pe ak s ther e wi ll
be or w h e r e  t h e y  w i l l  occur. Thus in the mo st  a b n o r m a l  cases 
the v e r y  c o n c e p t  of a s p e c i f i c  p e a k  m a y  be d o u b t f u l .
B e c a u s e  of the i r r e g u l a r i t y  of the a b n o r m a l  
b a l l i s t o c a r d i o g r a m s  some e x p e r i m e n t a t i o n  was n e e d e d  b e f o r e  a 
p r o g r a m  was p r o d u c e d  that was r o b us t e n o u g h  to w o r k  on all
c ase s.  The a l g o r i t h m  f i n a l l y  a d o p t e d  w o r k e d  a l o n g  the l e n g t h
of the w a v e  l o c a t i n g  m a x i m a  and m i n i m a  and f i t t i n g
q u a d r a t i c s  a r o u n d  the t u r n i n g  p oi n ts .
In the o r i g i n a l  s e a r c h  a l o n g  the w a v e  a p o i n t  w i t h
a m p l i t u d e  y^ is a c c e p t e d  as a m a x i m u m  if
(1) = M a x (  yi_3.yi.2.yi-i.yi.yi+i.yi+2.yi+3>
(ii) y j + 1  > y i + 2  % i + 3
a n d
3
66
Thus, a m o n g s t  ot he r s , the s i t u a t i o n s  i l l u s t r a t e d  in f i gu r e  
4.1 w o u l d  all be a c c e p t e d  as m a x i m a .  This d e f i n i t i o n  was 
f o u n d  to be n e c e s s a r y  since, d e s p i t e  the a v e r a g i n g  and 
f i l t e r i n g  that had a l r e a d y  b e e n  p e r f o r m e d  d u r i n g  the 
p r e - p r o c e s s i n g  of the w a v e s ,  th ey w e r e  s ti ll s u b j e c t  to 
r a n d o m  v a r i a t i o n s .  A s i m i l a r  d e f i n i t i o n  was u s e d  for the 
m i n i m a .
y
X
X
figure 4.1
Configurations that would be acceptable as maxima
H a v i n g  l o c a t e d  the t u r n i n g  po i n t a q u a d r a t i c  was fi t t e d  
t h r o u g h  that p o i n t  and three  p o i n t s  on e i t h e r  side of it. 
T he m a x i m u m  or m i n i m u m  of the q u a d r a t i c  was th en t a k e n  as 
the p e a k  or t r o ug h .  B ot h  the a m p l i t u d e  and l o c a t i o n  of the 
f i t t e d  t u r n i n g  p o i n t s  w e r e  r e c o r d e d .  In this w a y  the p r o g r a m  
f o u n d  the l o c a t i o n  and a m p l i t u d e  of the H , I , J , K , L , M  and N 
w a v e s  g i v i n g  a set of 14 p o t e n t i a l  f e a t u r e s .
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4.3 M o d e lling  the Ballis t o c a r d i o g r a m s :  Background
Th e m o d e l  that w i l l  be u s e d  for the b a l l i s t o c a r d i o g r a m s  
c o n s i s t s  of s u p e r - i m p o s e d  d a m p e d  h a r m o n i c  w a v e s  of the form,
A e x p ( - b t )  s i n ( c + d t )
T h e  p r a c t i c a l  p r o b l e m s  i n v o l v e d  in s uc h a fit, t o g e t h e r  wi t h  
a c o n s i d e r a t i o n  of the r e s u l t s ,  m a y  be fo u n d  in the ne xt  
s e c t i o n .  H er e  we are c o n c e r n e d  o nly  w i t h  the s t a t i s t i c a l  
b a c k g r o u n d  to the f i t t i n g  of such m od e l s.
The m e t h o d  of f i t t i n g  that was u s ed  is the m e t h o d  of 
m a x i m u m  l i k e l i h o o d .  This approach' rests on the a s s u m p t i o n  
that, g iv e n  a s t a t i s t i c a l  m od e l ,  all of the i n f o r m a t i o n  
w h i c h  the da ta can p r o v i d e  is c o n t a i n e d  in the l i k e l i h o o d .  
F o l l o w i n g  the a s s e r t i o n  it is n a t u r a l  to c h oo s e  v a l u e s  for 
the p a r a m e t e r s  of the m o d e l  that m a k e  the l i k e l i h o o d  as 
l a r g e  as p o s s i b l e .  Thu s if p ( X j Y  ) is a m o d e l  for the 
d e n s i t y  of the v a r i a b l e  X c o n t a i n i n g  u n k n o w n  p a r a m e t e r s  
t h e n  we w o u l d  e s t i m a t e  Y by s e l e c t i n g  the v a l u e s  for w h i c h  
the l i k e l i h o o d .
n
L = TT p(x. I Y ) 
i=l
is m a x i m i s e d .  H e r e  x ^ r e p r e s e n t s  a va l u es  f r o m  a r a n d o m
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s a m p l e  of data.
Th e e s t i m a t e s  p r o d u c e d  by this m e t h o d  m a y  w el l  be b i a s e d  
an d i n e f f i c i e n t  but as d e m o n s t r a t e d  in, for e x a m p l e ,  
S i l v e y (1970), w h e n  the s a m p l e s  are l ar ge the bias w i l l  be 
s m a l l  and the v a r i a n c e s  of the e s t i m a t e s  wi ll a p p r o a c h  thei r  
C r a m e r - R a o  bound. Thus the v a r i a n c e - c o v a r i a n c e  m a t r i x  of the 
e s t i m a t e s  is a p p r o x i m a t e d  by,
ln(L) \ ^ / 31n(L) 31n(L) \
\  ^ I 9Y. 9Y. ) .
Y ^ i Y
p a r t i c u l a r  e x a m p l e  we h a v e  v a r i a b l e s  Y
r e p r e s e n t i n g  the a m p l i t u d e  of the w a v e  and X r e p r e s e n t i n g
the time t h r o u g h  the cycle. T h e y  are to be r e l a t e d  by the 
mo de l ,
y  = f ( X I •£) +  £
w h e r e  f is a n o n - l i n e a r  f u n c t i o n  of the p a r a m e t e r s  K . 
F u r t h e r  we s u p p o s e  that the r a n d o m  c o m p o n e n t  c has a 
d i s t r i b u t i o n  ,
P(E_| Y)
w h i c h  i t s e l f  d e p e n d s  u po n u n k n o w n  p a r a m e t e r s  Y. N o w  g i v e n  a 
set of p o i n t s  y^ and x ^ , i = l , . . . , n  we ma y find and m a x i m i s e  
the l i k e l i h o o d ,
^ * p U  1 Y) ‘
“ p(y - f (x I £) |_Y)
U s u a l l y  w i t h  the e x p o n e n t i a l  f a m i l y  of d e n s i t i e s  it is
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s i m p l e r  to m i n i m i s e  the q u a n t i t y  — In ^L ) r a t h e r  than m a x i m i s e  
L but these are o b v i o u s l y  e q u i v a l e n t .
T his  a p p r o a c h  o f f e r s  g rea t f l e x i b i l i t y  and s t a n d a r d  
s o f t w a r e  e x is t s  for f i t t i n g  such m o d e l s  w i t h a v a r i e t y  of 
e r r o r  s t r u c t u r e s .  H o w e v e r  they g e n e r a l l y  req ui r e,  for ease 
of c o m p u t a t i o n  that the m o d e l s  be l i n e a r  in the p a r a m e t e r s .
In our  p r e s e n t  case this is not so and it is n e c e s s a r y  to
o p t i m i s e  the l i k e l i h o o d  u s i n g  a s p e c i a l l y  p r e p a r e d  p r o g r a m  
e m p l o y i n g  one of the m a n y  m e t h o d s  for n o n — l i n e a r  
o p t i m i s a t i o n .
The mos t f r e q u e n t l y  us ed m e t h o d  of o p t i m i s a t i o n  is the so 
c a l l e d  N e w t o n ' s  me t h o d .  S u p p o s e  that B' = ; Y^) is the set
of p a r a m e t e r s  that we w i s h  to e s t i m a t e  and that 0 =- l n ( L )
is the f u n c t i o n  that we w i s h  to m i n i m i s e .  If £ is the 
v e c t o r  of fi rs t d e r i v a t i v e s  of 0 and H is the H e s s i a n  
m a t r i x  of s e c o n d  d e r i v a t i v e s ,  that is.
q. = ^  H
T h e n  cl o se  to the m i n i m u m  we m i g h t  h o pe  to a p p r o x i m a t e  $ by 
Q ,i t s  T a y l o r  s e r i e s  t r u n c a t e d  at the q u a d r a t i c  term. Thus if 
^  is a p a r t i c u l a r  p o i n t  in the r e g i o n  of the m i n i m u m ,
Q ( £ )  =  $ ( G  ) +  q' ( 0  ) ( 6  -  6  ) +  Î 5 ( e  -  0  ) '  h ( 6  ) ( 0  -  0 )U —O —  —o —  —o ----- o —  —o
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The m i n imum of Q is easily found since,
If = q (0^) + H (6^) (6 - e^)
Which when equated to zero gives, providing that H is 
non-singular.
+ h "^ (6 ) £(6 )
C o n s e q u e n t l y  we m a y  take any ^  and l o c a t e  the m i n i m u m  of Q 
in a si n g l e  step. For m o s t  f u n c t i o n s  ^ the m i n i m u m  w i l l  not 
c o i n c i d e  e x a c t l y  w i t h  the m i n i m u m  of Q but we s h o u l d  at 
l e a s t  be c l o s e r  to the d e s i r e d  m i n i m u m .  This then s u g g e s t s  
the use of the i t e r a t i v e  p r o c e s s  k n o w n  as N e w t o n ' s  m e t h o d ,
ii+i = ii + (ii) g(ii)
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4.4 M o d e l l i n g  the B e g ' s : P r a c t i c a l  C o n s i d e r a t i o n s  & R e s u l t s
N o n - l i n e a r  o p t i m i s a t i o n  is fr a u g h t  w i t h  m a n y  p r a c t i c a l  
d i f f i c u l t i e s .  The f u n c t i o n  - l n ( L )  d e s c r i b e d  in s e c t i o n  4.3 
is p r o n e  to h a v i n g  m u l t i p l e  m i n i m a  and it is n e c e s s a r y  to 
t ry s e v e r a l  s t a r t i n g  p o i n t s  b e f o r e  one can be r e a s o n a b l y  
su re  that the g l o b a l  m i n i m u m  has b e e n  r e ac he d . F u r t h e r  the 
u s u a l  f o r m  of N e w t o n ' s  m e t h o d  r e q u i r e s  a m a t r i x  i n v e r s i o n ;  
in p r a c t i c e  one o f t e n  f in ds that at some s ta ge in the fit 
the H e s s i a n  m a t r i x  b e c o m e s  s i n g u l a r .  To o v e r c o m e  t h e s e  and 
o t h e r  p r a c t i c a l  p r o b l e m s  s e v e r a l  r e f i n e m e n t s  w e r e  
i n c o r p o r a t e d  into the f i t t i n g  pro g r am .
F i r s t l y  the m a t r i x  H was r e p l a c e d  by an a p p r o x i m a t i o n  N 
th at is e a s i e r  to c o m p u t e  and n o n - s i n g u l a r  over a w i d e r  
r a n g e  of p a r a m e t e r  v al u es .  This is the so calle d. M e t h o d  of 
G a u s s ,  d e s c r i b e d  in, for e x a m p l e ,  B a r d ( 1 9 7 4 ) .  O c c a s s i o n a l l y  
it is f o u n d  that e v en  N w i l l  be s i n g u l a r  in w h i c h  case it 
is in tu rn r e p l a c e d  by 6^ w h e r e  6 is some sm all  c o n s t a n t  
and I is the i d e n t i t y  mat r i x.  Thus w h e n  G a u s s ' s  m e t h o d  is 
not p o s s i b l e  we r e s o r t  to the m u c h  s l o w e r  m e t h o d  of s t e e p e s t  
d e s c e n t .
W i t h  some f u n c t i o n s  it is p o s s i b l e  that the st ep  
s u g g e s t e d  by the q u a d r a t i c  a p p r o x i m a t i o n  a c t u a l l y  o v e r s h o o t s
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the true m i n i m u m  and p r o d u c e s  a l a r g e r  f u n c t i o n  value. That 
is that,
To a v o i d  f o l l o w i n g  such s tep s the m e t h o d  of r e d u c e d  g r a d i e n t
was employed. This involves checking on the function value
at e a c h  s ta g e  and, if it is not an i m p r o v e m e n t ,  one takes a
p o i n t  part w a y  a l o n g  the line  j o i n i n g  6, and . Thus
i n s t e a d  of.
4 + 1  = ii - a(ii)
we take.
F i n a l l y  there is the n u m e r i c a l  p r o b l e m  due to the f i ni t e  
w o r d  l e n g t h  of the c o m p u t e r .  O c c a s i o - „ a l y  « i i j  s t e p s  m a y  
le ad  to p a r a m e t e r  v a l u e s  that ca u s e  the c o m p u t e r  to o v e r f l o w
or u n d e r f l o w .  To a v o i d  this each p a r a m e t e r  was c o n s t r a i n e d  
to lie b e t w e e n  two v a l u e s  1^ and u ..
T h e n  if.
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it is r e p l a c e d  by,
4 , j
or if ,
it is r e p l a c e d  by.
*1+10 = 4 , j
W i t h  t he se p r e c a u t i o n s  it was fo u n d  that e ve n  w i t h  a
r e l a t i v e l y  cr ud e i n i t i a l  guess  the m i n i m u m  co uld be l o c a t e d  
to five s i g n i f i c a n t  f i g u r e  a c c u r a c y  w i t h i n  a b o u t  t w e n t y
steps.
The a p p e a r a n c e  of the b a l l i s t o c a r d i o g r a m s  s u g g e s t s  a pai r  
of s u p e r i m p o s e d  d a m p e d  h a r m o n i c  wa v e s  s t a r t i n g  some w ay  
a f t e r  the b e g i n n i n g  of the p e a k  of the QRS w a v e  of the
e l e c t r o c a r d i o g r a m .  Thus the m o d e l  u sed  for the s y s t e m a t i c  
v a r i a t i o n  was.
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- w t < t
o
= M + a^e'blt sin(c^ + d^t) + a^e~'^2'^ sintc^ + c^t)
t »  to
The best v a l u e  for t^ v a r i e s  f r o m  cas e to case but t wel ve  is 
a u s e f u l  a p p r o x i m a t i o n  for all cases.
One w o u l d  e x p e c t  that the e r r o r  s t r u c t u r e  for this m o d e l  
w o u l d  be v e r y  c o m p l e x  si n c e  the r e s i d u a l s  are c e r t a i n l y  not 
g o i n g  to be i n d e p e n d e n t  but w i l l  d i s p l a y  a h i g h  d e g r e e  of 
a u t o c o r r e l a t i o n .  H o w e v e r ,  f o l l o w i n g  the s u g g e s t i o n s  of Box 
and J e n k i n s (1976), we w i l l  m a k e  an i n i t i a l  a s s u m p t i o n  of 
n o r m a l  e r ro r s  w i t h  c o n s t a n t  v a r i a n c e .  Thus,
t=l 0/2?
and
1 100
-ln(L) = 501n(oZ) + 50 ln(2n) + T y  Z e ^
t=i ^
^ ^ ^ ^ G r e n t i a t i n g  w i t h  r e s p e c t  to and e q u a t i n g  to zero we
o b t a i n  the u s u a l  m a x i m u m  l i k e l i h o o d  e s t i m a t o r  of , n a m e l y
= 0.01 Z e ^
100
S
t=l
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and see als o that - l n ( L )  is m i n i m i s e d  w h e n  Ze %
m i n i m i s e d .  Thus in this case m a x i m u m  l i k e l i h o o d  r e d u c e s  to 
le as t  s q u ar e s . E x p e r i e n c e  s u g g e s t s  that w h i l s t  the use of 
the w r o n g  er r o r  s t r u c t u r e  w i l l  not g r e a t l y  e f f e c t  the 
p a r a m e t e r  e s t i m a t e s  it is l i k e l y  to ca us e us to 
u n d e r e s t i m a t e  th e i r s t a n d a r d  e rr o rs .  This does not m a t t e r  so 
m u c h  in our a p p l i c a t i o n  si nc e we o n ly  wa n t the p a r a m e t e r
e s t i m a t e s  as f e a t u r e s  for a d i s c r i m i n a n t  a n a l y s i s .
In the case we h a v e  d e s c r i b e d  G a u s s ' s  m e t h o d  has a
P a r t i c u l a r l y  s i m p l e  form. The f u n c t i o n  to be m i n i m i s e d  is.
100 100
Z e 2 = z (y - f )
t=l t=l
so that the first d e r i v a t i v e s  are,
M  100 • 100 3f
- i  “  \ ! i  - i  = "  t ! i  <
and the s e c o n d  d e r i v a t i v e s  are.
H,. = i!i__ = 2'?° 5 5 -  2T e,
ij 96.86. - 80. 80. t=l 80.80.1 j t-i 1 3  1 j
t
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The a p p r o x i m a t i o n  N is o b t a i n e d  by u s i n g  the first of 
th e s e  two terms, thus o nl y the first d e r i v a t i v e s  need be 
e v a l u a t e d .
Th e n e c e s s a r y  f ir st d e r i v a t i v e s  are e a s i l y  o b t a i n e d  by t 
he u s u a l  a n a l y t i c  m e an s ,
if t < t
o
if t >
-
_ .....- e 1 sin(c^ + d^t)
' 4  -b.t
3bl" " t e 1 sin(c^ + d^t)
3 ^  - a cos(c. + d.t)
1 1 1
' 4
3dl" = a^ t e 1 cos(c\ + d^t)
1 =  1,2
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T a b l e  4.1 sh ows a s u m m a r y  of the r e s u l t s  o b t a i n e d  w h e n
the m o d e l  was f i t t e d  to the 81 n o r m a l  cases w i t h  t = 1 2 .  In 
all cases f i t t i n g  was q u i c k  e ve n  f r o m  a crud e i n i t i a l  guess.
T a b l e  4.1 
S u m m a r y  of fit for N o r m a l  cases
P a r a m e t e r M e a n S t a n d a r d
d e v i a t i o n
M i n i m u m M a x i m u m
P - 1 . 7 4 .97 -3 .7 7 1.17
ai 145 48 90 278
^1 .032 .007 .007 .046
Cl • 3. 12 .37 1.73 3.72
dl . 17 .02 .13 .21
a2 2 54 98 111 508
t>2 .059 .014 .031 .092
C2 3 .4 6 .34 2.7 6 4.31
d2 .37 .04 .28 .44
q 2 101 37 46 287
T h e  a b n o r m a l  b a l l i s t o c a r d i o g r a m s ,  b e i n g  i r r e g u l a r  
p r o d u c e d  mo r e  of a p r o b l e m  for the f i t t i n g  p r o g r a m .  I n d e e d  
the last se v en  of the f i f t y  cases, p r e s u m a b l y  repea t  
m e a s u r e m e n t s  f r o m  the same i n d i v i d u a l ,  s how ed no d a m p i n g  at 
all; on the c o n t r a r y  the l a r g e s t  p ea ks o c c u r  at the end of 
the cycle. The m o d e l  can be m ad e  to fit in such c ase s but 
the fit is so p o o r  as to be w o r t h l e s s .  Since we are f i t t i n g
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w i t h  a v i e w  to l at e r  d i s c r i m i n a t i o n  the m os t s en s i b l e  
p o l i c y  seems  to be to omit t he se o b v i o u s l y  n o n - n o r m a l  cases. 
Th e  s u m m a r y  for the r e m a i n i n g  A3 a b n o r m a l  cases  is c o n t a i n e d  
in ta bl e 4.2.
T a b l e  4.2
S u m m a r y  of fit for 43 a b n o r m a l cases
P a r a m e t e r  M e a n S t a n d a r d
d e v i a t i o n
M i n i m u m m a x i m u m
P - 1 . 7 4 .97 -3 .7 7 1.17
^1 145 48 90 278
bi .026 .010 .009 .063
Cl 2.89 .60 .61 3.92
(^ 1 . 180 .025 .130 .230
^2 137 82 38 543
b2 .026 .016 .000 .081
C2 3.22 .62 2.23 5.03
d2 .36 .045 .25 .44
o2 392 95 201 635
C l e a r l y  the b a s i c  d i f f e r e n c e  b e t w e e n  the two c l a s s e s  lies 
in the d e g r e e  of d am pi n g .  T y p i c a l l y  the n o r m a l  w a v e s  h a v e  a 
l a r g e r  a m p l i t u d e  and l a r g e r  d a m p i n g  f a c t o r  th an the 
a b n o r m a l s .  This is w e l l  i l l u s t r a t e d  in f i g u r e  4.2 w h i c h  
sh o w s  the cu rv es o b t a i n e d  by u s i n g  the a v e r a g e  v a l u e s  of the 
p a r a m e t e r s  for e a c h  class. The la ck  of d a m p i n g  is c l e a r l y
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ev id e n t .
A l t h o u g h  the sh ap e s of the f i t t e d  c u r v e s  are h i g h l y  
d i a g n o s t i c  the v a r i a b l i t y  a b o u t  the fit, as m e a s u r e d  by the 
v a r i a n c e ,  also c o n t a i n s  m u c h  u s e f u l  d i s c r i m i n a t o r y  
i n f o r m a t i o n ;  t her e b e i n g  r o u g h l y  fo u r  times the v a r i a n c e  
a b o u t  the m o d e l  in the a b n o r m a l  cases . If we c o m p a r e  the 
sums of s q u a r e s  ab ou t the m o d e l  wi th  the sums of s q u a r e s  
a b o u t  the m e a n  in the u s u a l  m a n n e r  for r e g r e s s i o n  a n a l y s i s  
one f i n d s  that the n o r m a l  fits e x p l a i n  a bou t 95% of the 
v a r i a b l i t y ,  w h i l s t  the a b n o r m a l  fits e x p l a i n  ab ou t 90%.
As an i l l u s t r a t i o n  of the q u a l i t y  of the fit, f i g u r e  4.3
sh o w s  the f i t t e d  c ur v e  and o r i g i n a l  b a l l i s t o c a r d i o g r a m  for
the f i r s t  n o r m a l  case. This c as e  is t y p i c a l  of the fits
p r o d u c e d  and the plot of r e s i d u a l s ,  f i g u r e  4.4, shows that
the e r r o r  is far f r o m  random. In fact we can see f r o m  the
a u t o c o r r e l a t i o n s ,  s h o w n  in f i g u r e  4.5, that th ere  is s til l a
f a i r l y  m a j o r  cy c l e  of p e r i o d  12 that has not b e en  p i c k e d  up 
by this mode l.
T h e s e  pl ot s s u g g e s t  b e t t e r  m o d e l s  that m i g h t  be used  to
e x p l a i n  the b a l l i s t o c a r d i o g r a m s .  O b v i o u s  i m p r o v e m e n t s  
i nc l u d e ,
(a) u s i n g  m o r e  t han  two w a v e s ,
(b) a l l o w i n g  t^ to vary,
(c) a l l o w i n g  the s u p e r i m p o s e d  w a v e s  to st a rt  at
d i f f e r e n t  p o in t s .
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Figure 4.2
Average fits- for normal and pathological ballistocardiograms
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Figure 4.3
An example of a healthy Beg and its fitted curve
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Figure 4.4
The residuals from the fit shown in Figure 4.3
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Figure 4.5
The autocorrelations between the residuals from the fit shown in
figure 4.3
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(d) w r a p p i n g  the w a v e s  a r o u n d  so that the end of one 
cy cl e  joins onto the b e g i n n i n g  of the next,
(e) f i n d i n g  a m o r e  r e a l i s t i c  m o d e l  for the e rro r  
s t r u c t u r e .
T h e s e  p o s s i b i l i t i e s  w e r e  not p u r s u e d  at this s t ag e  for 
two r e as o n s.  F i r s t l y  we h a v e  a l r e a d y  a c h i e v e d  our o b j e c t i v e  
of c h a r a c t e r i s i n g  the w a v e s  for s u b s e q u e n t  f e a t u r e  s e l e c t i o n  
a nd  s e c o n d l y  it w o u l d  be w r o n g  to p re ss on w i t h  m o r e  
e l a b o r a t e  m o d e l s  w i t h o u t  the cl o se  c o - o p e r a t i o n  of a m e d i c a l  
e x p e r t  who co u l d gi ve  an i n t e r p r e t a t i o n  to the res u l ts .
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A . 5 Image Charact eri stati on: Back gr ound
In a r e ce n t  r e v i e w  R o s e n f e l d ( 1 9 8 A ) c o n s i d e r e d  the latest 
d e v e l o p m e n t s  in i mag e a n a l y s i s  and s h o w e d  h o w  the s ub j e c t  
ha s p r o g r e s s e d  by u s i n g  a l a r g e  n u m b e r  of ad hoc p r o c e d u r e s .  
It is b e c a u s e  of this l a r g e l y  p r o b l e m  d e p e n d e n t  na tu r e  of 
i m a g e  a n a l y s i s  that we h a v e  c h o s e n  to d i s t i n g u i s h  the 
c h a r a c t e r i s t a i o n  of the i ma ge f r o m  the m ore  g e n e r a l  m e t h o d s  
of f e a t u r e  s e l e c t i o n .
W h e n  a n a l y s i n g  the l i v e r  scans  we w i s h  to p i c k  out a 
n u m b e r  of s p e c i f i c  c l i n i c a l  f e a t u r e s .  P h y s i c i a n s  g e n e r a l l y  
u s e  the li ve r s can s to p r o d u c e  an o v e r a l l  d e s c r i p t i o n  of the 
l i v e r  and to l o c a t e  r e g i o n s  of l ow  u p t a k e .  In a t t e m p t i n g  an 
o v e r a l l  d e s c r i p t i o n  we are d r a w n  into  the f i e l d s  of im ag e  
e n h a n c e m e n t ,  edg e d e t e c t i o n ,  t e x t u r e  and shap e m e a s u r e m e n t ,  
w h i l s t  the l o c a t i o n  of l e s i o n s  is a p r o b l e m  in s e g m e n t a t i o n .  
Th e m a i n  d i f f i c u l t y  w i t h  the l e s i o n s  is that they do not 
t ak e  p r e d i c t a b l e  sh ap e s  and so the c o m m o n l y  u s e d  t e c h n i q u e s  
for t e m p l a t e  m a t c h i n g  are not a p p l i c a b l e .
D e s p i t e  the p r o b l e m  d e p e n d e n t  d e v e l o p m e n t  of i m ag e  
a n a l y s i s  two m a i n  a p p r o a c h e s  can be d i s c e r n e d ,  n a m e l y  the 
u se  of m o v i n g  o p e r a t o r s  and the use of the two d i m e n s i o n a l  
F o u r i e r  t r a n s f o r m .  Both of t hes e t e c h n i q u e s  can be m o d i f i e d
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to e m p h a s i s e  some  f e a t u r e s  of the image and play d ow n  
ot h e r s .
S u p p o s e  that we r e p r e s e n t  the sc an by an nxn m a t r i x  of 
g r e y  scal e score s,
g( x, y )  x , y = l , . . . , n
T h e n  a m o v i n g  3x3 o p e r a t o r  w ou l d  c o n s i s t  of w e i g h t s ,  
w ( i , j )  i ,j = - l , 0,1
u s e d  to t r a n s f o r m  the old im ag e g into a n ew  imag e h, wh e r e ,
I w(i,i)g(x + i/ y + j)
h(x,y) =
Z w(i,j) 
ij
F i g u r e  4.6 s ho ws a c o m m o n l y  u s e d  3x3 o p e r a t o r ,  n a m e l y  the 
s i m p l e  m o v i n g  av e r a g e ,  u s e f u l  for s m o o t h i n g .  O t h e r  w i n d o w s  
s u c h  as the L a p l a c i a n ,  that is the sum of the two s e c o n d  
p a r t i a l  d e r i v a t i v e s ,  h el p  to e n h a n c e  c o n t r a s t s .  N u m e r o u s  
v a r i a t i o n s  on this t hem e h a v e  b e e n  used; n o t a b l y  these 
i n c l u d e  the use of w i n d o w s  of d i f f e r e n t  sizes and the use of 
l o g i c a l  o p e r a t o r s .  The l at er g r o u p  i n v o l v e  a d e c i s i o n  as to 
the f o r m  of the t r a n s f o r m a t i o n  to be us ed w h i c h  w i l l  be 
b a s e d  on the v a l u e s  found w i t h i n  the w i nd o w.
T h e  F o u r i e r  t r a n s f o r m  i n v o l v e s  a c o n v e r s i o n  of the 
o r i g i n a l  im a g e  into a f o r m  t a s e d  on s p a c i a l  f r e q u e n c i e s  u,v.
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Figure 4.6 
The moving average window
T h u s  the F o u r i e r  t r a n s f o r m  of g ( x ,y )  is d e f i n e d  as G ( u , v )  
w h e r e ,
G(u,v) = 1 y-  Z. g(x,y) exp 
x,y^l
-2ni
N
(ux + vy)
H a v i n g  o b t a i n e d  the f r e q u e n c y  r e p r e s e n t a t i o n  this can be 
t r a n s f o r m e d  by a s u i t a b l e  c h o s e n  f u n c t i o n  W ( u , v )  so that the 
t r a n s f o r m e d  f r e q u e n c y  r e p r e s e n t a t i o n  H ( u , v )  is o b t a i n e d ,
H ( u , v ) =  G ( u, v )  W ( u , v )  '
T h e  f u n c t i o n  W can be c h o s e n  to p r e s e r v e  s e l e c t e d  
f r e q u e n c i e s  at the e x p e n s e  of o t h e r s  and a f t e r  it has b e e n  
u s e d  we m a y  r e t u r n  to the o r i g i n a l  r e p r e s e n t a t i o n  by u s i n g  
the i n v e r s e  F o u r i e r  tr an s f or m .
N
h(x,y) = ■—  Z H(u,v) exp
N
2-iïi
N
(ux + vy)
o,v =1
Th is w h o l e  p r o c e s s  is the two d i m e n s i o n a l  g e n e r a l i s a t i o n  of 
the m e t h o d  of p r e p r o c e s s i n g  use d on the b a l l i s t o c a r d i o g r a m s .
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A . 6 Image Char act erisation : P r e - p r o c e s s i n g
B e f o r e  the data we re m a de  a v a i l a b l e t h e y  w er e  s u b j e c t e d  to 
a c r u d e  and i r r e v e r s i b l e  p r e - p r o c e s s i n g .  The v a lu e  se v e n  had 
b e e n  s u b t r a c t e d  f r o m  ea c h r e a d i n g  in the image, r e s u l t i n g  
n e g a t i v e  v a l u e s  b e i n g  r e p l a c e d  by zero. This v a l u e  had b e e n  
a r r i v e d  at by trial  and e r r o r  and was s u p p o s e d  to h av e  
r e m o v e d  the n o i s e  due to the i s o t o p e  in the b o dy  that had 
n ot c o l l e c t e d  in the liver.
In fact an i n s p e c t i o n  of the scans sh ows that this 
p r e - p r o c e s s i n g  had  only b ee n  a p a r t i a l  s u c c e s s  for the 
l i v e r s  w e r e  st i l l not c l e a r l y  d e f i n e d .  C o n s e q u e n t l y  a s e c o n d  
p r e - p r o c e s s i n g  was n e c e s s a r y .  This s e c o n d  st ag e c o n s i s t e d  of 
l o g i c a l l y  s m o o t h i n g  the sc an  so that if f ew er th an  two of 
the four i m m e d i a t e  n e i g h b o u r i n g  p o i n t s  w e r e  n o n - z e r o  t he n 
the p o i n t  was r e p l a c e d  by zero and if all four n e i g h b o u r s  of 
a z e ro  po i n t  w e r e  n o n - z e r o ,  then that p o in t  was r e p l a c e d  by 
0.5. O t h e r w i s e  the p oin t was left u n c h a n g e d .  Thus,
if n = n u m b e r  of n o n - z e r o  v a l u e s  a m o n g s t  
o
( g ( x + l ,y ) , g ( x - 1 ,y ) , g ( x , y + l ), g (x,y- l ) )
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then
if n > 2 
o
h ( x , y ) = g ( x , y )
if n <2 h ( x , y ) = 0
o
if n^ =4  and g ( x , y ) = 0 h ( x , y ) =.5
Th is  f i l t e r i n g  was r e p e a t e d  f our  times, e x p e r i m e n t  s h o w i n g  
t hat  this i n d e e d  r e m o v e  the b a c k g r o u n d  n o i s e  and h e n c e  l eav e 
a c l e a r l y  d e f i n e d  liver. F i g u r e s  4.7 and  4.8 s h o w  the ef fe c t  
of this p r e - p r o c e s s i n g  on one of the scans. The l ack  of 
d e f i n i t i o n  in the o r i g i n a l  is c l e a r l y  s h o w n  as is the 
c l a r i t y  of the fi na l v e r s i o n .  Bo th  f i g u r e s  are sc a le d  so 
that.
g( x, y ) s y m b o l
0 . 5 -  7
8 - 1 5
64 - 71 
72 - 79
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Figure 4*7
A Typical Scan before the second Pre-processing
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Figure 4,8
TPie same scan after the second Pre-processing
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A . 7 Liver Scan Mod el ling
In o r d e r  to se le c t  the f e a t u r e s  of i n t e r e s t  fr om  the 
l i v e r  scans it is first n e c e s s a r y  to o b t a i n  a s m o o t h e d  
r e p r e s e n t a t i o n  of the s ca n's  s u r f a c e .  This coul d be p r o d u c e d  
by the use of a m o v i n g  o p e r a t o r  or by u s i n g  the F o u r i e r  
t r a n s f o r m  but for s p e c i a l  r e a s o n s  a s s o c i a t e d  w i t h  the n a tu r e  
of the data a d i f f e r e n t  type of s m o o t h i n g  was used.
I n s p e c t i o n  of the n o r m a l  sc ans sh ow s that they t y p i c a l l y  
t a k e  the f o r m  of two b u l g e s  c o r r e s p o n d i n g  to the two lobes. 
A b n o r m a l i t i e s  s h o w  up as d e v i a t i o n s  f r o m  this o v e r a l l  
p a t t e r n .  T y p i c a l l y  a d i f f u s e  d i s e a s e  sh ows up as a o v e r a l l  
l o w e r  u p t a k e  and a p a t c h y  d i s t r i b u t i o n  of the i s ot o p e ,  
w h e r e a s  l e s io n s  a p p e a r  as d i s t i n c t  r e g i o n s  of low u p t ak e .  
Th e  i d e a l  w a y  to l o c a t e  such l e s i o n s  w o u l d  be to s u p e r i m p o s e  
on the sc an  a r e c o n s t r u c t i o n  of the n o r m a l  p a t t e r n  of the 
s a m e  li v e r  w i t h o u t  thos e l e si on s . A n y  type of s m o o t h i n g  w il l  
to a d e g r e e  a c h i e v e  this but b e c a u s e  of the v a r i e t i e s  in 
l e s i o n  size it is d i f f i c u l t  to a v o i d  a l l o w i n g  the s m o o t h  to 
f o l l o w  the u n d u l a t i o n  of the les i on .  For this r e a s o n  it was 
d e c i d e d  that a m o re  ri gi d s t r u c t u r e  n e e d e d  to be i m p o s e d  on 
the scans.
T he  r ig id s t r u c t u r e  u sed  was in the f o r m  of a c ubi c
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s p l i n e  s u r f a c e  f i t t e d  to the scan. The s u r f a c e  was gi v e n  
s u f f i c i e n t  f r e e d o m  to a l l o w  it to rise and fall w i t h  the 
b u l g e s  of the l ive r but not e n o u g h  to a l l o w  it to f o l l o w  the 
s m a l l e r  v a r i a t i o n s .
S p l i n e  f i t t i n g  is m os t  e a s i l y  e x p l a i n e d  in one d i m e n s i o n  
a nd  t he n e x p a n d e d  to two d i m e n s i o n s  by a n a l o g y .  S u p p o s e  that 
w e  w e r e  to fit a s p l i n e  cu r ve  t h r o u g h  a set of data po in ts ,
( x ^ ,f ^ ) i = l , . . . ,n 
W e  w o u l d  f ir s t  need to d i v i d e  the r a n g e  of the x v a lu e s ,  
d e n o t e d  by (a,b), into a s e rie s of i n t e r v a l s  by d e f i n i n g  
p o i n t s  ^ 1 » ^ 2 ’ **** ^h* k n o w n  as k no t s .  One then has the 
s i t u a t i o n  s h o w n  in f i g u r e  4.9.
Figure 4.9 
A data set divided by 5 knots
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A cu b i c s p l i n e  fit to thes e data w o u l d  c o n s i s t  of c u b i cs  
f i t t e d  to eac h of the i n t e r v a l s  in such a w a y that th ey join 
at t h ei r  ends and are c o n t i n u o u s  in t h e i r  fi r s t  two 
d e r i v a t i v e s .  G r e v i l l e (1968) s h o w e d  that such a fit could be 
r e p r e s e n t e d  in the form,
3 h
S (x) = Z a.x + Z b . ( x -
j=0  ^ i=l ^
w h e r e ,
E_j_ = E if E > 0
= 0  if E<0
F i t t i n g  a cu b ic  s p li n e  s(x) by l eas t s q u a r e s  b e c o m e s  a 
p r o b l e m  in m i n i m i s i n g .
n
Z (f. - s (x. ) ) 
i=l ^ ^
U n f o r t u n a t e l y  a l t h o u g h  this is the s i m p l e s t  
r e p r e s e n t a t i o n  of the p r o b l e m  it is c o m p u t a t i o n a l l y  u n s o u n d  
as the d e t e r m i n a t i o n  of the p a r a m e t e r s  is l i k e l y  to be 
i l l - c o n d i t i o n e d .  For this r e a s o n  the c u b i c  B - s p l i n e  was 
s u g g e s t e d .
A B - s p l i n e  M ^ ( x )  is a cu bi c  s p l i n e  d e f i n e d  o ver  f o u r  
c o n s e c u t i v e  i n t e r v a l s  w h i c h  is zero e v e r y w h e r e
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else. To o b t a i n  full c o v e r a g e  of the r an g e  (a,b) this m e t h o d  
w i l l  t h e r e f o r e  r e q u i r e  the s p e c i f i c a t i o n  of ex tr a knot s  
o u t s i d e  (a,b). N a me l y ,
^  ^ ^h+1  ^ ^h+2  ^ ^h+3  ^ \+4
T he  a c t u a l  v a l u e s  c h o s e n  for these ex t r a k n ot s  do not ef fe ct  
the s o l u t i o n .
W i t h i n  the ra ng e  (a,b) the f i t t e d  cu r v e  is then g i v e n  by, 
h+4
S(x) = Z c . M.(x)
j=l  ^ 3
This  n u m e r i c a l l y  s t ab l e  f i t t i n g  p r o c e d u r e  can n o w  be 
e x t e n d e d  into two dimensions by s u p p o s i n g  that we h a v e  to fit 
d a t a  of the form,
( x ^ , y ^ , f ^ )  i = l , . . . , n
an d that the r ang es of va l u e s  of x and y are d i v i d e d  up by 
k n o t s  as r e p r e s e n t e d  in fi g u re  4.10.
T he  f o r m  of the f i t t e d  s u r f a c e  is then,
h+4 h+4
S(x,y) = Z Z c M. (x) N (y) 
j=l k=l  ^. 3
w h e r e  M^ and N^ are B - c u b i c  s p l i n e s  d e f i n e d  o v er  sets of
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i n t e r v a l s  for x and y r e s p e c t i v e l y .  F ul l c o m p u t a t i o n a l  
d e t a i l s  ma y  be fo un d  in H a y e s  and H a l i d a y ( 1 9 7 A ) and the
a l g o r i t h m  has b een  i m p l i m e n t e d  as a part of the N A G  li b ra r y .
F i g u r e  A . 11 i l l u s t r a t e s  the d e g r e e  of fit o b t a i n a b l e  by 
s u c h  c u b i c  s u r f a c e s ,  by s h o w i n g  the fit o b t a i n e d  w h e n  the
p r o c e d u r e  is a p p l i e d  to the scan s h o w n  in f i g u r e  3.7. The
p o i n t s  o u t s i d e  the r e g i o n  of the li v e r  are g i v e n  ze ro  w e i g h t  
d u r i n g  the fit and a s s u m e d  zero a f t e r w a r d s .
Figure 4.10
A Typical pattern of knots for a B-spline fit to the shaded
region
97
y." ,
y..
4 %/
/ ::y -y
" ' / // /P "
Figure 4,11
A B-spline fit to the liver scan shown in Figure 3.7
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A . 8 Liver Scan Ch ar ac terist ic s
H a v i n g  o b t a i n e d  the f i t t e d  s p l i n e  s u r f a c e  and h e n c e  the 
r e s i d u a l s  f r o m  the fit it is p o s s i b l e  n o w  to s e l e c t  the 
p o t e n t i a l l y  i m p o r t a n t  characteristics of the scan s.  The 
m e a s u r e s  e x t r a c t e d  f ro m  e ac h scan were,
P r o p e r t y M e a s u r e
(a ) S iz e
(b) M a x i m u m
(c) M e a n
(d) T o t a l
(e) Q u a l i t y
n u m b e r  of n o n - n e g a t i v e  v a l u e s  
in the p r o c e s s e d  scan  
l a r g e s t  f i t t e d  va l u e  
av er a g e of the f i t t e d  v a l u e s  
sum of f i t t e d  v a l u e s  
S t a n d a r d  d e v i a t i o n  of the fit
As w e l l  as o v e r a l l  fi gu re s ,  the l i v e r s  w e r e  d i v i d e d  into 
t h e i r  c o n s t i t u e n t  lobe s at the po in t w h e r e  a v e r t i c a l  pl an e  
t h r o u g h  the l i v e r  has the s m a l l e s t  a v e r a g e  l ev el.  The 
p r o p e r t i e s  m e n t i o n e d  a b o v e  w e r e  then c a l c u l a t e d  for ea ch  
lobe.
Th e t e x t u r e  of the r e s i d u a l s  s h o u ld  g ive  s ome  i n d i c a t i o n  
of the p a t c h i n e s s .  T e x t u r e  m e a s u r e m e n t  has a lo ng  h i s t o r y  in
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ima ge  a n a l y s i s  and v e r y  m a n y  m e t h o d s  have b ee n p r o p o s e d ,  see 
H a r a l i c k ,  S h a n m u g a n  and D i n s t e i n (1973) for a rev i ew .  W e zka ,  
D y e r  and R o s e n f e l d (1976) in a c o m p a r i t i v e  st u d y  f ou nd li tt le  
to c h oo s e  b e t w e e n  the v a r i o u s  m e a u s u r e s  w h e n  a p p l i e d  to 
t e r r a i n e  c l a s s i f i c a t i o n  and so a c o m p a r a t i v e l y  si mp l e  
m e a s u r e  b a s e d  on g re y sc ale d i f f e r e n c e s  has b e e n a do p t e d .
F o r  fi ne  t e x t u r e  the w i n d o w  (a) f r o m  f i g u r e  4.13 was 
used, the a v e r a g e  and s t a n d a r d  d e v i a t i o n  ov er  the w h o l e  
l i v e r  b e i n g  re c o r d e d .  For c o a r s e r  t e x t u r e  the w i n d o w  (b) was 
used. A g a i n  the m e a n  and s t a n d a r d  d e v i a t i o n  over the e n t i r e  
l i v e r  w e r e  r e c or d ed .
To d e t e c t  l e s i o n s  one i d e a l l y  w i s h e s  to l o c a t e d  p a t c h e s  
w i t h i n  the r e s i d u a l s  w h e r e  v a l u e s  are all l a r g e  and 
n e g a t i v e .  To f a c i l i t a t e  this the f o l l o w i n g  a l g o r i t h m  was 
e m p l o y e d .
St ag e  1 :
S m o o t h  the r e s i d u a l s  by use of the w i nd o w,
0 1 0 
1 1 1  
0 1 0
p a s s i n g  t hr e e  ti me s over the scan.
100
Stage 2 :
L o c a t e  a ny  p a t c h e s  in the r e s u l t i n g  s m o ot h ,  w h e r e  a pa t c h  
is d e f i n e d  as a c o l l e c t i o n  of n e i g h b o u r i n g  p o i n t s  ( t o u c h i n g  
a l o n g  at l ea st one side), that c o n t a i n  at le as t one v al ue  
l es s  than,
— 2 X s t a n d a r d  d e v i a t i o n  of s m o o t h  
a nd  all p o i n t s  less than
— 1*5 X s t a n d a r d  d e v i a t i o n  of s m o o t h  
Su ch  p a t c h e s  are f oun d by first f i n d i n g  a po i n t  s a t i s f y i n g  
the f ir s t  i n e q u a l i t y  and then s e a r c h i n g  v e r t i c a l l y  and 
h o r i z o n t a l l y  f r o m  that point.
W h i l s t  the s m o o t h i n g  of the r e s i d u a l s  does he lp  to d e fi n e  
the p a t c h e s  it a ls o has the e f f e c t  of g e n e r a t i n g  a r t i f i c a l  
p a t c h e s  in an o t h e r w i s e  r a n d o m  s c a t t e r  of r e s i d u a l s .  In 
o r d e r  to d i s t i n g u i s h  the real l e s i o n s  f r o m  a r t i f a c t s  the 
m e a n  and s t a n d a r d  d e v i a t i o n  of the o r i g i n a l  r e s i d u a l s  was 
r e c o r d e d  a l o n g  w i t h  the size
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5. F E A T U R E  S E L E C T I O N  AND E X T R A C T I O N
5.1 I n t r o d u c t i o n
H a v i n g  set the scene by i n t r o d u c i n g  the data sets and
d e s c r i b i n g  t h e i r  c h a r a c t e r i s a t i o n ,  we wi ll  n o w  p r o g r e s s  to
the s ta g e  of f e a t u r e  s e l e c t i o n .  In c h a p t e r s  six and seven  
n e w  m e t h o d s  of f e a t u r e  s e l e c t i o n  and e x t r a c t i o n  are p r o p o s e d  
and test ed . In o rd e r  to see h o w  th es e re l a t e  to the m e t h o d s  
a l r e a d y  in c o m m o n  use this c h a p t e r  w il l  review , in some 
d et a il ,  the m os t  f r e q u e n t l y  us ed  a l g o r i t h m s ,  c o n c e n t r a t i n g  
on t h os e r e l e v a n t  to a s t a t i s t i c a l  v i e w  of the pr o b l e m .
In his r e v i e w  of d e v e l o p m e n t s  in p a t t e r n  r e c o g n i t i o n
F u ( 1 9 8 0 )  e x p r e s s e d  the o p i n i o n  that.
S t r i c t l y  s p e a k i n g  the s t u d y  of f e a t u r e  e x t r a c t i o n  
is p r o b l e m  d e p e n d e n t ”
Th is is p e r h a p s  an e x t r e m e  view, e s p e c i a l l y  if, as we h a v e  
c h o o s e n  to do, one d i f f e r e n t i a t e s  b e t w e e n  c h a r a c t e r i s a t i o n  
and f e a t u r e  s e l e c t i o n ,  for t her e are m a n y  t e c h n i q u e s  and 
a l g o r i t h m s  that ha v e found v e r y  wide a p p l i c a b l i t y .
A l l  s c i e n t i f i c  i n v e s t i g a t i o n s  are ba s e d  on a s u b j e c t i v e  
c h a r a c t e r i s a t i o n  of the p r o b l e m  in w h i c h  the i n v e s t i g a t o r  
u s e s  his or h e r  own k n o w l e d g e  of the p r o b l e m  to s e l e c t  those
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a s p e c t s  of the p r o b l e m  that are w o r t h y  of study. Thus w it h  
b a l l i s t o c a r d i o g r a m s  it is c o m m o n  p r a c t i c e  to c o n c e n t r a t e  
one’s a t t e n t i o n  on the pe ak s of the w a v e f o r m .  H o w e v e r  af t e r  
th at st a ge  th e r e is sc o p e for the use of a u t o m a t i c
p r o c e d u r e s  for s e l e c t i n g  out those f e a t u r e s  that best 
d i s c r i m i n a t e  b e t w e e n  the cl as se s .
It is not u n c o m m o n  to find that the i n i t i a l  d a ta  set 
r e s u l t i n g  f r o m  a c h a r a c t e r i s a t i o n  of the data c o n t a i n s  tens, 
h u n d r e d s  or e v en  t h o u s a n d s  of v a r i a b l e s  so that w i t h o u t  some 
a u t o m a t i c  p r o c e d u r e  there w o u l d  be li tt l e hope of s i f t i n g
out the m o st  i m p o r t a n t  f e a t u r e s .  The ne e d to r e d u c e  an
i n i t i a l l y  l a r g e  set of v a r i a b l e s  is u s u a l l y  a r e su l t  of the
l a r g e  n u m b e r  of p a r a m e t e r s  that w o u l d  n ee d  to be e s t i m a t e d  
if a d i s c r i m i n a n t  f u n c t i o n  w er e to be p r o d u c e d  u s i n g  t h em  
all. Such an e n o r m o u s  e s t i m a t i o n  p r o b l e m  w o u l d  i t s e l f  
r e q u i r e  s uc h  la r g e  data sets that it w o u l d  n e v e r  be 
p r a c t i c a l  e v e n  assuming that the c o m p u t i n g  p o w e r  w e r e  
a v a i l a b l e .
A u t o m a t i c  f e a t u r e  s e l e c t i o n  m e t h o d s  are of two m a i n  
type s, e i t h e r  an a t t e m p t  is m a d e  to se l ec t  the b es t  s u b s e t  
of the v a r i a b l e s ,  or some r e d u c e d  n u m b e r  of n e w  f e a t u r e s  are 
c r e a t e d  by t r a n s f o r m i n g  the o r i g i n a l  data set. T h e s e  two 
a p p r o a c h e s  are r e v i e w e d  s e p a r a t e l y  but we start in s e c t i o n
5.2 by l o o k i n g  at the c r i t e r i a  that m i g h t  be u s e d  for 
j u d g i n g  w h a t  is the best subset.
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5.2 Feature Sele ct ion Criteria
The o b v i o u s  d e f i n i t i o n  of the best s ub set  of v a r i a b l e s  in 
a d i s c r i m i n a t i o n  p r o b l e m  is that w h i c h  p r o d u c e s  the s m a l l e s t  
c l a s s i f i c a t i o n  error. This e r r o r  is i t s e l f  d e p e n d e n t  on the 
c h o i c e  of c l a s s i f i e r  but w o u l d  i d e a l l y  be l i nk e d  to the best 
p o s s i b l e ,  or B a y e s  c l a s s i f i e r .  U n f o r t u n a t e l y ,  as m e n t i o n e d  
in the g e n e r a l  r e v i e w  in c h a p t e r  two, the p r o b a b i l i t y  of 
e r r o r  is an e x t r e m e l y  d i f f i c u l t  q u a n t i t y  to e s t i m a t e ,  
e x i s t i n g  m e t h o d s ,  in all but the s i m p l e s t  cases, b e i n g  time 
c o n s u m i n g  and r e l a t i v e l y  u n r e l i a b l e .
The d i f f i c u l t y  in e s t i m a t i n g  the B aye s er r o r  has lead to 
a s e a r c h  for o t h e r  c r i t e r i a  that are easy to e v a l u a t e  but 
w h i c h  are l i n k e d  in some wa y to the Bayes error . N u m e r o u s  
fu nc t io n s .  D ( l : 2 ) ,  h a v e  b e en  p r o p o s e d  for m e a s u r i n g  the 
d i s t a n c e  b e t w e e n  two cl a s s e s  w^ and w ^ . Such d i s t a n c e s  are 
u s u a l l y  r e q u i r e d  to h a v e  p r o p e t i e s ,
(i) D ( l : 2 ) = 0  if f(x | w ^ ) = f ( x  ( vr^)
(ii) D ( l : 2 )  ^ 0
(iii) D ( 1 : 2 ) = D ( 2 : 1 )
(iv) D ( l : 2 )  is m a x i m i s e d  for d i s j o i n t  c la s s e s .
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In the two class case the Ba ye s p r o b a b i l i t y  of error, P , 
c o u l d  be e x p r e s s e d  as,
|f (w ^|x ) - P (w^ |x) |f(x)dx_|
w h e r e  f(x) is the d e n s i t y  of the m i x t u r e ,  that is, 
f(x) = P(w^)f(x|w^) + P(w2)f(x|w2 )
Th is le ad s to the n a t u r a l  m e a s u r e  of d i s t a n c e  k n o w n  as the 
K o l m o g o r o v  v a r i a t i o n a l  d i s t a n c e .
= j|p(w^|x) - P(w2 |x) |f(x^)dx
H o w e v e r  w h i s t  this d i s t a n c e  is d i r e c t l y  l i n k e d  to the 
p r o b a b i l i t y  of e r r o r  it is not s i m p l e  to e v a l u a t e  and one is 
l i t t l e  f u r t h e r  on.
T a b l e  5.1 g iv e s  a s u m m a r y  of so me of the d i s t a n c e
m e a s u r e s  that h a v e  b e e n  p r o p o s e d  in the e n g i n e e r i n g
l i t e r a t u r e  for use in f e a t u r e  s e l e c t i o n .  T h e y  are g i v e n  in
t h e i r  two class  f o r m  but m a y  be e x t e n d e d  to c op e w i t h
m u l t i p l e  c l a s s e s .  For e x a m p l e ,  w i t h  m c l a s s e s  the
B h a t t a c h a r y y a  d i s t a n c e  w o u l d  bec o m e,
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Table 5.1
Some commonly used distance measures adapted from Kanal (1974)
Name Expression
Shannon Entropy
m
E{ - P(w^|x) In P(w^|x)}
Bayesian Distance
m
E{ Z P(w. |x)2} 
i=l ^
Bhattacharyya Distance E{|p(w^|x) P(w2 |x)j*^ }
C h e m o f f  Distance E{P(w^|x)^"® P(W2|x)®)
Generalised Kolmogorov 
Distance E{|p(w^|x^) - P(W2 |x) [“ } 
0 < a < “
106
m
Z - |Ln(P(w.)) 
j = 1 ^
f (}[|w ) f (x) dx
F or e a ch  of the s u g g e s t e d  m e a s u r e s  of d i s t a n c e  it has
b e e n  s h o w n  that as the d i s t a n c e  i n c r e a s e s  so the Ba ye s er ro r
d e c r e a s e s  and in m a n y  cases b o u n d s  h a v e  b ee n  fo un d for P in
e
terms of the d i s t a n c e s .  See, for ex a m p l e ,  L a i n i o t i s  and 
P a r k ( 1 9 7 3 )  and V i I m a n s e n (1973). H o w e v e r  these b o u n d s  are not 
t ig h t  and one s ti l l  has the p r o b l e m  of e v a l u a t i n g  the 
i n t e g r a l  in an y p a r t i c u l a r  case. It is g e n e r a l l y  true that 
the e n g i n e e r i n g  l i t e r a t u r e  v i r t u a l l y  i g n o r e s  the p r o b l e m s  of 
e s t i m a t i o n  and the l i t e r a t u r e  on s e l e c t i o n  c r i t e r i a  is a 
g o o d  e x a m p l e  of this. The p a p e r s  that s u g g e s t  and test 
s e l e c t i o n  c r i t e r i a  all a s s u m e  k n o w n  d i s t r i b u t i o n a l  fo rm s  and 
i g n o r e  the t r e m e n d o u s  d i f f i c u l t i e s  that w o u l d  a r i s e  in 
t r y i n g  to e s t i m a t e  any  of th e s e d i s t a n c e s  f r o m  a set of 
data.
It is g e n e r a l l y  the case that t he se d i s t a n c e  m e a s u r e s  are 
no b e t t e r  th an  the p r o b a b i l i t y  of e r r o r  and as K a n a l (1974) 
s u g g e s t e d  w h e n  c o n s i d e r i n g  this pr o b l e m ,
"one s h o u l d  try to e s t i m a t e  the p r o b a b i l i t y  of 
e r r o r  in some di re c t  m a n n e r . "
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5.3 Variable Selection
In this s e c t i o n  we will c o n s i d e r  the p r o b l e m  of c h o o s i n g  
the best su bs e t of size q, fr om  a set of p p o t e n t i a l  
f e a t u r e s .  As we m e n t i o n e d  in the p r e v i o u s  s e ct i o n,  one first 
n e e d s  some c r i t e r i o n  by w h i c h  two s u b s e t s  can be c o m p a r e d  
but e ve n  w h e n  such a c r i t e r i o n  is a v a i l a b l e  p r o b l e m s  still
re m a i n .  The m a j o r  d i f f i c u l t y  is the la rg e n u m b e r  of su bs e t s
that n ee d  to be c o m p a r e d .  If there are p v a r i a b l e s  to ch oo se  
f r o m  t he n th e re  w i l l  be p o s s i b l e  s u b s e t s  of size  q and
this q u a n t i t y  q u i c k l y  b e c o m e s  v e r y  large. For e x a m p l e  if 
p = 4 0  and q = 1 0  t h e n  there  are n e a r l y  8 50 m i l l i o n  p o s s i b l e
s u b s e t s  and an e x h a u s t i v e  s e a r c h  t h r o u g h  t h e m  is not a
p r a c t i c a l  p r o p o s i t i o n .
A subsidiary p r o b l e m  in v a r i a b l e  selection is that of 
c h o o s i n g  the v a l u e  for q. C o m m o n l y  the size of the s e l e c t e d  
f e a t u r e  set is i n c r e a s e d  un ti l it is s u b j e c t i v e l y  judged to 
gi ve s u f f i c i e n t l y  good d i s c r i m i n a t i o n .  Care n e e d s  to be 
t a k e n  h o w e v e r ,  to e n s u r e  that the t r a i n i n g  sets are l ar ge  
e n o u g h  to s u p p o r t  the n u m b e r  of s e l e c t e d  f e a t u r e s ;  for if 
t h e y  are not, one m a y  o b s e r v e  the p h e n o m e n o n  d i s c u s s e d  in 
c h a p t e r  two w h e r e b y ,  a l t h o u g h  the p e r f o r m a n c e  of the 
c l a s s i f i e r  a p p e a r s  to be i m p r o v i n g ,  it is in fact g e t t i n g
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wo rse .
B e l o w  we d e s c r i b e  the c u r r e n t l y  a v a i l a b l e  a l t e r n a t i v e s  to 
e x h a u s t i v e  se a r c h .  Of these m e t h o d s  only the b r a n c h  and 
b o u n d  a l g o r i t h m  is o p t i m a l  in the se nse of g u a r a n t e e i n g  the 
same r e s u l t  as w o u l d  be o b t a i n e d  by e x h a u s t i v e  searc h.
S e q u e n t i a l  F o r w a r d  S e l e c t i o n
A c c o r d i n g  to this p r o c e d u r e  one s e l e c t s  the best 
s i n g l e  v a r i a b l e ,  then p r o g r e s s i v e l y  adds one v a r i a b l e  at 
a time to th ose  a l r e a d y  s el e c te d ,  p i c k i n g  the v a r i a b l e  
that t o g e t h e r  w i t h  those a l r e a d y  c h o o s e n  o p t i m i s e s  the 
s e l e c t i o n  c r i t e r i o n .
The m a i n  o b j e c t i o n  to this a p p r o a c h  is that once 
i n c l u d e d  a v a r i a b l e  cannot  be la ter  r e j e c t e d  f r o m  the 
s u b s et .  The s u b se t  that re s u l t s  m ay  not be the best 
p o s s i b l e  ev en w h e n  the v a r i a b l e s  are i n d e p e n d e n t ,  as has 
b e e n  d e m o n s t r a t e d  by C o v e r (1974).
S e q u e n t i a l  B a c k w a r d  S e l e c t i o n
E f f e c t i v e l y  this is the r e v e r s e  of s e q u e n t i a l  f o r w a r d  
s e l e c t i o n .  The s t a r t i n g  po in t is the e n t i r e  set of 
p o t e n t i a l  f e a t u r e s  from  w h i c h  the least i m p o r t a n t  
v a r i a b l e  is d e l e t e d  at ea ch stage, s t o p p i n g  w h e n  the 
r e q u i r e d  n u m b e r  remain.
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Thi s m e t h o d  is open to a s i m i l a r  o b j e c t i o n  to f o r w a r d  
s e q u e n t i a l  s e l e c t i o n ,  that is, that once a v a r i a b l e  has 
b e e n  r e j e c t e d  fr om  the su b s et  in can n e v e r  be
r e - i n t r o d u c e d .  F u r t h e r  s inc e the e n t i r e  data set is used 
at the st art  the m e t h o d  is l i k e l y  to be m o r e  e x p e n s i v e  
in c o m p u t e r  time and d e m a n d s  that we h av e t r a i n i n g  sets 
s u f f i c i e n t l y  la'rge to e na b l e  the c l a s s i f i e r  and 
s e l e c t i o n  c r i t e r i o n  to be e s t i m a t e d  from the full set of 
v a r i a b l e s .  C o n v e r s e l y  one does at le a st  h a v e an
i n d i c a t i o n  of the p e r f o r m a n c e  of the e n t i r e  set of 
v a r i a b l e s .
'Plus s - T a k e  A w a y  r '
This g e n e r a l i s a t i o n  of the s e q u e n t i a l  p r o c e d u r e  
c a l l e d  'plus S - ta ke a w a y  r ' by K i t t l e r (197 8) o v e r c o m e s  
the b a s i c  c r i t i c i s m s  of s e q u e n t i a l  f o r w a r d  and b a c k w a r d  
s e l e c t i o n  by a d d i n g  at ea ch  s ta g e  the best s v a r i a b l e s  
and d e l e t i n g  the w o r s t  r v a r i a b l e s .
T hi s  type of p r o c e d u r e  has long b e en  e m p l o y e d  in 
s t e p w i s e  r e g r e s s i o n  and d i s c r i m i n a n t  a n a l y s i s  and is a 
f e a t u r e  of m a n y  s t a t i s t i c a l  p a c k a g e s .  H o w e v e r  it is 
c o m m o n  to c o n t i n u e  u nt il the v a lu e  of the c r i t e r i o n  
r e a c h e s  some p r e s e t  limit r a t h e r  than r e s t r i c t i n g  
o n e s e l f  to a fixed n u m b e r  of v a r i a b l e s .
The p r o b l e m  w i t h  this m o d i f i c a t i o n  as it s t a n d s  is
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that a l t h o u g h  s v a r i a b l e s  are added  t o g e t h e r  t he y are 
s e l e c t e d  on the ba sis of their p e r f o r m a n c e  whe n added  
si ng l y.  It w ou l d  c l e a r l y  be b e t t e r  when m a k i n g  ones 
c h o i c e  if one lo o k e d  at all s u b s e t s  of size s and r 
c o m p u t i n g  th e i r  c o m b i n e d  e f f e c t  on the s e l e c t i o n  
c r i t e r i o n .  ---
G e n e r a l i s e d  S e q u e n t i a l  F o r w a r d  S el e c t i on
Th is g e n e r a l i s a t i o n  of s e q u e n t i a l  f o r w a r d  s e l e c t i o n  
c o n s i d e r s  the v a r i a b l e s  in g r o u p s  of size s and fi n ds  
the best s u b se t  of that s iz e  for a d d i n g  to the v a r i a b l e s  
a l r e a d y  c h oo s e n.  This m e t h o d  t h e r e b y  m ak es  a l l o w a n c e  for 
the r e l a t i o n s h i p s  b e t w e e n  the v a r i a b l e s  in the p o t e n t i a l  
s u b s e t  s .
G e n e r a l i s e d  S e q u e n t i a l  B a c k w a r d  S e l e c t i o n
This is s i m i l a r  to the g e n e r a l i s a t i o n  of s e q u e n t i a l  
f o r w a r d  s e l e c t i o n  e x ce p t that the r v a r i a b l e s  to be 
d e l e t e d  at each st a g e are t r e a t e d  as a set so as to 
a l l o w  for r e l a t i o n s h i p s  b e t w e e n  them.
G e n e r a l i s e d  'Plus s — Take A w a y  r'
An a m a l a g a m a t i o n  of the p r e v i o u s  two, this m e t h o d
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f ind s the best s u b s et  of size s to add to those 
v a r i a b l e s  a l r e a d y  s e l e c t e d  and the least u s e f u l  subse t 
of size r to re je c t . In both cases the v a r i a b l e s  are 
a s s e s s e d  t o g e t h e r  as a s i n g l e  subs et.
M a x - M i n  A l g o r i t h m
This m et ho d , i n v e s t i g a t e d  by B a c k e r  and De 
S h i p p e r (1977), i n v o l v e s  c o n s i d e r i n g  s e p a r a t e l y  e ac h  
c u r r e n t l y  u n s e l e c t e d  v a r i a b l e  p a i r e d  in turn w i t h  each
of t hos e a l r e a d y  s e l e c t e d .  For thes e c o m b i n a t i o n s  the
m i n i m u m  c o n t r i b u t i o n  of each p o t e n t i a l  a d d i t i o n  is no te d  
and the v a r i a b l e  s e l e c t e d  is the one for w h i c h  the
m i n i m u m  c o n t r i b u t i o n  is l ar g e st .
Si n c e  the v a r i a b l e s  are only  ever used in p ai r s  it is 
p o s s i b l e  to l oo k at all c o m b i n a t i o n s  b e f o r e  s t a r t i n g  the 
s e l e c t i o n  and the c o m p u t e r  time is r e l a t i v e l y  small.
S t a n d a r d i s e d  D i s c r i m i n a n t  F u n c t i o n  C o e f f i c i e n t s
If the p o t e n t i a l  v a r i a b l e s  are first s t a n d a r d i s e d  by 
d i v i d i n g  by th e i r  s t a n d a r d  d e v i a t i o n s ,  t he n the
c o e f f i c i e n t s  of any l i n e a r  d i s c r i m i n a n t  f u n c t i o n  may be 
e x p e c t e d  to r e f l e c t  the r e l a t i v e  i m p o r t a n c e  of the 
f e a t u r e s .  The q f e a t u r e s  to be s e l e c t e d  are thus those 
w i t h  the. la r g e s t  c o e f f i c i e n t s .  Of c o u r se  one n e e d s
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sufficient data to estimate the discriminant function 
with all the variables.
Branch and Bound
The idea b e hi n d  this a l g o r i t h m  is that one s ho u l d  
find a c r i t e r i o n  D that ca nn o t i n c r e a s e  if the set of 
s e l e c t e d  v a r i a b l e s  is d e c r e a s e d .  The p r o b a b i l i t y  of
e r r o r  and most d i s t a n c e s  wo u l d  s a t i s f y  this r e q u i r e m e n t ,  
if one i g n o r e s  the p r o b l e m s  of e s t i m a t i o n .
S t a r t i n g  w i t h  the full set of v a r i a b l e s ,  the 
c r i t e r i o n  is e v a l u a t e d  and then the v a r i a b l e s  are 
r e m o v e d  p r o d u c i n g  a tree like s t r u c t u r e  of the type 
i l l u s t r a t e d  in fi gu r e  5.1.
The best s o l u t i o n  o b t a i n e d  to date in f i g u r e  5.1
w h i c h  i n v o l v e s  d e l e t i n g  two v a r i a b l e s ,  is o b t a i n e d  w h e n  
%2 and are rem o ve d .  Si nce at this po in t D =1 0  th er e
is no po in t  in p u r s u i n g  any b r a n c h  for w h i c h  the 
c r i t e r i o n  has a l r e a d y  f a l l e n  b e l o w  10. Thus one need not 
c o n s i d e r  f u r t h e r  d e l e t i o n s  f ro m the b r a n c h  that s t a r t s  
by d e l e t i n g  x^ . By this me a n s  i n t e r e s t  is r e s t r i c t e d  to 
t h o s e  b r a n c h e s  for w h i c h  the c r i t e r i o n  v al u e  r e m a i n s  
a b o v e  the c u r r e n t  best.
This type of a l g o r i t h m  has found m a n y  a p p l i c a t i o n s  in
s t a t i s t i c s  and o p e r a t i o n a l  r e s e a r c h ,  as Ha n d ( 1 9 8 1 b )  has
d e s c r i b e d .  By not r e q u i r i n g  that all b r a n c h e s  be
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Full Set
{Xi %2 x^ x^}
D = 20
{x^ x^ X,} {x^ %2 ^4  ^ {^2 ^3 x^} {x^ x, x j1 '*2 3 -
D = 9 D = 15 D = 11
2 3 4
D = 12
{X2 x^} {^ 1 Xj)
D = 1 0
fXg
D = 9
Subsets that need 
not be considered
Figure 5.1
An example of the Branch and Bound Algorithm
{Xj x^} 
D = 8
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f o l l o w e d  the a l g o r i t h m  g r e a t l y  r e d uc es  the n u m b e r  of
s u b s e t s  that need to be c o n s i d e r e d  but at the same time 
g u a r a n t e e s  to find the best s u b s e t . There are m a n y  ways  
in w h i c h  one mi g h t  d e c i d e  on the or der in wh i c h  the 
b r a n c h e s  are to be f o l l o w e d  and o b v i o u s l y  the one ch os e n  
w i l l  h av e an ef fe ct on the spee d of the a l g o r i t h m .
K i 1 1 l e r ( 1 978) gives one such m e t h o d  and R o b e r t s ( 1 984 ) 
gi ve s  a F o r t r a n  p r o g r a m  for the b r a n c h  and b oun d
a l g o r i t h m .
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5. A Stopping Rules
R a t h e r  than se le c t the n u m b e r  of f e a t u r es , q, b e f o r e h a n d  
it w o u l d  be m u c h  more s e n s i b l e  to a l l o w  the data to c h o o s e  
q. Thus w h e n  f o r w a r d  s e l e c t i o n  is be i n g used one w o u l d  w is h  
to c o n t i n u e  u n t i l  a d d i n g  e xt r a  f e a t u r e s  ma k e s no s i g n i f i c a n t  
i m p r o v e m e n t  to the d i s c r i m i n a t i o n .  Since, for m os t c r i t e r i a ,  
the a d d i t i o n  of a ex t r a v a r i a b l e  w i l l  a l w a y s  m a k e  the 
a p p a r e n t  p e r f o r m a n c e  be t te r ,  s i g n i f i c a n c e  here mu st  d e n o t e  a 
i m p r o v e m e n t  over and a b o v e  that w h i c h  one w ou l d  o b t a i n  f ro m  
a n y  r a n d o m l y  s e l e c t e d  and u n r e l a t e d  v a r i a b l e .  Of c o u r s e  as 
w i t h  any s t a t i s t i c a l  a n a l y s i s  s i g n i f i c a n c e  does not d e n o t e  
i m p o r t a n c e  and it m a y  be n e c e s s a r y  for the i n v e s t i g a t o r  to 
i n s e r t  his own j u d g e m e n t  into  the a n a l y s i s .
If one is w i l l i n g  to a s s u m e  m u l t i v a r i a t e  n o r m a l i t y  w i t h  
e q u a l  c o v a r i a n c e  s t r u c t u r e s  t hen  the M a h a l a n o b i s  d i s t a n c e  is 
a g oo d  m e a s u r e  of p e r f o r m a n c e  and R a o ( 1 9 A 6 )  gave a test for 
the d i f f e r e n c e  b e t w e e n  two s uch  d i s t a n c e s  and b a s e d  on 
q 2 and q^ f e a t u r e s ,  wh er e  the q^ f o r m  a su bs et  of the q ^ .
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The  test s t a t i s t i c  being,
^2 “ ^1 (n^ + n^)(n^ + n^ “ 2) +
w h e r e  n^ and n^ are the s a m p l e  sizes. C are  n e e d s  to be 
taken, e v e n  w i t h  this test, for as M c K a y ( 1 9 7 6 )  p o i n t s  out 
the d i s t r i b u t i o n a l  t h e o r y  d e r i v e d  by Rao a s s u m e s  that the 
sets  of v a r i a b l e s  are s e l e c t e d  w i t h o u t  r e f e r e n c e  to the 
data, a v e r y  u n l i k e l y  a s s u m p t i o n  in p r a c t i c e .  Th us  w h i l s t  
one m i g h t  use this s t a t i s t i c  as a s t o p p i n g  rule one s h o u l d  
be v e r y  c a r e f u l  a bo u t  q u o t i n g  s p e c i f i c  e rr o r  rates  for the 
test.
C o s t a n z a  and A f i f i ( 1 9 7 9 )  c o m p a r e d  s ev e n  s t o p p i n g  ru l es  
for use w i t h  f o r w a r d  s e l e c t i o n .  The m e t h o d s  tried i n c l u d e d ,
(i) t e s t i n g  a g a i n s t
(ii) t e s t i n g  a g a i n s t
and the minimisation of the p r o b a b i l i t y  of e r r o r  b a s e d  on 
d i f f e r e n t  e s t i m a t e s  of the M a h a l a n o b i s  d i s t a n c e .  As m i g h t  be 
a n t i c i p a t e d  no m e t h o d  p r o v e d  c o n s i s t e n t l y  b e t t e r  th a n the 
o t h e r s .
117
5.5 F e a t u r e  E x t r a c t i o n  by T r a n s f o r m a t i o n
M a n y  m e t h o d s  h av e been p r o p o s e d  for f i n d i n g  c o m b i n a t i o n s  
of the o r i g i n a l  v a r i a b l e s ,  u s u a l l y  l i n e a r  c o m b i n a t i o n s ,  that 
d i s t i n g u i s h  well b e t w e e n  the c l a s s e s .  G us e ma n ,  Pe t e r s  and 
W a l k e r ( 1 9 7 5 )  c o n s i d e r e d  the g e n e r a l  p r o b l e m  of f i n d i n g  the 
l i n e a r  c o m b i n a t i o n s  that m i n i m i s e d  the Ba yes  p r o b a b i l i t y  of 
e r r o r  w h e n  the data came fr om  m u l t i v a r i a t e  n o r m a l  
d i s t r i b u t i o n s  wi t h  u n e q u a l  c o v a r i a n c e  s t r u c t u r e s .  A l t h o u g h  
t he y  did m a n a g e  to d e r i v e  one or two t h e o r e t i c a l  r es u l t s  
t he y  found that only the two class, s i ng l e  fe a t u r e  case was 
c o m p u t a t i o n a l l y  f e a s ib l e .
As w i t h  so m a n y  of the p r o b l e m s  in d i s c r i m i n a t i o n  the 
id ea l  s o l u t i o n  b as ed on m i n i m i s i n g  the p r o b a b i l i t y  of error, 
on ce a g a i n  turns out to be prohibitively c o m p l e x  and 
a l t e r n a t i v e s  mu st  be so ug ht . The most p o p u l a r  a p p r o a c h e s  
rely on the principal c o m p o n e n t  t r a n s f o r m a t i o n ,  k n o w n  in the 
e n g i n e e r i n g  l i t e r a t u r e  as the K a r h u n e n — L o e v e  e x p a n s i o n .  
P r i n c i p a l  c o m p o n e n t s  were first i n t r o d u c e d  a r o u n d  the tu rn  
of the c e n t u r y  as a m e t h o d  of o r t h o g o n a l  r e g r e s s i o n  and w er e  
l a t e r  r e d e r i v e d  by H o t e l l i n g (1930) in c o n n e c t i o n  w i t h  F a c t o r  
A n a l y s i s .
The b a s i c  r e s u l t  is that g i v e n  a real s y m m e t r i c  p o s i t i v e
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s e m i - d e f i n i t e  p-diraensi o n a 1 m a t r i x  S, such as a c o v a r i a n c e  
m a t r i x ,  then it is p o s s i b l e  to e x p r e s s  S in term s of its 
e i g e n v a l u e s  and n o r m a l i s e d  e i g e n v e c t o r s ,
£ i = 1, ... , p
The e x p a n s i o n  being.
P
i  = ^ ^1 £.
i=l -
Th e  m a t r i x  m a y  thus be a p p r o x i m a t e d  by t aki ng terms in the 
e x p a n s i o n  that c o r r e s p o n d  to the l ar g e s t  e i g e n v a l u e s  and it 
m a y  be s h o w n  that, in a least s q u a r e s  sense, the best 
q - d i m e n s i o n a l  a p p r o x i m a t i o n  to the p - di ra en sio na1 data is 
o b t a i n e d  by u s i n g  the sp ace d e f i n e d  by the e i g e n v e c t o r s  
c o r r e s p o n d i n g  to the q l a r g e s t  e i g e n v a l u e s .
C h e i n  and F u ( 1 9 6 7 )  a p p l i e d  this t r a n s f o r m a t i o n  to the 
p o o l e d  c o v a r i a n c e  m a t r i x  and W a t a n a b e (1965) a p p l i e d  it to 
the c o v a r i a n c e  m a t r i x  of the e n t i r e  data set. The f o r m e r  
a p p r o a c h  w i l l  o nl y s u c c e e d  in d i s c r i m i n a t i n g  b e t w e e n  c l a s s e s  
if by c h a n c e  the m a i n  d i f f e r e n c e s  b e t w e e n  the c l a s s e s  lie in 
the same s pa ce as the m ai n  s o u r c e s  of v a r i a t i o n  w i t h i n  
c l a s s e s .  The latter a p p r o a c h  is more l i k e l y  to be s u c c e s s f u l  
si n c e  it w i ll  a ls o w o r k  if the v a r i a t i o n  b e t w e e n  c l a s s e s  is 
m u c h  l a r g e r  than the v a r i a t i o n  w i t h i n  c l a s s e s .  Tou ari 
H e y d o r n ( 1 9 6 7 )  a d v o c a t e d  the use of the e i g e n v e c t o r s  
a s s o c i a t e d  w it h  the s m a l l e s t  e i g e n v e c t o r s  but this m e t h o d
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a l s o  only w o r k s  if by c h an c e the m a i n  d i s c r i m i n a t i n g  
i n f o r m a t i o n  lies in that space.
W a n a t a b e ( 1 9 6 5 )  also a d v o c a t e d  the use of the p r i n c i p a l  
c o m p o n e n t s  of one the c l a ss e s  and was thus in one sense a 
f o r e r u n n e r  of the SI MCA me t h o d .  This t e c h n i q u e ,  d e s c r i b e d  in 
W a l d (1976), i n v o l v e s  t a k i n g  the first few p r i n c i p a l
c o m p o n e n t s  f rom  each class and c o m p a r i n g  the d i s t a n c e s  of 
a ny  u n c l a s s i f i e d  p oi nt to the s p a ce s  d e f i n e d  by those 
c o m p o n e n t s .  The point be i n g  c l a s s i f i e d  into the cl ass w i th  
the c l o s e s t  space.
An i n t e r e s t i n g  v a r i a t i o n  on this g e n e r a l  theme,
a p p l i c a b l e  in the two class case, was s u g g e s t e d  by F u k u n a g a
and  K o o n t z (1970). T h e y  first l i n e a r l y  t r a n s f o r m e d  the
v a r i a b l e s  in suc h a w a y  that the p o o l e d  c o v a r i a n c e  m a t r i x
b e c o m e s  the i d e n t i t y .  T he y t hen  s h o w e d  that the c o v a r i a n c e
m a t r i c e s  of the two c l a s s e s  w o u l d  h av e  the same e i g e n v e c t o r s  
and that t he se e i g e n v e c t o r s  w o u l d  c o r r e s p o n d  to the 
e i g e n v a l u e s  g i v e n  in o p p o s i t e  o r d e r s .  Thus the e i g e n v e c t o r  
c o r r e s p o n d i n g  to the l a r g es t e i g e n v a l u e  of one c o v a r i a n c e  
m a t r i x  w o u l d  c o r r e s p o n d  to the s m a l l e s t  e i g e n v a l u e  of the 
ot her . T h e y  t h e r e f o r e  s u g g e s t e d  that the e i g e n v e c t o r s
c o r r e s p o n d i n g  to the l a r g e s t  and s m a l l e s t  e i g e n v a l u e s  be 
c h o s e n  to d e f i n e  a s u b s p a c e  in w h i c h  c l a s s i f i c a t i o n  s h o u l d  
occur . D e s p i t e  the a t t r a c t i v e n e s s  of the m e t h o d  it too
c a n n o t  g u a r a n t e e  to d i s c r i m i n a t e  b e t w e e n  c l a s s e s .  
F o l e y ( 1 9 7 3 )  gi v es  an e x a m p l e  of the m e t h o d ' s  f a i l u r e .
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An a t t e m p t  to use the idea of p r i n c i p a l  c o m p o n e n t s  but 
a l s o  to o b t a i n  d i s c r i m i n a t i o n  was made by H e a l y  and 
P a r i s h ( 1 9 7 9 ) ,  they first took  the e i g e n v e c t o r s  of the po ole d  
c o v a r i a n c e  m a t r i x  to d e f i n e  p n e w v a r i a b l e s  wh i c h,  of 
c ou r se ,  r e t a i n  all the a v a i l a b l e  i n f o r m a t i o n .  T h e y  then 
f o r m e d  a l i n e a r  d i s c r i m i n a n t  f u n c t i o n  of the F i s h e r  type 
u s i n g  th os e t r a n s f o r m e d  v a r i a b l e s .  The axes w it h the l a r g e s t  
c o e f f i c i e n t s  we re then c h o s e n  to d e f i n e  the space for futu re  
st ud y . E f f e c t i v e l y  then th ey  are t r y i n g  to o v e r c o m e  the 
o b j e c t i o n s  to u s i n g  the l a r g e s t  or s m a l l e s t  e i g e n v a l u e s  by 
d e v i s i n g  a m e t h o d  that s e l e c t s  the m os t  i m p o r t a n t  
e i g e n v a l u e s .  One is not h o w e v e r  a s s u r e d  of a s o l u t i o n  that 
i m p r o v e s  on the use of a s e l e c t i o n  of the o r i g i n a l  v a r i a b l e s  
and w h a t e v e r  h a p p e n s  the r e s u l t s  w il l be mu ch  m or e  d i f f i c u l t  
t o i n t e r p r e t .
A s i m i l a r  idea was s u g g e s t e d  by K i t t l e r  and Y o u n g ( 1 9 7 3 )  
w h e n  th ey a d v o c a t e d  the use of the space d e f i n e d  by the 
e i g e n v e c t o r s  of the p o o le d  c o v a r i a n c e  m a t r i x  s t a n d a r d i s i n g  
the ne w  v a r i a b l e s  and then d e f i n i n g  a c o v a r i a n c e  type m a t r i x  
b e t w e e n  the cl as s me a n s  on the t r a n s f o r m e d  scale. The n e w  
e i g e n v e c t o r s  of this m a t r i x  are t hen  ta k e n  as the axes for 
d i s c r i m i n a t i o n .
It sh ou l d be n ote d that any a n a l y s i s  p e r f o r m e d  on the 
c o v a r i a n c e  m a t r i x  could  also be p e r f o r m e d  on the c o r r e l a t i o n  
m a t r i x .  This w o u l d - b e  e q u i v a l e n t  to a n a l y s i n g  the 
s t a n d a r d i s e d  data. I n d e e d  it is a p oi n t  that a p p e a r s  to be
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f r e q u e n t l y  o v e r l o o k e d  that the p r i n c i p a l  c o m p o n e n t s  are not 
i n v a r i a n t  u n d e r  c h a n g e s  of scale. Thus it wo ul d be p o s s i b l e  
to get two e n t i r e l y  d i f f e r e n t  sets of f e a t u r e s  m e r e l y  by 
m e a s u r i n g  the v a r i a b l e s  in d i f f e r e n t  u n i t s ;  A p r o p e r t y  that 
s h o u l d  not be a s s o c i a t e d  w it h  d i s c r i m i n a t i o n .  D e s p i t e  the 
g e n e r a l  i n a p p r o p r i a t e n e s s  of the m e t h o d  it is still c o m m o n l y  
u s e d  as a m e t h o d  for f e a t u r e  s e l e c t i o n .
C a n o n i c a l  v a r i a t e  a n a l y s i s  st em s d i r e c t l y  f r o m  the 
o r i g i n a l  w o r k  of F i s h e r ( 1 9 3 6 )  and a ls o r e d u c e s  to an 
a n a l y s i s  of e i g e n s t r u c t u r e . The i m p o r t a n t  d i f f e r e n c e  is that 
t his  a n a l y s i s  is s p e c i f i c a l l y  g e a r e d  t o w a r d s  d i s c r i m i n a t i o n .  
U s i n g  the n o t a t i o n  set out in a p p e n d i x  I, w h e r e  B is the 
b e t w e e n  s a m p l e s  sums of s q u a r e s  m a t r i x  and W is the w i t h i n  
s a m p l e s  sums of s q u a r e s  m a t r i x ,  then c a n o n i c a l  v a r i a t e  
a n a l y s i s  seek s to m a x i m i s e .
B a
Th is f u n c t i o n  is m a x i m i s e d  w h e n  one takes a as be i n g  the 
e i g e n v e c t o r  of W ^B c o r r e s p o n d i n g  to the l a r g e s t  
e i g e n v a l u e . B y  c h o o s i n g  f u r t h e r  e i g e n v e c o t r s ,  in or d e r  of the 
s i z e  of th ei r eigenvalues-, we o b t a i n  p r o g r e s s i v e l y  m o r e  of 
the to t al  d i s c r i m i n a t o r y  power.
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O r i g i n a l l y  c a n o n i c a l  v a r i a t e  a n a l y s i s  was ba se d on the 
a s s u m p t i o n  of equal v a r i a t i o n  w i t h i n  c l a s s e s  so that a 
p o o l e d  m a t r i x  could be used for W. Since then m a ny  
g e n e r a l i s a t i o n s  have be en  p r op s e d.  F o l e y  and S a m m o n ( 1 9 7 5 )  
l o o k e d  at the m a x i m u m  of,
a"* W* a
w h e r e ,
W* = K W + (1 - K)W_ 
—  — 1 — I
and Wj and W^ are the two i n d i v i d u a l  w i t h i n  sa m p l e  sums of 
s q u a r e s  m a t r i c e s .
K a z a k o s ( 1 9 7 7 )  i n v e s t i g a t e d  the m a x i m u m  of
Ig.' - H.;) I 
4.' + <5.' ia-
and K i t t l e r ( 1 9 7 7 )  c o n s i d e r e d .
m
I P(w.) (a^
j=l  ^ "  -3
a I a
F e h l a u e r  and E i s e n s t e i n (1978) s u g g e s t e d  a c l u s t e r i n g
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a l g o r i t h m  ba se d  on the m a x i m i s a t i o n  of,
a (B + W^) a 
a' W, a
and G i l s e m a  and E d e n ( 1 9 8 0 )  g e n e r a l i s e d  this to.
£  (B + 6 W^) a
a_ (W^ + (1-3) V^) £
a (B + 3 W ) a
 ;----------- 3 > 1
£  a_
and d e s c r i b e d  its role w i t h i n  an i n t e r a c t i v e  p a c k a g e .
A l o n g  s i m i l a r  lines W i l k s ( 1 9 6 2 )  a d v o c a t e d  the
m i n i m i s a t i o n  of.
a W a
1
a T a
w h e r e  T is the total sums of s qu a r e s  ma t r i x .  His r e s u l t s  
h a v e  si nc e b een  r e d e r i v e d  in the e n g i n e e r i n g  l i t e r a t u r e .
A l l  of the e i g e n s t r u c t u r e  m e t h o d s  m a k e  the i m p l i c i t  
a s s u m p t i o n  of l i n e a r i t y .  H ow e v e r ,  if q u a d r a t i c  e f f e c t s  are 
s u s p e c t e d  it is p e r f e c t l y  p o s s i b l e  to cr e a te  new  v a r i a b l e s  
c o n s i s t i n g  of the s q u a r e s  or c r o s s p r o d u c t s  of the o r i g i n a l  
v a r i a b l e s  and to in c l u d e  them in the a n a l y s i s .
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One p r o m i s i n g  a p p r o a c h  to l i ne a r f e a t u r e  s e l e c t i o n  that 
has r e c e i v e d  l i t tl e  a t t e n t i o n  is the p r o j e c t i o n  pursuit 
a l g o r i t h m  of F r i e d m a n  and T u k e y ( 1 9 7 A ) .  The o b je c t  of their 
m e t h o d  is to find s u b s p a c e s ,  d e f i n e d  by l i n e a r  c o m b i n a t i o n s  
of the o r i g i n a l  v a r i a b l e s ,  that m a x i m i s e  a s cor e of 
' u s e f u l n e s s ' ,  d e f i n e d  as the p r o d u c t  of a m e a s u r e  of ov e r al l  
s p r e a d  and a m e a s u r e  of local d e ns i t y .  The a l g o r i t h m  thus 
s e e k s  out p r o j e c t i o n s  in w h i c h  p o i n t s  c l u s t e r  into c l e a r l y  
d e f i n e d  and w el l  s e p a r a t e d  groups.
M a n y  n o n - l i n e a r  t r a n s f o r m a t i o n s  h ave  b ee n  p r o p o s e d  w h i c h  
it is h o p e d  w o u l d  give b e t t e r  cl ass s e p a r a t i o n ,  all be it at 
the e x p e n s e  of g r e a t l y  i n c r e a s e d  c o m p u t a t i o n .  One of the 
e a r l i e s t  of thes e was a type of n o n - m e t r i c  s c a l i n g  p r o p o s e d  
by S a m m o n (1969), who soug ht  to m i n i m i s e  a 'stress' f u n c t i o n  
d e p e n d e n t  u p o n ,
Z(6. - d.)^ 
1 1
w h e r e  <5^  a re the d i s t a n c e s  b e t w e e n  o b j e c t s  in the o r i g i n a l  
s p a c e  and d^ are the d i s t a n c e s  in the r e d u c e d  space.  Such 
s t r e s s  f u n c t i o n s  are now  in c o m m o n  use in s t a t i s t i c s  and 
p r o g r a m s  for t he i r  i t e r a t i v e  m i n i m i s a t i o n  are w i d e l y  
a v a i l a b l e .  M a n y  v a r i a t i o n s  - on the f o r m  h av e the s t r e s s  
f u n c t i o n  ha v e  be e n  p r o p s e d  and d e t a i l s  m a y  be found in any 
b o o k  on m u l t i d i m e n s i o n a l  sc aling.
On e o t h e r  m e t h o d  of n o n - l i n e a r  a n a l y s i s  d e s e r v e s  m e n t i o n
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and that is a t e c h n i q u e  p r o p s e d  by O l s e n  and .^Fukuna ga ( 1 9 7 3 ) . 
A c c o r d i n g  to this m e t h o d  s a m p l e s  are d i v i d e d  into c l u s t e r s  
of s i m i l a r  c as es and each c l u s t e r  is s u m m a r i s e d  by a we ll  
f i t t i n g  s u b s p a c e .  T h e s e  s u b - s p a c e s  are then c o m b i n e d  to 
f o r m  a sp a ce  d e s c r i b i n g  the w h o l e  samp le .
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5.6 C o m p a r i s o n s  of F e a t u r e  S e l e c t i o n  T e c h n i q u e s
W i t h  su c h  a la rg e n u m b e r  of f e a t u r e  s e l e c t i o n  t e c h n i q u e s  
a v a i l a b l e  t her e is c l e a r l y  a n ee d  for so me  g u i d e l i n e s  on the 
c h o i c e  of m e t h o d  for a p a r t i c l u a r  p r o b l e m  and yet v i r t u a l l y  
n o n e  exist . The d i f f i c u l t y  is that it is v e r y  h ar d to 
c o m p a r e  m e t h o d s  on real data b e c a u s e  of the o t h e r  f a c t o r s  
that come into play. M o s t  i m p o r t a n t  of t he s e  b e i n g  the 
c h o i c e  of c l a s s i f i e r  and the a s s e s s m e n t  of the s c h e m e s
p e r f o r m a n c e .  E v e n  w h e n  such a c o m p a r i s o n  is m a d e  one has no 
a s s u r a n c e  that the r e s u l t s  w i l l  c a r r y  a c r o s s  to o t h e r  data  
sets. Thus one is left w i t h  on ly  one o p t i o n  n a m e l y  to l oo k  
at s i m u l a t e d ,  u s u a l l y  m u l t i v a r i a t e  n o r m a l  data. A g a i n  the 
p r o b l e m  is that l i t t l e  is k n o w n  ab ou t  the r o b u s t n e s s  of
n o r m a l  b a s e d  f e a t u r e  s e l e c t i o n  m e t h o d s .
M u c c i a r d i  and G o s e ( 1 9 7 1 )  ga ve one e x a m p l e  of a 
c o m p a r a t i v e  s t u d y  b a s e d  on E G G  data. T h e y  c o m p a r e d  a v a r i e t y  
of a p p r o a c h e s  i n c l u d i n g  f o r w a r d  s e l e c t i o n  b a s e d  on the
u n i v a r i a t e  p r o b a b i l i t y  of e r r o r  and f o r w a r d  s e l e c t i o n  b a s e d  
on the a v e r a g e  c o r r e l a t i o n  b e t w e e n  a p o t e n t i a l  v a r i a b l e  and 
those, a l r e a d y  se l e c t e d .  It -.is not s u r p r i s i n g  that t h e i r  
c o n c l u s i o n s  are vagu e. All m e t h o d s  we r e f ou n d  to be b e t t e r
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tha n r a n d o m  s e l e c t i o n  of the f e a t u r e s  and r e l i a n c e  on 
u n i v a r i a t e  c h a r c t e r i s t i c s  was fo u n d  to give poor r e su l t s .
W e i n e r  and D u n n ( 1 9 6 6 )  a l s o  c o n d u c t e d  a small s ca le st u dy  
i n c l u d i n g  r a n d o m  s e l e c t i o n  of the f e a t u r e s  as a type of 
co nt r o l .  No m e t h o d  p r o v e d  c o n s i s t e n t l y  b e t t e r  than any othe r  
and  no f i r m  c o n c l u s i o n s  w e r e  drawn .
K i t t l e r (1978) p e r f o r m e d  a m o r e  u s e f u l  s t u d y  of v a r i a b l e  
s e l e c t i o n  m e t h o d s  u s i n g  • two 2 0 - d i m e n s i o n a l  n o r m a l  
p o p u l a t i o n s  w i t h  i d e n t i c a l  c o v a r i a n c e  s t r u c t u r e s .  He was 
thus ab le  to use the M a h a l a n o b i s  d i s t a n c e  b e t w e e n  c l a s s e s  as 
a g e n u i n e  m e a s u r e  of a b s o l u t e  p e r f o r m a n c e .  His c o n c l u s i o n s  
w e r e  that the g e n e r a l i s e d  m e t h o d s  d e s c r i b e d  in s e c t i o n  5.3 
p e r f o r m  b e t t e r  th an  s i m p l e  f o r w a r d  or b a c k w a r d  s e l e c t i o n  and 
t hat  the m a x - m i n  a l g o r i t h m  p e r f o r m s  p o o r ly .
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6 A H EW  M E T H O D  OF F E A T U R E  S E L E C T I O N  B AS E D  
ON THE E L I M I N A T I O N  OF CASES
6.1 I n t r o d u c t i o n
H a v i n g  r e v i e w e d  the c u r r e n t l y  a v a i l a b l e  m e t h o d s  for 
f e a t u r e  s e l e c t i o n  we w i ll  now c o n s i d e r  a n e w  m e t h o d  s u i t a b l e  
for la r g e  s ca l e  a p p l i c a t i o n s .  The p r o p o s e d  m e t h o d  is v e ry  
s i m p l e  to p r o g r a m  and f l e x i b l e  e n o u g h  to be a d a p t e d  for use 
w i t h  m os t  ty pes of data.
The p r o c e d u r e  is s e q u e n t i a l  in the m a n n e r  of th ose  
m e t h o d s  d e s c r i b e d  in s e c t i o n  5.3, but wi th  the a d v a n t a g e  
that one only ev er  n e e d s  to c o n s i d e r  u n i v a r i a t e  
^ ^ ® ^ ^ i t i o n s . This d e s i r a b l e  s i m p l i f i c a t i o n  is a c h i e v e d  by 
c o n d i t i o n i n g  the s e l e c t i o n  on u n h e l p f u l  v a l u e s  for the 
p r e v i o u s l y  c h o s e n  v a r i a b l e s .  W h e n  n o t h i n g  is k n o w n  ab o u t  the 
fo rm s  of the d i s t r i b u t i o n s  this can be a c h i e v e d  by, at each 
stage, e l i m i n a t i n g  th os e cases that wo ul d  be c l e a r l y  
c l a s s i f i e d  by the c h o s e n  v a r i a b l e  used singly . As a r e s u l t  
tbis e l i m i n a t i o n  the t r a i n i n g  sets w ill  get p r o g r e s s i v e l y  
s m a l l e r  u n t i l  e v e n t u a l l y  they are c o m p l e t e l y  used up; at 
that p o i n t  the f e a t u r e  s e l e c t i o n  must stop.
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The s u g g e s t e d  m e t h o d  will be s h o w n  to have the a d v a n t a g e s  
r e s u l t i n g  from the use of u n i v a r i a t e  c r i t e r i a  but to out 
p e r f o r m  s e l e c t i o n  based  s o l e l y  on the m a r g i n a l
d i s t r i b u t i o n s .
This m e t h o d  is, like any other, d e p e n d e n t  upon the choi ce  
of a s u i t a b l e  s e l e c t i o n  c r i t e r i o n ,  but it also r e q u i r e s  a 
d e c i s i o n  rule for d e c i d i n g  on those  cases that wo u l d  be
c l e a r l y  c l a s s i f i e d .
In o r d e r  to look at the p e r f o r m a n c e  of the s c h e m e  u n d e r  
s o m e t h i n g  like s t a n d a r d  c o n d i t i o n s  we will i n v e s t i g a t e  its 
use w i t h  m u l t i v a r i a t e  n o r m a l  data. H o w e v e r  the p r i m a r y  
s t r e n g t h  of the m e t h o d  lies in its f l e x i b i l i t y  and it may 
e q u a l l y  we ll  be a p p l i e d  to n o n — n o r m a l  data or w i t h  a 
n o n - p a r a m e t r i c  c r i t e r i o n .  In the final  s e c t i o n  of the
c h a p t e r  the m e t h o d  is a p p l i e d  to the data on
b a l l i s t o c a r d i o g r a m s  and the r e s u l t s  are c o m p a r e d  w i t h  those 
o b t a i n e d  in an e a r l i e r ,  mo re c o n v e n t i o n a l ,  a n a l y s i s .
130
6.2 Conditio nal Se lection with Normal Data
S u p n o s e  that we are t r y i n g  to d i s c r i m i n a t e  b e t w e e n  two 
p - d i m e n s i o n a 1 n o r m a l  d i s t r i b u t i o n s ,  N(p , Z ) and N(y , Z ) 
and that we ha ve a l r e a d y ,  for w h a t e v e r  reaso n, c h o s e n  the 
f irs t q v a r i a b l e s  for i n c l u s i o n  in the a n a l y s i s .  He n o w w i s h  
to s e le c t  one m or e  v a r i a b l e  for i n c l u s i o n  in the a n a l y s i s .
C l e a r l y  the ideal s o l u t i o n  to this p r o b l e m  is b a se d  on 
the M a h a l a n o b i s  d i s t a n c e s  b e t w e e n  the d i s t r i b u t i o n s  us i n g  
the q s e l e c t e d  v a r i a b l e s  and each of the o t h e r  p o t e n t i a l  
a d d i t i o n s .  The v a r i a b l e  that, w hen  used in a d d i t i o n  to the 
o r i g i n a l  q v a r i a b l e s ,  gi ves the l a r g e s t  s e p a r a t i o n  b e in g the 
one that w o u l d  be chos en.
If one w a n t e d  to a v o i d  the m u l t i v a r i a t e  s t r u c t u r e  of this 
p r o b l e m  then one m i g h t  use the m a r g i n a l  d i s t r i b u t i o n s  of 
ea ch p o t e n t i a l  a d d i t i o n .  In this case the M a h a l a n o b i s  
d i s t a n c e  w o u l d  r e d u c e  to a type of statistic that will be called t^
a. ^
1 1
F r o m  the p-q p o s s i b l e  a d d i t i o n s  the one w ith  the l a r g e s t
v a l u e  of t ^  w o u l d  be the one ch ose n.  O b v i o u s l y  such a
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selection' would take no account of the correlations between 
the q variables already selected and the potential 
additions; c o n s e quently the selection would often be a poor 
one.
Suppose however that one were to look at the 
distributions of the potential additions conditional upon 
the previously selected variables taking some unhelpful 
value h,
i.e. f(x. X = b)
1 — g  —
These d i stributions will be univariate normal with means,
and
and common variance.
have been part i t i o n e d  so that.
A
% £-2
q
' '
1
i ^ l i  , > ^ 2i
of q+1 v a r i a b l e s
I
I
1
1 r
-q
1
1
1
1
é 1
' Y
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1
Now the conditional t -statistic between the two 
d i stributions is,
t
w h e r e ,
and
= M l  - M 2
In this rather special case out criterion does not depend on 
the conditioning value b, this will generally not be the 
case.
The benefit to be derived from the use of the conditioned 
distributions is most easily seen by considering the first 
few stages in the selection process. Suppose that q=l and 
that we are now seeking a second variable. To simplify the 
notation assume, without any loss of generality, that the 
p r e v iously selected variable is x, and that all of the 
variables have been scaled to have unit variance.
The M a h a l a n o b i s  distance based on variables x^ and x^ is
thus,
D_f = d" d
l i  —  —  —
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whe re ,
Clearly ,
- d ^ - -■ 1
P l i '
d  = 1 =
- M - - P i i
1
2
T l  —
-  2p^. d^ -
li
1 - Pli
and the conditional t -statistic is,
= D-. -
Thus our conditional t -statistic is equal to the increase 
in the Mahalanobis distance and will thus give optimal 
results.
Using the natural extensions of this notation we might 
obtain similar expressions in the case where o=2. Here 
supposing that we have alreariv selected x, and x^ then.
12i
2(Pi 2 - Pii'P2i^ ^1^2 ” 2(Pli “ ^12 2^i^  1^ i^
- 2(p2i - Pi2 Pii) d2di}
/ (1 - p^2 " P%i " P2i 2pi2 Pii P2i^
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and
.2 _
{d^(l - “ ^li (^1 "■ ^12 ^2^ " ^2i ^^2 ^li
/ 1^2 ~ ^ii " 2^i ■'■ ^^ 12 ^li P2±) " 1^2^
For these two criteria to give the same solution in all 
cases it would be necessary to find that all terms 
dependent on i should have the same v a l u e . Table 6.1 
compares such terms, ignoring the common divisor.
It will be seen that the two methods do not now give the 
same results although, for many applications, it would be 
reasonable to assume that,
^i ^ ^li ^2i
so that the two criteria will agree in the dominant terms,
and hence will often give the same selection.
These results suggest what proves to be a general result,
namely that if one. ignores terms containing the squares or
products of correlations involving the variable under
2.
consideration, then the conditional t -st a t i s t i c  is 
equivalent to the Mahalanobis distance as far as order of 
selection is concerned.
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Table 6.1
2 2
A comparison of the coefficients of D and t
--- -- -- "■
COEFFICIENT
TERM t2
(1 - p2j) (1 - P12)
Pii M
i
-2(d^ " Pl2 d2) -2(di - p^2 ^2)
!
^2i ^i -2(d2 - Pi2 ^l) -2(d2 - P^2
2di d;
2(df - P^2 ^2  ^(^2 " ^12
^li ^2i
”  ^12^
_>q2 - P12 *2)^
^li 2
(1 - PÎ2)
- ^ i
^^2 ^12 ^1^^
^2i
(1 - PZ;)
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THEOREM:
I g n o r i n g  s q u a r e s  and p r o d u c t  of c o r r e l a t i o n s  and
u s i n g  the a l r e a d y  e s t a b l i s h e d  n o t a t i o n ,
= ° ( q ) i  ■ G(q)
Proof :
If q v a r i a b l e s  h a v e  a l r e a d y  b e e n  s e l e c t e d  t h e n  the
c o n d i t i o n a l  t ^ - s t a t i s t i c  a s s o c i a t e d  w i t h  v a r i a b l e  is,
,2 . 5 , "
1 - r^. Z ^ r .
-qi -q -qi
w h i c h ,  i g n o r i n g  s u m s  and p r o d u c t s  of c o r r e l a t i o n s  i n v o l v i n g  
v a r i a b l e  x* , b e c o m e s .
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On the other hand,
% ) i  = %
-1
' d
_
1
/ i
Now
-1 ' A-l ^-1 -| -A r .
-  -qi
_
1 -r'. A-^ —qi —
-1
1 - r r A r . 
qi -  -qiJ
where
A = I - r . r r— —q - q i  —q i
so that ignoring squares and products of correlations
%
-1
r  .z 
- q
- z  1 
^  %
- 4 i
1
- 4
1
and consequently
so that
(q)i
= ®(q)i
dT Z d
_  _ q  _
- “ (q)i - °(q)
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Tt will he s een that the ’laha],anohis d i s t a n c e  c r i t e r i o n ,  
the c o n d i t i o n a l  t - s t a t i s t i c  and the m a r g i n a l  t ^ ^ t a t i s t i c  
f o r m  a p r o g r e s s i o n .  M a h a l a n o h i s  d i s t a n c e  is o p t i m a l  and 
t a k e s  full a c c o u n t  of the c o r r e l a t i o n s  b e t w e e n  v a r i a b l e s .  
It is e q u i v a l e n t  to the c o n d i t i o n a l  t ~ s t a t i s t i c  if one 
i g n o r e s  s q u a r e s  and p r o d u c t s  of c o r r e l a t i o n s  and it is 
e q u i v a l e n t  to the m a r g i n a l  ^ - s t a t i s t i c  if one i g n o r e s  all 
c o r r e l a  t i o n s .
T h e r e  are too m a n y  f a c t o r s  that m i g h t  a f f e c t  c o n d i t i o n a l  
s e l e c t i o n  for one to say m o r e  than that the s m a l l e r  the 
c o r r e l a t i o n s  b e t w e e n  v a r i a b l e s  the b e t t e r  that the 
c o n d i t i o n a l  s e l e c t i o n  w i l l  p e r f o r m .  H o w e v e r ,  in orrler to 
get s ome f e e l  for the p e r f o r m a n c e  of c o n d i t i o n a l  s e l e c t i o n  
w e  w i l l  c o n s i d e r  a s i m p l e  e x a m p l e .
S u p p o s e  that, u s i n g  the a l r e a d y  e s t a b l i s h e d  n o t a t i o n  one 
h a s  two n o r m a l  d i s t r i b u t i o n s  w i t h ,
d" = (1.5, 1.5)
1 O
O 1
d. = 1.2 d. = 1.0
1 3
139
The marginal c r i terion always selects variable i , but the 
optimal sel e c t i o n  will depend upon the c o r r e l a t i o n s  r . In 
order to i n v e stigate this d e p e n d e n c e  5 0 0 s i m u lations were 
pe r f o r m e d  sel e c t i n g  the c o r r e l a t i o n s  as u n i f o rm (-i, 1 ) 
v a r i a b l e s  and r e j ecting cases for which the c o r r e s p o n d i n g  
c o v a r i a n c e  matrix was not positive definite. Table 6.2 
shows the results of the simulation.
Table 6.2 
Results of the Simulation
2
t choice
X. X .
1 3
Best
b
2 2 1 33 
28 212
260
240
255 245 500 1
The c o n d i t i o n a l  c r i t e r i o n  m a k e s  the c o r r e c t  c h o i c e  in 8 0% 
of t r i a l s ,  w h e r e a s  the m a r g i n a l  s e l e c t i o n ,  wliich a l w a y s  
c h o s e  v a r i a b l e  i, was c o r r e c t  o n l y  52% of the time, l i t t l e  
b e t t e r  t han pure g u e s s  w o r k .  Perliaps m o r e  i m p o r t a n t  is the 
f a c t  that c o n d i t i o n a l  s e l e c t i o n  t e n d s  to m a k e  m i s t a k e s  onlv 
w h e n  the d i s c r i m i n a t i o n  o b t a i n a b l e  f r o m  the two p o s s i b l e  
v a r i a b l e s  is v e r y  s i m i l a r  and not w h e n  t h ere is a c l e a r  
d i f f e r e n c e .  T h i s  is e x a c t l y  w h a t  one w a n t s  in p r a c t i c e ,  for 
it fioesn t m a t t e r  so nucli if one c h o o s e s  w r o n g l y  b e t w e e n  an 
e v e n l y  m a t c h e d  p a i r  so long g s one d o e s n ' t  m iss out on the 
r e a l l y  g o o d  c l a s s i f i e r .
R u n n i n g  the s a m e  s i m u l a t i o n  w i t h  a l a r g e r  d i f f e r e n c e  
b e t w e e n  v a r i a b l e s  i and j, that is to say w i t h  d^ = 1. 2 and
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d.-n.8, was fou n d  to m a k e  v e r y  l i t t l e  d i f f e r e n c e  to the 
r e s u l t s  as t a b l e s  6.3 s h o w s .
Table 6.3 
Results of the second simulation
^i
2
t choice
Best X. 261 27 288
45 167 212
306 194 500
T h e  i n c r e a s i n g  d i f f e r e n c e  in the m a r g i n a l  d i f f e r e n c e  
c a u s e s  the c o n d i t i o n a l  s e l e c t i o n  to opt for v a r i a b l e  i 
r a t h e r  m o r e  o f t e n  than it s h o u l d ,  but i f  is s t ill a c h i e v i n g  
R6% c o r r e c t  s e l e c t i o n .
Tt is i n t e r e s t i n g  to n o t e  the s i m i l a r i t y  b e t w e e n  this 
t y p e  of s e l e c t i o n  a n (i the c o r r e s p o n d i n g  p r o c e d u r e  in 
r e g r e s s i o n .  As A n d e r s o n ( 1 9 5 8 )  sho w s ,  o u t  tv;o c l a s s  
d i s c r i m i n a t i o n  p r o b l e m  can be f o r m u l a t e d  as a r e g r e s s i o n ,  of 
X on y w h e r e ,
= n2/(n^ + 1X2 ) if from class
= -n^/(n^ + n^) if from class 
O u r  m e t h o d  of c o n d i t i o n a l  s e l e c t i o n  can thus be s e e n  to 
be e q u i v a l e n t  to u s i n g  the p a r t i a l  c o r r e l a t i o n  b e t w e e n  y and 
X. g i v e n  the a l r e a d y  s e l e c t e d  v a r i a b l e s  x * . . . , x ^ i n s t e a d  of 
the m u l t i p l e  c o r r e l a t i o n  bet-ween y and x„ . . . , x^ . W h i l s t
o u r  p o l i c y  is not the bes t  p o s s i b l e ,  c o m m o n  sense s u g g e s t s  
t hat it s h o u l d  p e r f o r m  well in m ost c a s e s .
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6.3 E x t e nsion  to O t her  K n o w n  D i s t r i b u t i o n s
T h e  m a i n  p r o b l e m  w h e n  e x t e n d i n g  this m e t h o d  to o t h e r
s p e c i f i e d  d i s t i b u t i o n s  l ies in the d i f f i c u l t y  of d e f i n i n g  a
s u i t a b l e  s e l e c t i o n  c r i t e r i o n  to act as a s t a n d a r d  a g a i n s t
w h i c h  the c o n d i t i o n i n g  m e t h o d  can be j u d g e d .  One w o u l d  l i k e
to b a s e  o n e ' s  n o t i o n  of the o p t i m a l  s e l e c t i o n  on the
p r o b a b i l i t y  of e r r o r  but, for m u l t i v a r i a t e  d i s t r i b u t i o n s ,  it
is a l m o s t  p r o h i bitively e x p e n s i v e  to c a l c u l a t e .  U n l e s s  one is
w i l l i n g  to n a y  the p r i c e  of this c a l c u l a t i o n  the
c o n d i t i o n i n g  p r o c e d u r e  can o n l y  be c o m p a r e d  w i t h  o t h e r
s u b - o p t i m a l  p r o c d u r e s .
To see h o w  the m e t h o d  w o u l d  w o r k  s u p p o s e  that we bsve two
m u l t i v a r i a t e  n o r m a l  d i s t r i b u t i o n s  N(y , I ) and N ( y  , E )
3 — 5 —b —b
a nd that we h a v e  a l r e a d y  s e l e c t e d  v a r i a b l e  x, for i n c l u s i o n  
in a d i s c r i m i n a n t  a n a l y s i s  and n o w  we s e e k  a s e c o n d  
v a r i a b l e .  The m e t h o d  r e q u i r e s ,
(a) a u n i v a r i a t e  s e l e c t i o n  p r o c e d u r e ,
(b) a d e f i n i t i o n  of an u n h e l p f u l  v a l u e .
S i n c e  we o n l y  e v e r  n eed to d e a l  w i t h  u n i v a r i a t e  
d i s t r i b u t i o n s  it w o u l d  be q u i t e  p o s s i b l e  to use the 
p r o b a b i l i t y  of e r r o r  as the c r i t e r i o n  and to d e f i n e  the
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l e a s t  h e l p f u l  v a l u e  as that p o i n t  w i t h  e q u a l  l i k e l i h o o d  
u n d e r  the two d i s t r i b u t i o n s  that lies b e t w e e n  the m e a n s .  
H o w e v e r ,  o t h e r  compu t a t i o n a l l y  s i m p l e r  c h o i c e s  are p o s s i b l e .  
F o r  i n s t a n c e ,  we m i n h t  c h o o s e  a c r i t e r i o n  of the form,
difference in means
average standard deviation
and a s e r v i c a b l e  ' u n h e l p f u l '  v a l u e  w o u l d  be.
°al ^bl + ’^ bl ^al 
°al + "bl
A l i t t l e  a l g e b r a  s h o w s  that the c o n d i t i o n a l  d i s t r i b u t i o n s  of 
X w o u l d  t h e n  be n o r m a l  w i t h  m e a n s .
^al + Pali °ai ' V  ' "al*
b)i Pfali °bi (Pal ^bl^ 
and v a r i a n c e s .
-  P:ii' (: - Pèii>
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so that the c r i t e r i o n  of se lection  becomes,
°ai + Pbli Pbi>
a . A  - 
ai •bi - pbii
Tf x ^ w e r e  the v a r i a b l e  s e l e c t e d  at this s t a g e  then the next 
v a r i a b l e  won.Id be c h o s e n  c o n d i t i o n a l  on.
X. *al Pbl + °bl Pal 
°al + °bl
= (O.i «'I - PÏi-, &V.O + P,
+ %1 - Phi 7 [P»9 + P.1, P.l (Wxi - y =bl2 ^ a 2  "al2 al '^bl ‘^al'-J
/{0_n /I - A  - pj, ^  }
al al2 bl bl2
In thi s  w a y  s e l e c t i o n  w o u l d  c o n t i n u e  u n t i l  s u f f i c i e n t  
v a r i a b l e s  had b e e n  s e l e c t e d .
It is not p o s s i b l e  to a n t i c i p a t e  all of the m o d e l s  that 
m i g h t  be u s e d  but the g e n e r a l  a p p r o a c h  is cle a r ;  if one has 
a m o d e l  for the d i s t r i b u t i o n  of the d a t a  then one m a y  e i t h e r  
u s e  the p r o b a b i l i t y  of e r r o r  c r i t e r i o n  t o g e t h e r  w i t h  the 
p o i n t  of e q u a l  l i k e l i h o o d  , or d e f i n e  s o m e  m e a s u r e  of 
séparation g e a r e d  to that s p e c i f i c  d i s t r i b u t i o n .
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6 . A Non-Pa r a m e t r i c S e l e c t i o n
It is p e r h a p s  the m o s t  i m p o r t a n t  a s p e c t  of this a p p r o a c h  
that it is a b l e  to e n c o m p a s s  n o n - p a r a m e t r i c  s e l e c t i o n ,  for it 
is s t i l l  the c ase that m a n y  p a t t e r n  r e c o g n i t i o n  p r o b l e m s  are 
s i m p l y  too l a r g e  to e n a b l e  a s t u d y  of the d i s t r i b u t i o n a l  
p r o p e r t i e s  of the d a ta. If the f o r m s  of the d e n s i t y  are 
c o m p l e t e l y  u n k n o w n  t h e n  one m i g h t  e s t i m a t e  t h e m  
n o n - p a r a m e t r i c a l l y . T h e n  p r o b a b i l i t y  of e r r o r  c o u l d  t h e n  be 
u s e d  as the s e l e c t i o n  c r i t e r i o n  and we c o u l d  e s s e n t i a l l y  
p r o g r e s s  as in s e c t i o n  6.3. A l t e r n a t i v e l y  one m i g h t  d e f i n e  
s o m e  r o b u s t  m e a s u r e  of s e p a r a t i o n  and use that. W h a t e v e r  
c h o i c e  is m a d e  this m e t h o d  has the g r e a t  a d v a n t a g e  that it 
o n l y  e v e r  d e a l s  w i t h  u n i v a r i a t e  d i s t r i b u t i o n s  and so the 
c o m p u t a t i o n s  are k e p t  to a m i n i m u m .
T h e  d i f f i c u l t y  is of c o u r s e  at the s t a g e  of c o n d i t i o n i n g .  
If we w e r e  to p r o g r e s s  as b e f o r e  c o n d i t i o n i n g  on x ^ = b  t hen  
s i n c e  we k n o w  n o t h i n g  a b o u t  the m u l t i v a r i a t e  s t r u c t u r e  we 
m u s t  e s t i m a t e  the c o n d i t i o n a l  d i s t r i b u t i o n  u s i n g  c a s e s  f r o m  
the t r a i n i n g  sets. E q u a l l y  c l e a r l y  we w i l l  not, in p r a c t i c e ,  
h a v e  s u f f i c i e n t  d a t a  f o r _ w h i c h  x ^=b and we w i l l  n e e d  to 
m o d i f y  the c o n d i t i o n i n g  s t a g e  so that,
h i  < ’'i < h u
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T h e  v a l u e s  b ^  ^  a n d b^^ w i l l  t h e n  be a c o m p r o m i s e  b e t w e e n  
the n e e d  for s u f f i c i e n t  d a t a  w i t h  w h i c h  to e s t i m a t e  the 
c o n d i t i o n a l  d e n s i t i e s  and the d e s i r e  to c o n d i t i o n  o n l y  on 
u n h e l p f u l  v a l u e s .
O u r  n o n - p a r a m e t r i c  m e t h o d  c a n  thus be s e e n  as a 
g e n e r a l i s a t i o n  of s e q u e n t i a l  f o r w a r d  s e l e c t i o n .  A f t e r  
s e l e c t i n g  the c r i t e r i o n  a n d  l i m i t s  for the c o n d i t i o n i n g ,  the 
s t e p s  are,
(a) C a l c u l a t e  the v a l u e  of the s e l e c t i o n  c r i t e r i o n  for 
e a c h  v a r i a b l e  and c h o o s e  the b e st.
(b) L o c a t e  and e l i m i n a t e  a l l  c a s e s  o u t s i d e  the 
c o n d i t i o n i n g  i n t e r v a l .
(c) If the t r a i n i n g  s ets are e m p t y  or if s u f f i c i e n t  
v a r i a b l e s  h a v e  b e e n  s e l e c t e d  t h e n  stop, else one s h o u l d  
r e t u r n  to (a) u s i n g  the r e d u c e d  t r a i n i n g  sets.
W h i l s t  this m e t h o d  has b e e n  d e v e l o p e d  w i t h  two
p o p u l a t i o n s  this is not an e s s e n t i a l  r e s t r i c t i o n .  P r o v i d i n g  
t h a t  one has a u n i v a r i a t e  s e l e c t i o n  c r i t e r i o n  m e a s u r i n g  the 
s e p a r a t i o n  b e t w e e n  all c l a s s e s  t o g e t h e r  w i t h  a d e f i n i t i o n  of 
u n h e l p f u l  v a l u e s ,  p o s s i b l y  o v e r  s e v e r a l  d i s j o i n t  i n t e r v a l s ,  
t h e n  the a l g o r i t h m  c o u l d  be a p p l i e d  w i t h o u t  m o d i f i c a t i o n .
B e c a u s e  the t r a i n i n g  sets are r e d u c e d  in s i z e  at e a c h
s t a g e  t h e r e  w i l l  c o m e  a p o i n t  w h e n  i n s u f f i c i e n t  d a t a  r e m a i n  
for m e a n i n g f u l  s e l e c t i o n  to c o n t i n u e .  Thi s  m i g h t  at f i r s t  
s i g h t  s e e m  l i k e  a d i s a d v a n t a g e  but it is u n d o u b t a b l y  true 
that, in m a n y  a p p l i c a t i o n s ,  far m o r e  v a r i a b l e s  are s e l e c t e d
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t hat can be j u s t i f i e d  g i v e n  the s i z e s  of the t r a i n i n g  sets. 
If the e l i m i n a t i o n  a l g o r i t h m  is u s e d  t h e n  this is g u a r d e d  
a g a i n s t  in a v e r y  n a t u r a l  way .  F i n a l l y  it s h o u l d  be n o t e d  
t h a t  the s e l e c t i o n  p r o c e s s  w i l l  b e c o m e  less r e l i a b l e  as the 
t r a i n i n g  sets r e d u c e  in s i z e  and it w o u l d  be a d v i s a b l e  to 
s t o p  w e l l  b e f o r e  the sets b e c o m e  c o m p l e t e l y  e x h a u s t e d .
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6.5 The effect of usi ng a c o n d i t i o n i n g  range
B e f o r e  c o n s i d e r i n g  the u s e  of the e l i m i n a t i o n  a l g o r i t h m  
it is i m p o r t a n t  to e n s u r e  t h a t  the use of a c o n d i t i o n i n g  
r a n g e  w i l l  not d e s t r o y  a l l  the u s e f u l  p r o p e r t i e s  of this
m e t h o d  of f e a t u r e  s e l e c t i o n .  We h a v e  s e e n  that the use of
c o n d i t i o n a l  d i s t r i b u t i o n s  is v e r y  e f f e c t i v e  w h e n  the two 
c l a s s e s  are n o r m a l l y  d i s t r i b u t e d  and h a v e  e q u a l  c o v a r i a n c e
s t r u c t u r e s .  In this s e c t i o n  we r e t u r n  to t hat b a s i c  set up
a n d  a s k  the q u e s t i o n  w h e t h e r  or not the use of a
c o n d i t i o n i n g  r a n g e  i n s t e a d  of a s i n g l e  v a l u e  w o u l d  e f f e c t
the p e r f o r m a n c e  of the f e a t u r e  s e l e c t i o n  s c h e m e .
O u r  p r o b l e m  is then, as f o l l o w s .  S u p p o s e  that we h a v e  two 
m u l t i v a r i a t e  n o r m a l  c l a s s e s  and t hat to d a t e  we h a v e
and that we n o w  s e e k  a f u r t h e r
v a r i a b l e  to add to the set. We p a r t i o n  the m e a n s  and 
c o v a r i a n c e s  of the d i s t r i b u t i o n s  to s h o w  the t e r m s  a l r e a d y  
s e l e c t e d  and a p o t e n t i a l  a d d i t i o n  x^. Thus,
s e l e c t e d  q v a r i a b l e s  x , ,
- ( q )
variables means
- ( q )
0 —(q)
=^ 1
■ '
0 P i
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Covariance
1
matrix Z , . * Y 
“ ( q )  1 -(q)i
1
1
1
1
1
^(q)i [ "^ i^
F u r t h e r  s u p p o s e  that the p r e v i o u s  s t a g e s  in the s e l e c t i o n  
p r o c e s s  h a v e  lead us to c o n d i t i o n  u p o n .
-1 ^ -(q) h
N o w  the c o n d i t i o n a l  d i s t r i b u t i o n s  of the v a r i a b l e  
two c l a s s e s  w ^ , j=l,2, m a y  be d e r i v e d  as.
in the
i-2
f . (x) dx 
3 —  —
U s i n g  0q to s t a n d  for the q - d i m e n s i o n a l  m u l t i v a r i a t e
n o r m a l  w i t h  p a r a m e t e r s  y_ and and l e t t i n g .
0 (y,Z) dx ... dx
q  1 q
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Then we have that,
f (x) = 0 (0,Z)
1 —  q -----
f„(x) = 0 (y,Z)
2 —  q -----
So that 
L,
(x) dx = 0^
and
r^2
il
Also, by factorising we have.
fl(='i.2L(q)) = 01 (0,o|) 0g (Y(q,i X.
'  i ( q )  ^ ( q ) i  ^ q ( i )
and
f 2 ( * i ' 2 ( q ) )  =  * l ( P i ' * i ^ )  (»q (P(q) +  l ( q )  i (=^1 "  i •(q) — (q)i ^(q)
^i
so that
(x ,x, J  dx, . = 0- (0 ,0 .2) {
L. l'-i'-(q)' -(q) ^1 '"'"i
- ^(irïq(i) T -  , I
— (q)i ^(q)i
o^ — (q) )}
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and
fg(x. ,x, . ) dx, . = 0, (y.,a.2){
L. -(q) "
(x - y ) 
$ (L„;y , 1 + Y — ---- / Zq — 2'— (q) — (q)i ' — (q)
^(q)i ^(q)i
(x± - y.)
-  * q ( i l > - i ( q )  +  ï q l  q  ' l ( q )
— (q) i — (q) i j j 
" ° ?
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In o r d e r  to i l l u s t r a t e  the e f f e c t  of c o n d i t i o n i n g  u p o n  a 
r a n g e  we r e t u r n  to the set up u s e d  in s e c t i o n  6.2 w h i c h  w h e n  
s h o w e d  t h e n  b e n e f i t s  of c o n d i t i o n i n g  u p o n  a s i n g l e  u n h e l p f u l  
v a l u e .  H e r e  we h a v e  and x^ as two a l r e a d y  s e l e c t e d
v a r i a b l e s  and x^ as the p o t e n t i a l  a d d i t i o n .  We s u p p o s e  that 
the m e a n s  and v a r i a n c e s  are,
*1
0 ' 1^ . 5 ' '1 0 .5 ^
* 2 0 1 . 5 0 1
,7
*1.
0
J
1. 2  
I >
.7 1
/
and tha t  the c o n d i t i o n i n g  of
X ^  a n d  x^ is b a s e d  u p on.
- . 5  < X < 2.
- . 5  < Xg < 2.
T h e s e  f i g u r e s  are p u r e l y  i l l u s t r a t i v e  but not u n r e a l i s t i c .  
Th e  f o r m s  of the c o n d i t i o n a l  d i s t r i b u t i o n s  are s h o w n  in
f i g u r e  6.1 and it w i l l  be n o t e d  t hat t h e y  are not m a r k e d l y
n o n - n o r m a l .  T h i s  is v e r i f i e d  by an i n s p e c t i o n  of the
p r o p e r t i e s  b a s e d  on t h e i r  f i r s t  f o u r  m o m e n t s  as s h o w n  in
t a b l e  6.4.
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Table 6.4
Pr op e r t i e s  of the c o n d i t i o n a l  d i s t r i b u t i o n s
mean .078 .591
St de v i a t i o n .871 .784
ske wn ess .038 - . 2 4 2
kurtos is - . 0 9 4 ■ .024
Figure 6.1
Two distributions conditioned on a range of values
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In o r d e r  to g a u g e  the e f f e c t  of the e l i m i n a t i o n  a l g o r i t h m
the s i m u l a t i o n  d e s c r i b e d  in s e c t i o n  6.2 w a s  r e p e a t e d ,  o n l y
t h i s  t i m e  c o n d i t i o n i n g  on a r a n g e  of v a l u e s .  S i n c e  we are
d e a l i n g  w i t h  u n i v a r i a t e  d i s t r i b u t i o n s  w i t h  k n o w n ,  if
a w k w a r d ,  f o r m s  t h e r e  is no p r o b l e m  in n u m e r i c a l l y  e v a l u a t i n g
the p r o b a b i l i t y  of e r r o r  for e a c h  p o t e n t i a l  a d d i t i o n .
H o w e v e r  the d i s t i b u t i o n  s h o w n  in f i g u r e  6.1 s u g g e s t s  that we
2
w o u l d  h a v e  got v e r y  s i m i l a r  r e s u l t s  f r o m  u s i n g  a t 
s t a t i s t i c .
In the f i r s t  r e - r u n  of the s i m u l a t i o n  the c o n d i t i o n i n g  
r a n g e s  w e r e  set at,
-.5 < < 2.
-.5 < Xg < 2.
a n d  as b e f o r e  two p o t e n t i a l  v a r i a b l e s  x. and x. w e r e
^ J
c o m p a r e d .  T h e  f i r s t ,  x^ had a m a r g i n a l  s e p a r a t i o n  of 1.2 and 
the s e c o n d  a m a r g i n a l  s e p a r a t i o n  of 1.0, thus a n y  p u r e l y  
m a r g i n a l  s c h e m e  w o u l d  a l w a y s  c h o o s e  x^. The c o r r e l a t i o n s
w e r e  as b e f o r e  r a n d o m l y  g e n e r a t e d  a n d  the M a h a l a n o b i s  
d i s t a n c e  u s e d  as a y a r d s t i c k  by w h i c h  to a s s e s s  p e r f e c t  
c h o i c e .
T a b l e  6.5 s h o w s  the r e s u l t s  of this s i m u l a t i o n  and it
w i l l  be s e e n  that the use o l  a r a n g e  has had v e r y  l i t t l e
a d v e r s e  e f f e c t .  P r e v i o u s l y  the m e t h o d  had selected the 
i n f e r i o r  v a r i a b l e  on 12% of o c c a s s i o n s  w h e r e a s  it is n o w  in 
e r r o r  on 1 3 . 6 %  of t r i a l s .  T h e  loss due to u s i n g  the r a n g e  is
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thus v e r y  sma l l .
Table 6.5
S i m u l a t i o n  using a c o n d i t i o n i n g  range
C o n d i t i o n a l
Xi X.
B e s t  x^ 239 20 259
S e l e c t i o n  x . 68 173 241
307 193 500
C h a n g i n g  the w i d t h s  of the i n t e r v a l s  s l i g h t l y  has v e r v  
l i t t l e  e f f e c t  on the r e s u l t s . T a b l e  6.6 s h o w s  the r e s u l t s  
w h e n  the i n t e r v a l s  u s e d  are,
0. < x ^ < 1 . 5  
0. < %2 < 1.5 
a n d  the d i f f e r e n c e  is n e g l i g i b l e .
T a b l e  6.6
S i m u l a t i o n  w i t h  a c o n d i t i o n i n g  r a n g e
C o n d i t i o n a l
X. Xj
B e s t  x^ 
S e l e c t i o n  xj
229 35 
56 180
264
236
285 215 500
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H o w e v e r ,  in the e x t r e m e  if one w i d e n s  the i n t e r v a l  too
f a r  it is a l m o s t  l ike no c o n d i t i o n i n g  at all. T h u s  t a b l e  6.7
s h o w s  the r e s u l t s  w h e n  the r a n g e s  are,
-2. < X. < 3.5
-2. < x^ < 3.5
N o w  the s c h e m e  a c t s  just l i k e  m a r g i n a l  s e l e c t i o n  a l w a y s  
c h o o s i n g  x ^ . C l e a r l y  we m u s t  be c a r e f u l  not to w i d e n  the 
i n t e r v a l s  too far.
T a b l e  6.7 
S i m u l a t i o n  w i t h  w i d e  i n t e r v a l s
C o n d i t i o n a l  
xt X;
B e s t  x^ 
S e l e c t i o n  xj
265 0 
235 0
265
235
500 0 500
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6.6 A p p l i c a t i o n  to the B a l l i s t o c a r d i o g r a m s
T r e a t e d  as a r a w  d a t a  set e a c h  b a l l i s t o c a r d i o g r a m  
c o n t a i n s  v a l u e s  at 100 p o i n t s .  It is o u r  o b j e c t  to i d e n t i f y  
t h o s e  p o i n t s  a l o n g  the w a v e  t h a t  b e s t  d i s t i n g u i s h  b e t w e e n  
n o r m a l  a n d  p a t h o l o g i c a l  c a s e s .  T h e  s i m p l e s t  d i s c r i m i n a t o r y  
f u n c t i o n s  are l i n e a r  and t h e s e  w o r k  b e s t  for c l a s s e s  that 
d i f f e r  in t h e i r  m e a n s  r a t h e r  t h a n  t h e i r  v a r i a n c e s .  An 
i n s p e c t i o n  of the b a l l i s t o c a r d i o g r a m  d a t a  h o w e v e r  s u g g e s t s  
t hat the m a j o r  d i f f e r e n c e  b e t w e e n  the c l a s s e s  of n o r m a l s  and 
a b n o r m a l s  is in the v a r i a b i l i t y  of the w a v e s  w i t h i n  e a c h  
c l a s s .  T h u s  f i g u r e  6.2 s h o w s  the r a n g e  of a m p l i t u d e s  
o b s e r v e d  at the 6 1 s t  p o i n t  of the w a v e .
-100
Pathological
Figure 6.2
The range of amplitudes found at the 61st position 
in the normal and pathological groups
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In o r d e r  to a c c o m o d a t e  s uch d a t a  one has two o p t i o n s  
e i t h e r  to use q u a d r a t i c  d i s c r i m i n a t o r y  f u n c t i o n s  or to 
t r a n s f o r m  the d a t a  b e f o r e  it is u s e d .  T h e  s e c o n d  of t h e s e  
o p t i o n s  is the s i m p l e s t  and was u s e d  h e r e .  B e f o r e  the data 
w e r e  a n a l y s e d  t h e y  w e r e  t r a n s f o r m e d  and for e a c h  v a r i a b l e  
the m e a s u r e m e n t s  w e r e  r e p l a c e d  by t h e i r  a b s o l u t e  d i s t a n c e s  
f r o m  the m i d - r a n g e  of the n o r m a l  c l a s s .  The r e s u l t  of this 
is t hat p a t h o l o g i c a l  b a l l i s t o c a r d i o g r a m s  a r e  n o w  
c h a r a c t e r i s e d  by l a r g e r  v a l u e s .
T h e  d i s t r i b u t i o n s  of our t r a n s f o r m e d  v a r i a b l e s  are by no 
m e a n s  n o r m a l  a n d  we t h e r e f o r e  r e q u i r e  s o m e  n o n - p a r a m e t r i c  
m e t h o d  of a n a l y s i s .  D e n s i t y  e s t i m a t i o n  c o u l d  h a v e  b e e n  u s e d  
but this is tim e  c o n s u m i n g  and o p e n  to q u e s t i o n  o v e r  the 
c h o i c e  of s m o o t h i n g  p a r a m e t e r  and so a s i m p l e  u n i v a r i a t e  
n o n - p a r a m e t r i c  m e a s u r e  of s e p a r a t i o n  was used.
T h e  m e a s u r e  of s e p a r a t i o n  was d e f i n e d  as,
^ _ min(pathological) - max (normal) 
max(pathological) - min (normal)
T h i s  is e s s e n t i a l l y  the p r o p o r t i o n  of the o v e r l a p  b e t w e e n  
the two c l a s s e s  and f u r t h e r  d e t a i l s  of its p r o p e r t i e s  m a y  be 
f o u n d  in c h a p t e r  nine.
T h e  e l i m i n a t i o n  r u l e  u s e ^  to c o n d i t i o n  the s e l e c t i o n  was 
to r e m o v e  f r o m  the t r a i n i n g  s e t s  a n y  c ase that w o u l d  be 
c o r r e c t l y  c l a s s i f i e d  by that v a r i a b l e  u s e d  s i n g l y .  Thu s  the
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s e c o n d  v a r i a b l e  is s e l e c t e d  c o n d i t i o n a l  u p o n ,  
M i n ( p a t h o l o g i c a l )  < x < M a x ( n o r m a l )
T h e  w h o l e  a l g o r i t h m  is v e r y  s i m p l y  p r o g r a m m e d .  One takes 
e a c h  of the 100 v a r i a b l e s  in t u r n  and c a l c u l a t e s  the
e x t r e m e s  of the two t r a i n i n g  sets. T h e s e  e x t r e m e s  d e f i n e
b o t h  the m e a s u r e  of s e p a r a t i o n  and the e l i m i n a t i o n  rule. The 
v a r i a b l e  w i t h  the l a r g e s t  v a l u e  of R is s e l e c t e d  and a n y  
c a s e  t hat w o u l d  be c o r r e c t l y  c l a s s i f i e d  by that v a r i a b l e  is 
r e m o v e d  f r o m  the t r a i n i n g  set s .  T h e  e x t r e m e s  of the
c o n d i t i o n a l  d a t a  are t h e n  f o u n d  and u s e d  in the n e x t  s t a g e .
T h e  p r o c e s s  b e i n g  r e p e a t e d  u n t i l  no c a s e s  r e m a i n e d .
A p p l i c a t i o n  of this m e t h o d  led to the s e l e c t i o n  of f i v e
v a r i a b l e s ,  t h e s e  w e r e  in the o r d e r  of s e l e c t i o n .
Set (i) 97 68 30 56 62
T h e  p o s i t i o n s  of t h e s e  v a r i a b l e s  on a n o r m a l
b a l l i s t o c a r d i o g r a m  can be s e e n  f r o m  f i g u r e  6.3 a n d  it w i l l  
be s e e n  that we h a v e  p i c k e d  out,
(a) the p e a k  of the J w a v e
(b) the b e g i n n i n g ,  p e a k  and end of the M N O  s e q u e n c e
(c) the d e g r e e  of d a m p i n g  at the end of tie c y c l e .
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30
62
97
56
Figure 6.3 
Selected features shown on a normal Beg
If one c h o o s e s  to w i d e n  the c o n d i t i o n i n g  i n t e r v a l  so tha t  
r e l a t i v e l y  m o r e  d a t a  sre r e t a i n e d  t h e n  the s e l e c t i o n  
c h a n g e s ;  b u t  not c o m p l e t e l y .  T h e  i n t e r v a l s  w e r e  w i d e n e d  by 
5% at e a c h  side as s h o w n  in f i g u r e  6.4 a n d  t h e n  m e t h o d  
r e - r u n .
Figure 6.4 
Expansion of the conditioning interval
160
The variab le s selected were now,
Set (ii) 14 64 68 97
These variiA b 1 e s are i l l u s t a r a t e d  in figure 6.5 \7here it will 
be seen that the o n l y  major dif f e r e n c e  is to replace the J 
wave by the H wave.
£4
97
68
Figure 6.5
Selected features using an expanded conditioning interval
These v a r iable sets are i n t e r e s t i n g  in that the appear to 
have real m e a n i n g  in terms of the data being an a l y s e d  but 
one w o u l d  wish to ensure that they a c t u a l l y  p e r f o r m e d  well 
as part of a complete d i s c r i m i n a t o r y  p r o c edure. In order to 
asse s s  their relative p e r f o r m a n c e  they were com p a r e d  with 
four other sets of variables, namely
Set (iii) 14 30 56 62 68 97
This is an a m a l g a m a t i o n  of (i) and (ii) using both the H and
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J waves*
Set (iv) 8 16 24 32 .....96
This set consists of every eighth v a r i a b l e  from the length 
of the wave.
Set (v) 5 12 18 28 40 48 54 61 69 78 93
S e l e c t e d  as having the largest a b s o l u t e  d i f f e r e n c e s  b e t ween 
the means of the two ( t ransformed) classes.
Set (v) 10 30 42 46 59 68 76 82 97 
S e l e c t e d  using a forward s e q u e n t i a l  m e t h o d  and the
F - s t a t i s t i c  commonly e m p loyed with normal data.
Now to judge the c o m p a r a t i v e  merits of these data sets 
one needs both a c l a s s i f i e r  and a m e a s u r e  of p e r f o r m a n c e  
and, of course, the sel e c t i o n  is vast. Our choice of
c l a s s i f i e r  is defined as that w h ich m a x i m i s e s  the me a s u r e  of 
s e p a r ation, R, that was used earlier to select the var i a b l e s 
in sets (i) and (ii). Thus we seek the linear c o m b i n a t i o n  of 
the v a r i a b l e s  that m a x i m i s e s  the me a s u r e  R. There is no 
g u a r a n t e e  that this method will be e q u ally suitable for each 
data and one must be careful when i n t e r p r e t i n g  the results. 
What is more we have used the a p p arent error rate to measure 
p e r f o r m a n c e ,  which as we know is likely to be f a l sely 
o ptimistic. However we are i n t e r e s t e d  in d i f f e r e n c e s  and not
162
ab s o l u t e  p e r f o r m a n c e  and thus the bias is less important 
Table 6.8 shows the results of the comparison.
Table 6.8
A c o m p a r i s o n  of six sets of variables
SET A P P A R E N T  ERROR RATE
(i) 3.8%
(ii) 2.3%
(iii) .0%
(iv) 9.9%
(v) 9.9%
(vi) 10.7%
Even with all of our provisos this still seems suggest 
that our variables are preferable.
In order to get some f e e 1 for the abs o l u t e  p e r f o r m a n c e  of 
these data sets, numbers (i), (ii) and (iii) with 4, 5 and 6 
v a r i a b l e s  were a n a lysed in an e x p e r i m e n t  w h e r e b y  30 
p a t h o l o g i c a l  and 41 normal cases were used to define the 
c l a s s i f i e r  and the rest were used to test it. The results of 
the avera g e s  of four runs are shown in figure 6.6. This 
graph also shows the results obtained by H a n k a ( 1 9 7 8 )  when he 
a n a l y s e d  the same data set. On that o c c a s s i o n  the v a r iables 
wer e  s e l ected using the M a h a l a n o b i s  d i s tance and s ubsequent  
c l a s s i f i c a t i o n  was by h y p e r q u a d r i c s .  This is the type of
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a n a l y s i s  that one would pe r f o r m  were the data m u l t i v a r i a t e  
normal. Once again the features selected by the new method 
seem to p e r f o r m  well.
% Error
10 -
Hanka (1978)
conditioned selection
^ 1 2 3 4  5 6 7  8 9 10
N u m b e r  of features
Figure 6.6
A comparison of conditioned selection with the results of Hanka (1978) 
We have come up against all of the p r o blems a s s o c i a t e d  
w i t h  testing feature s e l ection m e t h o d s  and must be very
c a r e f u l  when d r a w i n g  c o n c l u s i o n s  that we are aware of the
d i f f i c u l t y  of d i s e n t a n g l i n g  the s e l e ction from all of the 
other factors in the analysis. All in all, however, the
v a r i a b l e s  selected are m e a n i n g f u l  and appear to p e r f o r m  well 
s u g g e s t i n g  that the method may have wider a p p l i c a t i o n .
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7 THE USE OF PRINCIPAL CO-ORDINATES  
FOR FEATURE EXTRACTION
7,1 In tr o d u c t i o n
We saw in chapter five how the most commonly used
a p p r o a c h e s  to t r a n s formed feature extraction are the linear 
me t h o d s  derived from principal components or canonical
v a r iate analysis. In this chapter we consider a n o ther well
e s t a b l i s h e d  technique for m u l t i v a r i a t e  analysis and
i n v e s t i g a t e  its potential as a method of feature extraction.
P ri n c i p a l  c o - o r dinate analysis was devised under the name 
cla s s i c a l  scaling by Torgens e n ( 1 952). It is e s s e n t i a l l y  a 
m e tric v e rsion of the popular non-metric scaling techni.ques 
a l r eady in common use for feature extraction. Further it has 
the very d e s i rable property that it includes both principal  
c o m p onent analysis and canonical variate analysis as special 
cases. It will be seen that principal c o - o r d i n a t e  analysis 
is both v e r s &rile and produpes useful features.
P r i n c i p a l  co-o r d i n a t e  analysis only requires that we 
should be able to specify a suitable distance m a t r i x  for the
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data and is thus able to cope with any set of data for which 
a sensible metric or measure of sim i l a r i t y  can be defined. 
This is important since it is often far easier to define a 
dis t a n c e  m a t r i x  than to form a p r o b a b i l i t y  model, such as 
w h e n  for example, there are mixtures of discrete and 
c o n t i n u o u s  variables.
The major p r o blem when a n a l ysing a distance m a t r i x  is its 
size which in realistic problems can be e x t r e m e l y  large. We 
t h e refore consider ways in which the compilationa 1 load may 
be reduced whilst still analysing the whole data set.
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7.2 Pr i n c i p a l  Co- ordinat es
In this section we will outline the theory of nrincipal 
c o - o r d i n a t e  analysis. Where details of proofs have been
omitted they may be found either in the original articles,
T o r g e n s e n (1952,1958), or in Gower(1966), or in any modern 
text book on m u l t i v a r i a t e  analysis.
As its rather confusing name suggests principal 
co - o r d i n a t e  analysis is very closely related to principal 
component analysis. It differs in that it seeks to analyse a 
distance m a trix rather than a sums of squares matrix, but it 
does so in the same way, by looking at its e i g e n s t m e t u r e . 
The object of the analysis by using the first few 
e i g e n vectors, to define a space which gives the best, in a 
least squares sense, repres e n t a t i o n  of the original 
distances between points.
An in v e s t i g a t i o n  of a set of p- m e a s u r e m e n t s  on n
s ubjects may proceed in one of two ways. Either one could
make a, so called, Q-analysis of the nxn measures of 
a sso c i a t i o n  between the subjects, or one could make an 
P - a n a l y s i s  of the pxp measures of a s s o c i a t i o n  between the 
variables. Clearly these two dual views give closelv related 
r e s u l t s .
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Suppose that the data collected has been mean centred and 
stored in a nxp m a t r i x  X. One possible tvpe of R-analysis 
would be to look at the e i g e n s t r u e tu re of ,
W = X'X
Here W will contain the within data sums of squares and 
products. An analysis of its eigens t r u c t u r e  would produce 
the usual principal components. We would obtain values
and vectors u. such that, 
-1 *
(X'X) u. = X . u, 
 —1 1 —a.
The c o r r e s p o n d i n g  0 — analysis would involve c o n s i d e r a t i o n  
of the e i g e n s t r u c t u r e  of the matrix.
B = X X'
He re R is an nxn matrix containing info r m a t i o n  about 
distances between subjects. Although B does not a c t u a l l y  
contain the distances themselves^ as we shall see, it is 
simple matter to obtain them from the contents of B. An 
e i g e n s t r u c t u r e  analysis of B would require us to find 
values and vectors v^ such that
a
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Such vectors v^ are known as the principal co -ordinates.
The connection between the two analyses becomes clear if 
we mul t i p l y  the principal comnonent equation by X to give,
X (X' X) u. = X. X u.— — — —2 i — -3.
o r
(X X') X u. = X. X u.
C o m paring this with the principal c o-ordinate equation we 
see that,
Ui = A .
and that,
V. = K. X u.
—1 1 ---- 1
If we nor m a l i s e  the e igenvectors so that.
11. 'u. = 1
—1 —1.
and
then we will have,
.2V.' V. = K7u.' X' X u.—1 —1 i —i —  —  —i
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o r
X . = K. ^  X . u. ' u.
1 1 1 — 1 — 1
giv i n g ;
K. = 1 and V. = X u. 
1 —1  1
The consequence of the duality between principal 
c o - o r d i n a t e s  and principal components is that we are dealing 
with the same set of eigenvalues. What is more, given any 
one set of e i g e n vectors it is a simple matter to obtain the 
other.
As we noted before b does not contain the distances 
themselves. However, the i n f o rmation that B does contain 
is equivalent to that contained in the m a trix of Euclidean 
distances, ^  , in the sense that starting with either it is
possible to derive the elements of the other. The 
relati o n s h i p s  that enable these calculations heing.
and
2 —  2 —  — 2
b. . = -hid. /  - d /  - d . + d^ ) 
i j i j 1 • . j ..
where bars denote averages over the squared elements of
1 70
Thus we may start with the Euclidean distances, derive 
B_ and then perform the principal co-ordinate analysis. 
Pl o t t i n g  the points with co-ordinates given by the rows of
the vector we would reconstruct the original
c o n f i guration. Since the distance information has been used
we cannot be sure of the orientation of the points and so 
the solution may differ from the original c o n f i g u r a t i o n  by a 
rotation, reflection or translation.
The ability to derive principal c o -ordinates from a 
distance m a t r i x  opens up the p o s s i b i l i t y  of using some other 
metric in place of the E u c l idean distance and thus of 
p r o g r e s s i n g  to a different solution. By this method we can 
analyse any set of data for which it is possible to define a 
sensible distance or s imilarity matrix.
If a n o n - E u c 1idean distance matrix is used as the 
s t a rting point then problems may arise as the principal
c o - o r d i n a t e  solution will try to reproduce the c o n f i g u r a t i o n  
of points in a E u c lidean snace and this may not be possible. 
However, it is usually the case that whilst an exact 
r e p r e s e n t a t i o n  may not be possible a good a p p r o x i m a t i o n  can 
be found. The no n - E u c l i d e a n  nature of the original  
c o n f i g u r a t i o n  will show up in the eig e n s t r u c t u r e  analysis as 
a series of negative eigenvalues. Usually the main 
e i g e n v a l u e s  will be positivje and only a few i n s i g n i f i c a n t  
eige n v a l u e s  will be negative. C o n s e q u e n t l y  a good 
a p p r o x i m a t i o n  to the original c o n f i g u r a t i o n  will be possible
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in q - d i m e h s i o n a l  Euclidean space so long as the first q
e i g e n v a l u e s  are positive and dominate the e i g e n s t r u c t u r e
a n a l y s i s .
We have already seen the duality between principal
components and principal co-ordinates when a E u c lidean
distance is employed. Gower(1966) showed that another 
i n t e r e s t i n g  duality exists between canonical variate 
analysis and principal c o - o r d i n a t e  analysis when one uses 
the M a h a l a n o b i s  distance between k classes.
Suppose that we form the matrix of M a h a l a n o b i s
distances between classes, that is,
d . . = (x. - X.)'W ^(x. - X.)
1] — 1
Using the relati o n s h i p s  given above this implies that if we, 
w i t h o u t  \ c s s  g e n e r a l !  t v ,  c e n t r e  t h e  m e a n s  o n  z e r o ,  w e
f i n d  t h a t ,
b. . = X.' W ^ X.
1] — 1 —  — ]
a n d  i f  t h e  m e a n s  a r e  s t o r e d  i n  a  k x p  m a t r i x  21 t h e n  w e  w i l l  
have,
B = X w”^ X'
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h o w  i t  v ; i l l  a l w a y s  h e  p o s s i b l e  t o  f a c t o r i s e  i n  t h
f o r m ,
W” ^  =  U  U '
s o  t h a t  w e  n a y  w r i t e ,  
B  =  ( X U )  ( X  U)
I ' e n c e  a n  e i g e n s t r u c t u r e  a n a l y s i s  o f  B  w i l l  b e  t h e  d u a l  o f  
a n  e i g e n s t r u c t u r e  a n a l y s i s  o f ,
( X  m  ' ( X U )
w h i c h  w o u l d  i n v o l v e  t h e  s o l u t i o n  o f .
( X U ) ' ( X U )  u .  -  A .  u .  =  O     —1 1
w h i c h  r e a r r a n g e s  t o ,
U. '  [21' X  -  A .  U ' ^ U ^ l u u .  =
o  r
u ' l x  X  -  A .  w l  U  u .  =  0
a n d  t h i s  I s  e x a c t l y  t h e  ' f o r m  r e q u i r e d  f o r  a  c a n o n i c a l  
v a r i a t e  a n a l y s i s .
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7.3 Ad din g a point to a Princ ipal co -ordinate ana ly sis
H a v i n g  o b t a i n e d  a p r i n c i p a l  c o - o r d i n a t e  r e p r e s e n t a t i o n  of 
the t r a i n i n g  sets u s i n g  s ome a p p r o p r i a t e l y  d i m e n s i o n e d
s p a c e ,  one m i g h t  w i s h  to be abl e  to add an u n c l a s s i f i e d
p o i n t  to see w h i c h  c l ass it is most l i k e l y  to h a v e  come
from. The p r o c e d u r e  for d o i n g  this was g i v e n  by G o w e r (1968),  
a l t h o u g h  not in the c o n t e x t  of d i s c r i m i n a t i o n .
S u p p o s e  that one has a n a l y s e d  B=X^' b a s e d  on n
s u b j e c t s  and that one n o w  w i s h e s  to find the c o - o r d i n a t e s  of 
an n + l s t  p o i n t  in that s ame spac e .  Let the e i g e n v e c t o r s  v^ 
of B be n o r m a l i s e d  so that
4c = \
and s u p p o s e  that we h a v e  a l s o  got the d i s t a n c e s  f r o m  the n e w  
p o i n t  to the n o r i g i n a l  p o i n t s ,
P-  ? .. . 2
k=l
F r o m  this i n f o r m a t i o n  we m a y  l o c a t e  the n e w  p o i n t  r e l a t i v e
to the p r i n c i p a l  c o - o r d i n a t e  axes. It m a y  h a p p e n  that this
w i l l  r e q u i r e  an e x t r a  d i m e n s i o n  but that is m o r e  of a
t h e o r e t i c a l  p r o b l e m  than a p r a c t i c a l  one, and in a n y  case 
t h e r e  is s u f f i c i e n t  i n f o r m a t i o n  to s o l v e  for the e x t r a
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dimension.
A l i t t l e  a l g e b r a  on the d i s t a n c e  e x p r e s s i o n  gives,
4,n+l = ‘^n+1 + a: - 2 Vi,k  ^ ^....... "
w h e r e  d^ is the d i s t a n c e  f r o m  the o r i g i n .  B e c a u s e  the d ata 
i s m e a n  cent r e d ,
^ 2 2 ^ 2
s o  t h a t
" J ,  Vi,k ?n+l,k = 4 , n ^ l  - ^ - af,n+i)
T h i s  is best r e p r e s e n t e d  in m a t r i x  n o t a t i o n ,  so that if we 
take,
U = (nxn) matrix of ones
2 2
d = (nxl) vector of elements d. - d.
—  1 i,n+l
v^^^ = (pxl) vector of required co-ordinates
V = (nxp) matrix of the co-ordinates of the original data
The e q u a t i o n  t hen tak e s  the form,
2V V _ = d - b U d
 n+1 — ------- ---
w h i c h  giv e s  the rtsquired s o l u t i o n ,
Zn+i = > c ( v ' v ) - ^ v - a
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7.4 An analysis of the P s y c hi atric data
T h i s  d ata set is d e s c r i b e d  f u l l y  in c h a p t e r  three, but
b r i e f l y ,  c o n s i s t s  of 146 s u b j e c t s  c l a s s i f i e d  as h a v i n g  one 
of five types of d e p r e s s i o n .  The s u b j e c t s  w e r e  all r a ted 
a c c o r d i n g  to 42 s y m p t o m s  and we a s s u m e  to s t a r t  w i t h  that it 
is r e a s o n a b l e  to c a l c u l a t e  E u c l i d e a n  d i s t a n c e s  b e t w e e n
s u b j e c t s  on the b a s i s  of t h e s e  s y m p t o m  r a t i n g s .
R a t h e r  t h a n  a n a l y s e  the 146 s u b j e c t s  we h a v e  t a k e n  the 
d i s t a n c e s  b e t w e e n  c l a s s  m e a n s .  S i nce E u c l i d e a n  d i s t a n c e s  
h a v e  b een u s e d  we h a v e  the e q u i v a l e n t  of a p r i n c i p a l  
c o m n o n e n t  a n a l y s i s  of the c l a s s  m e a n s .  T h e r e  are five
c l a s s e s  and h e n c e  f our n o n - z e r o  e i g e n v a l u e s  as s h o w n  in 
t a b l e  7.1. F r o m  t h e s e  e i g e n v a l u e s  it w i l l  be seen that the 
c l a s s  m e a n s  can be w e l l  r e n r e s e n t e d  in a p l a n e ,  s i n c e  this 
e x p l a i n s  86% of the v a r i a b l i t y .  The class m e a n s  are p l o t t e d  
in f i g u r e  7.1 and s h o w  c l e a r l y  the s e p a r a t i o n  a v a i l a b l e  f r o m  
t h e s e  two f e a t u r e s .
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Table 7.1
E u c l i d e a n d i s t a n c e a n a l y s i s  of class me a n s
E i g e n v a l u e s 5 0 . 7 9 20. 2 1 6.0 5 5.42
6 1.6% 2 4 . 5 % 7.3% 6.6%
E i g e n v e c t o r s — 3 . 6 0 -2.6 1 1.06 - 0 . 3 2
— 1.87 .46 - 0 . 9 6 1.76
- 1 . 3 1 1.16 - 1 . 3 2 - 1 . 4 9
1.20 2.87 1.48 0.04
5 .58 -1 .88 - 0 . 2 6 0.02
j component 3 
component 4
component 1
Figure 7.1 
Group means from the psychiatric data
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Figure 7,2
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PCA based on Euclidean distances and showing 
individual cases
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class 1 
class 2 
class 3 
class 4 
class 5
Havinp, o b t a i n e d  this s o l u t i o n  we can then add the 
i n d i v i d u a l s  to the plot u s i n g  the m e t h o d s  d e s r i b e d  in 
s e c t i o n  7.3. T his g i v e s  the p i c t u r e  p r e s e n t e d  as f i g u r e  7.2. 
W e  can n o w  see that if we omit the one case wii i ch a p p e a r s  to 
h a v e  b e e n  m i s c l a s s i f i e d , ( s h o w n  in b lue in f i g u r e  7.2), then 
c l a s s e s  1,4 and 5 are q u i t e  w e l l  s e p a r a t e d  in just two 
d i m e n s i o n s ,  but c l a s s e s  2 and 3 o v e r l a p  with each o t h e r  and 
w i t h  c l a s s e s  1 and 4. Mot o n l y  are c l a s s e s  2 and 3 c l o s e  
t o g e t h e r  but t h e y  are a l s o  the lea s t  w e l l  r e p r e s e n t e d  in two 
d i m e n s i o n s ,  as we can tell by r e f e r e n c e  to t a b l e  7.1 w e r e  
c l a s s e s  2 and 3 are s e e n  to h a v e  the l a r g e s t  c o m p o n e n t s  in 
the thi r d  and f o u r t h  d i m e n s i o n s .  T his is not a c o - i n c i d e n c e ,  
for e i g e n s t r u c t u r e  a n a l y s i s  is a f o r m  of l e ast s q u a r e s  and 
so t e n d s  t o w a r d s  a b e t t e r  r e p r e s e n t a t i o n  of l a rge v a l u e s .  It 
s h o u l d  be n o t e d  that q u i t e  d i f f e r e n t  r e s u l t s  w o u l d  h a v e  been 
o b t a i n e d  had we p e r f o r m e d  the a n a l y s i s  on the 146 s u b j e c t s .  
T h e  a n a l y s i s  p r e s e n t e d  h ere is s p e c i f i c a l l y  g e a r e d  t o w a r d s  
e m p h a s i s i n g  d i f f e r e n c e s  b e t w e e n  c l a s s e s .
As m e n t i o n e d  b e f o r e  the g r e a t  a d v a n t a g e  of the p r i n c i p a l  
c o - o r d i n a t e  a n a l y s i s  is that it does not r e q u i r e  us to s t i c k  
to E u c l i d e a n  d i s t a n c e s .  This is of p a r t i c u l a r  a d v a n t a g e  
w i t h  data sets s uch as t h e s e  w h e r e  one has d o u b t s  a b o u t  the 
a p p r o p r i a t e n e s s  of the d i s t a n c e  m e a s u r e .
An a l t e r n a t i v e  m e a s u r e  of d i s t a n c e  that does not r e l y  on 
the n u m e r i c a l  s c o r i n g  of the c a t e g o r i e s  w o u l d  p r o v i d e  an
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i n d i r e c t  v a l i d a t i o n  of the s c o r i n g .  In o r d e r  to d e f i n e  a 
d i s t a n c e  m e a s u r e  w i t h o u t  u s i n g  the s c o r i n g  we h a v e  taken, 
for e a c h  c l a s s ,  the p a t t e r n  of m o s t  c o m m o n l y  g i v e n  s y m p t o m  
c a t e g o r i e s .  T h u s  one c l a s s  m i g h t  h a v e  c a t e g o r y  2 as the most 
c o m m o n  r e p l y  to s y m p t o m  1, c a t e g o r y  4 as the most c o m m o n  
r e p l y  to svmptom 2, and so on. T r e a t i n g  this p r o f i l e  as the 
d e f i n i t i o n  of the c e n t r e ,  the d i s t a n c e s  b e t w e e n  c l a s s e s  was 
t hen t a k e n  as the p r o p o r t i o n  of times that the two c l a s s 
c e n t r e s  are d i f f e r e n t .  S i m i l a r l y  the d i s t a n c e  of a s u b j e c t  
f r o m  a c l a s s  c e n t r e  is the p r o p o r t i o n  of tim e s  that the 
s u b j e c t  does not h a v e  the s ame r e s p o n s e  as the c e n t r e .
The e i g e n s t r u c t u r e  of the d i s t a n c e s  b e t w e e n  c l a s s  c e n t r e s  
is s h o w n  in t a b l e  7.2 and the f i r s t  two c o m p o n e n t s  w i l l  be 
s e e n  to a c c o u n t  for 84% of the v a r i a b i l i t y .  T h e s e  two 
c o m p o n e n t s  are p l o t t e d  in f i g u r e  7.2.
T a b l e  7.2
J o n — E u c l i d e a n  d i s t a n c e  n r i n c i p a l  c o - o r d i n a t e  a n a l y s i s
E i g e n v a l u e s .19 .08 .04 .00 — .01
5 9 . 4 % 25 . 0 % 12.5% ■
E i g e n v e c t o r s - 0 . 2 5 0.04 0. 1 2
-0. 1 3 0.0 8 - 0 . 0 5
- 0 . 0 4 - 0 . 0  3 -0 .14
0. 1 1 - 0 . 2 4 0.04
0.3 1 0.1 4 0.04
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T h e  d i s t a n c e s  c a n n o t  be r e p r e s e n t e d  c o m p l e t e l y  e ven in a 
f i v e  d i m e n s i o n a l  E u c l i d e a n  space, h o w e v e r  the two 
d i m e n s i o n a l  a p p r o x i m a t i o n  is a cood one. A l l o w i n g  for the 
f act that t h e s e  c o n f i g u r a t i o n s  m a y  be r o t a t e d ,  this 
j-0 pi-ggentation is v e r y  s i m i l a r  to that o b t a i n e d  p r e v i o u s l y
and s h o w n  in f i Rure 7.1.
The s u b j e c t s  h a v e  b e e n  a d d e d  to the two d i m e n s i o n a l  
r e p r e s e n t a t i o n  and the r e s u l t s  are s h o w n  as f i g u r e  7.4. Once 
a g a i n  the m i s c l a s s i f i e d  c a s e s  s h o w s  u p c l e a r l y  a l t h o u g h t h e  
o v e r a l l  d i s t i n c t i o n  b e t w e e n  c l a s s e s  is less w e l l  d e f i n e d .  It 
w o u l d  a n p e a r  that the s c o r i n g  s y s t e m  s u g g e s t e d  by the 
p s y c h i a t r i s t  is r e a s o n a b l y  good as a b a s i s  for c l a s s  
d e f i n i t i o n .
component 2
component 3
component 1
Figure 7.3 
Group centres from the psychiatric data
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X - - - class 1 
0 ------ : class 2
+ - . - class 3
class 4
class 5
'Figure 7,4-
PCA based on a non-Euclidean distance and 
showing individual cases
182
7.5 Wei gh t e d  ana lysis
One w a y  of t h i n k i n g  of an e i q e n s t r u c t n r e  a n a l y s i s  is as a 
m a t r i x  f a c t o r i s a t i o n .  Thu s  if R has e i g e n v a l u e s  n^ and 
n o r m a l i s e d  e i g e n v e c t o r s  then,
B = V V ' + v_ v_' + ... + V V ', “1 “1 —2 —2 —p —p
A s s u m i n g  that t h e s e  e i g e n v e c t o r s  are n u m b e r e d  in the o r d e r  
of the siz e  of t h e i r  e i g e n v a l u e s  t h e n  we m a y  m a k e  a r ank r 
a n n r o x i m a t i o n  to B by t a k i n g  the first r terms,
2i' + ••• + Zr Zr'
E c k a r t  and Y o u n g ( 1 9 3 A )  f i r s t  sho w e d  that this is the best 
r a n k  r a p p r o x i m a t i o n  to B in the l e ast s q u a r e s  s e n s e .  That 
is it m i n i m i s e s .
w h e r e
is the u s u a l  F r o b e n i U S  norm.
It w o u l d  be useful' if we c o u l d  w e i g h t  this a n a l y s i s  so
183
that c e r t a i n  of the d i s t a n c e s  are b e t t e r  r e p r o d u c e d  than 
o t h e r s .  T h a t  is, it w o u l d  be n i c e  to be able to m i n i m i s e ,
Z Ç "li (bii - frii''
T h i s  is a s o l v a b l e  p r o b l e m  and G a b r i e l  and Z a m i r (19 7 9 )  h a v e  
c o m p a r e d  d i f f e r e n t  i t e r a t i v e  a l g o r i t h m s  for the
m i n i m i s a t i o n .  The c o m p u t a t i o n  i n v o l v e d  in the full a n a l y s i s  
is v e r y  long but t h e r e  is one s p e c i a l  case that can be 
s o l v e d  m u c h  m o r e  s i m n l y .  Yet this s p e c i a l  case still e n a b l e s  
us to go s ome w a y  t o w a r d s  w e i g h t i n g  the a n a l y s i s .
S u p p o s e  that the w e i g h t s  can be f a c t o r i s e d  so that.
In this c ase the w e i g h t  g i v e n  d e p e n d s  u p o n  the p r o d u c t  of 
two ter m s  e a c h  d e n e n d i n g  on one of the c l a s s e s  or s u b j e c t s  
in the a n a l y s i s .  M i n i m i s i n g  the w e i g h t e d  least s q u a r e s  
e x p r e s s i o n ,
^ ^ ®i ®j '^Ij " 
is e q u i v a l e n t  to m i n i m i s i n g ,
I I S  ( B  -  B ^ )  S  I I p
w h e r e  S is a d i a g n o n a l  m a t r i x  w i t h  e l e m e n t s  s ^ .
N o w  to m i n i m i s e  the q u a n t i t y  all we need to do is to
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minimise,
f r o m  w h i c h  we can d e r i v e  from,
”1 *”1
âr = S S
The p r o c e d u r e  for f i n d i n g  is thus to first f o r m  the
u s u a l  l e a s t  s q u a r e s  fit to SBS, w h i c h  m a y  be o b t a i n e d  by 
a n  e i g e n s t r u c t u r e  a n a l y s i s  of that m a t r i x .
A l t h o u g h  we h a v e  p l a c e d  a s e v e r e  c o n s t r a i n t  u p o n  the 
w e i g h t s  w^j, this r e s t r i c t e d  a n a l y s i s  can s t i l l  be v e r y  
u s e f u l .  We m i g h t ,  for e x a m p l e ,  w h e n  analysing, the d i s t a n c e s  
b e t w e e n  c l a s s e s ,  take
S. = /n.
1 1
in w h i c h  case the d i a g o n a l s  of B w i l l  be w e i g h t e d  a c c o r d i n g  
to s a m p l e  size. The t e n d e n c y  w i l l  t h e n  be to i m p r o v e  the fit 
to l a r g e  c l a s s e s  at the e x p e n s e  of the s m a l l e r  ones. 
O b v i o u s l y  o t h e r  w e i g h t i n g  s c h e m e s  are p o s s i b l e  if one has 
s p e c i f i c  i n t e r e s t  in d i f f e r e n c e s  b e t w e e n  p a r t i c u l a r  c l a s s e s .
R e t u r n i n g  to the p s y c h i a t r i c  data the c l a s s  s i z e s  are 
r e s p e c t i v e l y  1 5 , 3 1 , 2 0 , 3 9  and 41. U s i n g  the E u c l i d e a n  
d i s t a n c e  and w e i g h t s  c a l c u l a t e d  f r o m  the s q u a r e  r o o t s  of the 
s a m n l e  sizes we o b t a i n  t h e . s o l u t i o n  s h o w n  in t a b l e  7.3 and 
f i g u r e  7.6. c l e a r l y  the s o l u t i o n  d i f f e r s  v e r y  l i t t l e  f r o m  
the o r i g i n a l  a n a l y s i s .
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Table 7.3
E u c l i d e a n  d i s t a n c e  a n a l y s i s  w e i g h t e d  bv c l a s s  size
L e n g t h s 4 6 . 6 9
5 8 . 7 %
20. 31 
2 5 . 5 %
6.3 8 
8.0%
6.13
7.7%
V e c t o r s - 3 . 0 3 2.8 7 1.63 1.00
- 1 . 9 8 0.15 — 1.86 0.56
- 1 . 4 9 - 0 . 5 8 0.02 -2.1 2
0 . 6 7 - 3 . 3 2 0.42 0. 54
5 . 8 3 0.8 7 -0.21 0.01
component 2
component 1
Figure 7.5 
Weight analysis of the class means
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We m î R h t  h o w e v e r  w i s h  to find a s p a c e  in w h i c h  the 
d i s t i n c t i o n  b e t w e e n  c l a s s e s  2 and 3 is e m p h a s i s e d  p o s s i b l y  
at the e x p e n s e  of the o t h e r  c l a s s e s .  Thus we w o u l d  w i s h  to 
c h o o s e  s^ so that s^ and s^ are l a r g e s t .  In the a n a l y s i s  
tha t  f o l l o w s  the v a l u e s  c h o s e n  for s^ w e r e  ( l , y i 0 , / 1 0 , l , l ) .
T a b l e  7.4 s h o w s  the r e s u l t s  of the a n a l y s i s  w i t h  the 
e i g e n v e c t o r s  g i v e n  in the o r d e r  of the e i g e n v e c t o r s  of 
SBS. The r e a s o n  for this b e i n g  that it is t h o s e  
c o m p o n e n t s  that e m p h a s i s e  the d i f f e r e n c e s  that we are 
i n t e r e s t e d  in e v e n  t h o u g h  t h e y  do not a c c o u n t  for the 
l a r g e s t  p r o p o r t i o n s  of the o v e r a l l  v a r i a t i o n .
T a b l e  7.4
E u c l i d e a n  d i s t a n c e  a n a l y s i s  w e i g h t e d  to e m p h a s i s e
c l a s s e s  2 and 3
L e n g t h s 4 1 . 7 b 7.9 4 2 1 .58 11.18
3 0 .6% 9.6% 2 6 . 2 % 13.6%
- 1 . 9 9 1.25 3.93 -0.2 8
- 2 . 3 1 1.40 - 0 . 6 0 0.24
- 1 . 8 1 - 1 . 9 2 - 0 . 0 9 0 .28
0.77 - 0 . 8  5 - 2 . 1 4 - 2 . 4 6
5 . 3 5 0. 12 - 1 . 1 4 2.22
The c l ass c e n t r e s are s h o w n  in fi g u r e  '7
i n d i v i d u a l s u b j e c t s h a v e  b een add e d in f i g u r e
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the a p p r o a c h  s e p a r a t e s  c l s s e s  2 and 3 to a g r e a t e r  e x t e n t  
t h a n  p r e v i o u s l y .
component 2
component 1
•4
Figure 7.6
Weights chosen to separate classes 2 and 3
188
Ij o
class 1
class 2
class 3
class 4
class 5
Figure 7.7
A weighted PCA intended to distinguish classes 2 & 3
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7.^ An analysis of the Ber/s
’Jhen the nun her of classes is small the idea of looking 
at the separation of their centres will no longer be useful. 
In o r d e r ’ to show how this p r o b l e m  may be overcome we will 
now analyse the data on the b a l l i s t o c a r d i o g r a m s .  Thus we 
have two training sets cons i s t i n g  of 81 normal and 50 
p a t h o logical waves. In this analysis we have. used the 
amn l i t u d e s  and locations of the H,I,J,t',L,M and N waves as 
described in section 4.2.
Since there are only two classes others need to be 
g enerated before a sensible analvs is can be nerformed. To 
this end a cluster analysis was nerformed on each class. The 
f u r t b est neighbour hiera r c h i c a l  method was us e d since this 
tends to produce comnact clusters, rather than the long
strings of points that can result from nearest neiglibour 
analyses. ^\s a result four fairly well defined clusters were 
identified amongst the normal cases and three amongst the
pathological.
There is little doubt that the search for clusters was 
simuler in this examnle by the nature of the data,
c o n s i s t i n g  as it does of a series of repeat m e a s u r e m e n t s  on 
a smaller number of individuals. H o w e v e r  this stage should
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not be critical to the p erformance of the whole analysis and 
any reasonable s u b d i vision would suffice.
The result of the clus t e r i n g  is then to produce seven
classes, the four normal being denoted by N ^ , and
wh ilst the three pathological will be denoted by P^, and
Pg. A Euclidean distance m a t r i x  was constructed for these
seven classes using their class means, and this was then 
subjected to a principal co-o r d i n a t e  analvsis with equal
we i g h t s  to produce the results shown in table 7.5 and 
i llustrated in figure 7.8. It will be noted that the second 
p a t h o l o g i c a l  cluster is a little nearer to the normal 
classes than the other two although this sub-class would
have moved further away in the third dimension.
Table 7.5 
P.C.A. of the Beg's
Lengths
Vectors
16817 1768 965
-34 1 -6
-37 -10 —2
-13 -17 -5
-49 23 -10
37 -22 4
-6 12 27
102 14 -8
356 105
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Figure 7.9 shows the results of add in .nd ivi du a 1s
and confirms that the s eparation between normal and
p athological is indeed good, e s n e c i a l l v  bearing in mind the 
fact that we are only using two dimensions.
Our analysis has resulted in one p athological subclass 
that is close to the normals and two that are well
separated. Th e obvious question is then, could we increase 
the s e p a ration between the normals and the close 
pa t h o l o g i c a l  sub-class perbans at the expense of some of the 
sep a r a t i o n  between the normals and the remoter p a t h ological 
subclasses?
In order to achieve this one needs to give greater weight to 
Nj, Ng, ’^3 and P^. The weights chosen were
1 , 1 ,y 2', 1 ) . These small changes in the weights
produced a marked effect on the results as shown in table
7.6 and figure 7.10. When the individuals are added as they 
are in figure 7.11 we can see that all but a handful of 
cases are now well separated.
component 2
. Po
#
'2 nV .p,
Figure 7.8
Class centres of the seven Beg clusters
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Figure 7.9
PCA showing indiv/iduajl Beg's
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Table 7.6 
Weighted P.C.A. of the Reg's
Lengths 16806 1225 1470 367 112 10
Vectors -34 -4 5
-37 -8 -5
-13 -14 -12
-49 6 25
36 -11 -20
-6 29 -7
102 2 14
#
."4
component 2 
^2
component 1
•^1
Figure7.10 
Weighted PCA of the Beg's
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Weighted PCA showing indiv
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8 L I N E A R  C L A S S I F I E R  D E S I G N
8.1 I n t r o d u c t i o n
H a v i n g  c o n s i d e r e d  s om e  n e w  m e t h o d s  of f e a t u r e  s e l e c t i o n  
we  w i l l  n o w  i n v e s t i g a t e  the s e c o n d  s t a g e  in the a n a l y s i s ,  
n a m e l y  the d e s i g n  of the c l a s s i f i e r .  C l e a r l y  the d e s i g n  of 
the c l a s s i f i e r  o u g h t  to be l i n k e d  to the m e t h o d  of f e a t u r e  
s e l e c t i o n  and in s u b s e q u e n t  c h a p t e r s  we w i l l  s t u d y  the 
p r o p e r t i e s  of a l i n e a r  c l a s s i f i e r  s p e c i f i c a l l y  d e s i g n e d  to 
be u sed  w il l  the n o n - p a r a m e t r i c  a p p r o a c h  to f e a t u r e  
s e l e c t i o n  that was d e s c r i b e d  in c h a p t e r  six.
F i r s t  h o w e v e r ,  we r e v i e w  the c u r r e n t l y  a v a i l a b l e  m e t h o d s  
f or  d e f i n i n g  a c l a s s i f i c a t i o n  rule b a s e d  on l i n e a r  f u n c t i o n s  
of the s e l e c t e d  f e a t u r e s  * We w i l l  r e s t r i c t  our r e v i e w  by 
o n l y  c o n s i d e r i n g  the m os t c o m m o n  s i t u a t i o n ,  n a m e l y  that in 
w h i c h  one has c a s e s  p r e v i o u s l y  c l a s s i f i e d  as c o m i n g  f r o m  one 
of the c l a s s e s .  O b v i o u s l y  t h e r e  is some o v e r l a p  b e t w e e n  
l i n e a r  f e a t u r e  s e l e c t i o n ,  consider-e-d— p r e v i o u s l y , and l i n e a r  
c l a s s i f i e r  de s i g n ,  for given a l i n e a r  f e a t u r e  one m e r e l y  has 
to add  c l a s s  b o u n d a r i e s  -in o r d e r  to p r o d u c e  a l i n e a r  
c l a s s i f i e r .
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L i n e a r  c l a s s i f i c a t i o n  has r e c e i e v e d  a c o n s i d e r a b l e  a m o u n t  
o f  a t t e n t i o n  s i n c e  F i s h e r ' s  1936 p a per . Not on ly  is it 
o p t i m a l  for n o r m a l l y  d i s t r i b u t e d  c l a s s e s  w i t h  e q u a l  
c o v a r i a n c e  s t r u c t u r e s  but it ha s b e e n  fo u n d  to be v e r y
r o b u s t ,  s i m p l e  to e s t i m a t e  an d  e a s y  to i n t e r p r e t .  E v e n  if as 
D u d a  a nd H a r t ( 1 9 7 3 )  o b s e r v e ,
fa r m o r e  p a p e r s  h a v e  b e e n  w r i t t e n  a b o u t  th e m  
t h a n  the s u b j e c t  d e s e r v e s '  
it is as w e l l  to r e m e m b e r  that l i n e a r  c l a s s i f i e r s  h av e  
p e r f o r m e d  w el l  in m a n y  a p p l i c a t i o n s .
A' l i n e a r  c l a s s i f i e r  is then, for the two cl as s  p r o b l e m ,  a 
c o m b i n a t i o n  of a l i n e a r  f u n c t i o n  g(x) of the p o b s e r v e d
v a l u e s  X, and a b o u n d a r y  v a l u e  k s u c h  that,
i f g ( x ) > k X i s c l a s s i f i e d  as w^
if g(x) < k X is c l a s s i f i e d  as w
The  l i n e a r i t y  r e s t r i c t i o n  is not as c o n s t r a i n i n g  as it 
m i g h t  at f i r s t  a p p e a r  for we c o u l d  g e n e r a t e  r n e w  v a r i a b l e s ,
i = 1, , r
f r o m  the p o r i g i n a l  v a r i a b l e s  a nd  th en  f o r m  a l i n e a r  
c o m b i n a t i o n  g(0^(x)> This idea is m o s t  c o m m o n l y  e m p l o y e d  w h e n  
0 is ta k e n  to c o n t a i n  the s q u a r e s  and c r o s s p r o d u c t s  of the 
v a r i a b l e s ,  the r e s u l t  b e i n g  that 0 is a
h y p e r q u a d r i c  in the o r i g i n a l  d a t a  x. Such c l a s s i f i e r s  b as e d  
on f u n c t i o n s  0 are s o m e t i m e s  k n o w n  as g e n e r a l i s e d  l i n e a r
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d i s c r i m i n a n t  f u n c t i o n s .
A n o t h e r  w ay  in w h i c h  l i n e a r  f u n c t i o n s  m a y  be u se d  is in 
c o m b i n a t i o n .  So that a c u r v e d  b o u n d a r y  co u ld  be a p p r o x i m a t e d  
by a p i e c e w i s e  l i n e a r  f u n c t i o n  as s h o w n  in f i g u r e  8.1
/
/
Figure 8.1 
A piece-“Wise linear function
A l t h o u g h  we c o n c e n t r a t e  on the two c la s s  p r o b l e m  all of 
ou r r e s u l t s  m a y  be g e n e r a l i s e d  to co p e w i t h  m u l t i p l e  
c l a s s e s ,  e i t h e r  by d e f i n i n g  e x t r a  b o u n d a r y  v a l u e s  as in 
f i g u r e  8.2, or by d e f i n i n g  m o r e  than one l i n e a r  f u n c t i o n  as 
in f i g u r e  8.3.
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8.2 Bayes C l a s s l f c a t i o n  of Normal Data
As w e  m e n t i o n e d  in the i n t r o d u c t i o n  to this c h a p t e r ,  m u c h  
of the i m p e t u s  for the use of l i n e a r  c l a s s i f i e r s  has c o m e  
a b o u t  as a r e s u l t  of t h e i r  o p t i m a l i t y  for pa ir s of n o r m a l l y  
d i s t r i b u t e d  c l a s s e s  w i t h  e q u a l  c o v a r i a n c e  s t r u c t u r e s .  To 
s h o w  the B a y e s  c l a s s i f i e r  u n d e r  s u c h  c i r c u m s t a n c e s  is l i n e a r  
on e on l y  n e e d s  to c o n s i d e r  the e q u a t i o n s  of t h e i r  d e n s i t i e s .  
T h u s  s u p p o s e  that we h a v e  two p-diraensional n o r m a l  
d i s t r i b u t i o n s  w i t h  m e a n s  and and c o m m o n  c o v a r i a n c e
m a t r i x  ^  . F u r t h e r  let the c l a s s e s  w^ and w^ h av e  p r i o r  
p r o b a b i l i t i e s  P ( w ^ )  and P C w^ ) .
B a y e s  c l a s s i f i c a t i o n  is a c h i e v e d  by a s s i g n i n g  x to w^
f(xlw^) P(w^) > f(x|w^) P(w^)
In the ca se of m u l t i v a r i a t e  n o r m a l  data the d e n s i t i e s  h a v e  
the f orra,
f(x|w ) = |2tt exp {-Î2(.x - y.)' (x - y.)}
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I I
Figure 8.2
Linear classification with two 
constants
r
Figure 8.3
Linear classification by multiple functions
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wh i c h  have the form,
-1
(x - iLj) ' L  (x - = constant
T h i s  f a m i l y  of c u r v e s  is a set of e l l i p s e s  c e n t r e d  on H.j 
a n d  h a v i n g  the s a m e o r i e n t a t i o n  for bo th  d i s t r i b u t i o n s ,  as 
in f i g u r e  8.4.
/ B
Figure 8.4
Linear discrimination between two bivariate normals
T he  b o u n d a r y  for the Bayes  c l a s s i f i e r  is the lo cus  of the 
p o i n t s  X for w h i c h,
(x - ^  (x - ) = (x - y«) ' y (x - y )
a n d  is s h o w n  by the line AB. We ma y a l s o  t h i n k  of g( x)  as a 
f u n c t i o n  p r o j e c t i n g  the o b s e r v a t i o n  x o n t o  a line n o r m a l  to 
t h a t  b o u n d a r y .  B e c a u s e  l i n e a r  f u n c t i o n s  of n o r m a l  v a r i a b l e s  
a r e  t h e m s e l v e s  n o r m a l  the r e s u l t i n g  d i s t r i b u t i o n s  w i l l  a l s o
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C o n s e q u e n t l y ,  on t a k i n g  lo gs  one o b t a i n s ,
■ ^ 2' ■ + H.2> ' ( %  - H.2 ) > tn f p ^ )
T h e  B a y e s  c l a s s i f i e r  is thus l i n e a r  in x, w i t h  
g(x) = X ’ - 2.2 '
and
-1 , P(«2)
k = + £.2) ' 1  (Ml - Mg) + In { — J }
U n f o r t u n a t e l y  w h e n  the c o v a r i a n c e  s t r u c t u r e s  d i f f e r ,  
s a y  t a k i n g  v a l u e s  and » th e n  the B ay es  c l a s s i f i e r
is no l o n g e r  li n e a r .  In fact x w o u l d  be c l a s s i f i e d  as 
c o m i n g  f r o m  w^ if.
’’ I "
P(
- ^(21 - Ü.1) ’ il (X - Hi) + '3(x - y^)' i - 23) > k { ^
So th at  the c l a s s  b o u n d a r y  is a p — d i m e n s i o n a l  h y p e r q u a d r i c .
It is b ot h s i m p l e  and i n s t r u c t i v e  to v i s u a l i s e  the l i n e a r  
c l a s s i f i e r  w h e n  p = 2 and  the p r i o r  p r o b a b i l i t i e s  ar e e q u a l .  
In this c as e  the d i s t r i b u t i o n s  are d e s c r i b e d  by t h e i r  
c o n t o u r s  of e q u a l  d e n s i t y ,
f (x.|Wj ) = constant
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as p i c t u r e d  in the fi g u r e .  All of t h e s e  id eas  e x t e n d  
d i r e c t l y  into p-diraensions .
In this s i m p l e  ca se we m ay  d e r i v e  the m e a n s  and v a r i a n c e s  
of the t r a n s f o r m e d  v a l u e s  w i t h o u t  d i f f i c u l t y  so that,
E{g(x) I w j  = Pj' (Hi - H 2)
and
-1
i V f,, _  )
Var {g(x) | w j  = (Hi " H 2  ^' i  “ H 2'
=
T h u s  the two u n i v a r i a t e  d i s t r i b u t i o n s  h a v e  c o m m o n  v a r i a n c e
2 2 
D and t h e i r  m e a n s  d i f f e r  by D .
In the case  w h e r e  the p r i o r  p r o b a b i l i t i e s  are equal , the 
c o n s t a n t  k w i l l  lie m i d - w a y  b e t w e e n  the two class me a n s  and 
the r e s u l t i n g  p r o b a b i l i y  of e r r o r  w i l l  be,
0 (-35D)
U n f o r t u n a t e l y  it Is rare to be in the p o s i t i o n  of k n o w i n g  
y. a n d  Z and one t h e r e f o r e  n e e d s  to e s t i m a t e  g(x) and k. 
T h i s  is u s u a l l y  d o n e  by t a k i n g  e s t i m a t e s  £. and of the
p a r a m e t e r s  and p l u g g i n g  t h e m  i n to  the f o r m u l a  for the B ay es  
c l a s s i f i e r .  T he  m o s t  p o p u l a r  s u c h  e s t i m a t e s  b e i n g  th o s e  
b a s e d  on the m a x i m u m  l i k e l i h o o d .Th us we o b t a i n
§(3c) = H' £  ^ (^i " H 2)
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a n d
k  =  ! j ( x ^  +  X g ) ' s  ^  ( x ^  -  X g )
U n f o r t u n a t e l y  the d i s t r i b u t i o n  of g ( x ) - k  is v e r y  c o m p l e x  
a n d  the p r o b l e m  of f i n d i n g  the e x a c t  f o r m  is as yet u n s o l v e d
a l t h o u g h  it has b e e n  s t u d i e d  by m a n y  p e o p l e ,  i n c l u d i n g
A n d e r s o n ( 1973) , K a b e ( 1 9 6 3 )  a nd  Okaraoto( 1 9 6 3 , 1 9 6 8 ) .
N a t u r a l l y  one can s p e c i f y  the d i s t r i b u t i o n s  of g ( x ) - k  
g i v e n  a p a r t i c u l a r  p a i r  of t r a i n i n g  sets for t h e y  w i l l  a g a i n  
be n o r m a l  w i t h  m e a n s  and v a r i a n c e s  g i v e n  by,
E{g(x) - k I w.) = (y - ^(x. + x_ )) ' (7 - 7 )
J ~J —2: —  —1 —2
Var{g(x) - k | w ) = (7 - 7 _ ) ' Z s"^ (7, - 7L)
3 —1 —2 —  —  —  — 1 —2
T h e s e  d i s t r i b u t i o n s  h o w e v e r  r e f e r  s p e c i f i c a l l y  to those  
t r a i n i n g  s et s and a ny  a t t e m p t  to g e n e r a l i s e  f r o m  t h e m  is 
v e r y  d a n g e r o u s ,  for e x a m p l e ,  as we s a w  in c h a p t e r  two, th ey  
g i v e  a f a l s e l y  o p t i m i s t i c  i m p r e s s i o n  of the p r o b a b i l i t y  of 
e r r o r .
A l t e r n a t i v e  m e t h o d s  of e s t i m a t i o n  of the l i n e a r  
d i s c r i m i n a n t  f u n c t i o n  for n o r m a l  data h a v e  b e e n  s u g g e s t e d  in 
the l i t e r a t u r e .  N o t a b l y  th ese  i n c l u d e  the u s e  of r o b u s t  
e s t i m a t o r s  and the use of a bias c o r r e c t i o n  , as m e n t i o n e d
in c h a p t e r  two a n d r e t u r n e d  to in the c o n t e x t  of i n i t i a l
m i s c l a s s i f i c a t i o n  in c h a p t e r  t w e lv e .
8.3 The r o b u s t n e s s  of the Bayes cl as s i f i e r
T he  l i n e a r  Ba y e s c l a s s i f i e r  was d e r i v e d  in the p r e v i o u s  
s e c t i o n  on the b a s i s  of f o u r  a s s u m p t i o n s ,
(i) n o r m a l  d i s t r i b u t i o n s
(ii) k n o w n  c o v a r i a n c e  m a t r i c e s
( iii ) k n o w n  p r i o r  p r o b a b i l i t i e s
(iv) k n o w n  p a r a m t e r s
Y e t  the l i n e a r  d i s c r i m i n a n t  f u n c t i o n  has b e e n  u s e d  in a wi de  
v a r i e t y  of s i t u a t i o n s  and it is i m p o r t a n t  to k n o w  just h o w  
r o b u s t  the rule is to d e p a r t u r e s  f r o m  th e s e a s s u m p t i o n s .
C o m p a r a t i v e l y  f ew s t u d i e s  h a v e  b e e n  m a d e  of the 
r o b u s t n e s s  of the l i n e a r  c l a s s i f i e r  to n o n - n o r m a l i t y  and 
t h o s e  t ha t h a v e  b e e n  p e r f o r m e d  h a v e  not b e e n  c o n c l u s i v e .  
L a c h e n b r u c h ,  S n e e r i n g e r  and R e v o (1973) s i m u l a t e d  d a t a  f r o m  
l o g - n o r m a l ,  l o gi t  n o r m a l  and a r c s i n h ( n o r m a l )  d i s t r i b u t i o n s  
a n d  f o u n d  that the n o r m a l  b a s e d  t h e o r y  did not w o r k  w el l .  
W h e r e a s  G i l b e r t (19 6 8)  and M o o r e ( 1 9 7 3 )  l o o k e d  at the 
p e r f o r m a n c e  of the l i n e a r  d i s c r i m i n a n t  f u n c t i o n  w i t h  
d i s c r e t e  d a t a  an d fo u n d  that it w o r k e d  r e a s o n a b l y  we ll .  
T h e s e  a p p a r e n t  c o n t r a d i c t i o n s  are p e r h a p s  p a r t l y  e x p l a i n e d  
b y  the w o r k  on l o g i s t i c  d i s c r i m i n a t i o n  d e s c r i b e d  in c h a p t e r  
t w o .
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G i I b e r t ( 1 969 ) and M a r k s  and D u n n ( 1974) e a c h  s t u d i e d  the 
i m p o r t a n c e  of h a v i n g  e q u a l  c o v a r i a n c e  m a t r i c e s .  T h e y  were  
o n l y  a b l e  to c o n c l u d e  that an y d i f f e r e n c e  in c o v a r i a n c e  
s t r u c t u r e  was r e l a t i v e l y  u n i m p o r t a n t  if the c l a s s e s  were 
w e l l  s e p a r a t e d ,  an d that for s m al l  s a m p l e  si ze s the p r o b l e m  
of e s t i m a t i n g  two c o v a r i a n c e  m a t r i c e s  m a k e s  the p r o p e r  
h y p e r q u a d r a t i c  f o r m  e v e n  less r e l i a b l e  t ha n the l i n e a r  
a p p r o x i m a t i o n .
No s t u d i e s  h a v e  b e e n  p u b l i s h e d  that l o o k  at the
e s t i m a t i o n  of the p r i o r  p r o b a b i l i t i e s  in i s o l a t i o n ,  a l t h o u g h  
w h e n  t r a i n i n g  se ts  are s a m p l e d  f r o m  a m i x e d  p o p u l a t i o n ,  it 
is u s u a l  to find t h e m  e s t i m a t e d  by the p r o p o r t i o n s  of ea ch  
c l a s s  in the s am p l e.
L a c h e n b r u c h ( 1968) g i ve s  a ta ble  that s e r v e s  as a good 
g u i d e  to the s i t u a t i o n s  in w h i c h  it is r e a s o n a b l e  to re p l a c e  
k n o w n  p a r a m e t e r s  by m a x i m u m  l i k e l i h o o d  e s t i m a t e s .  T h e s e  
r e s u l t s  r e p r o d u c e d  as ta bl e  8.1, s h o w  the s a m p l e  si z e s
n e e d e d  to e s t i m a t e  the e r r o r  rate of the l i n e a r  d i s c r i m i n a n t
f u n c t i o n  to w i t h i n  5% of its true v a lu e .  The r e q u i r e d  s a m p l e
s i z e s  a re  f oun d to d e p e n d  u p o n  the d e g r e e  of s e p a r a t i o n  of 
the two c l a s s e s  an d the d i m e n s i o n  of the p r o b l e m .
V a n  N e s s ( 1 9 8 0 )  c o n s i d e r e d  the p e r f o r m a n c e  of the l i n e a r  
d i s c r i m i n a n t  f u n c t i o n  w h e n  the s a m p l e  s i z e s  fall  sh o r t  of 
t h e s e  r e q u i r e m e n t s .  Th e p o o r  q u a l i t y  of the m a x i m u m  
l i k e l i h o o d  e s t ima.tes is found to be s u f f i c i e n t  to m a k e  the 
l i n e a r  d i s c r i m i n a n t  f u n c t i o n  p e r f o r m  b a d l y  in c o m p a r i s o n
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with other al go r i t h m s  even though the data are normal.
T a b l e  8.1
R e q u i r e d  s a m p l e  s ize s for a c c u r a t e  e s t i m a t i o n  
of the e r r o r  rate
D i m e n s i o n M a h a l o n b i s S a m p l e
d i s t a n c e s ize
2 1 9
A 8
9 7
10 1 35
4 27
9 20
20 1 67
4 51
9 38
R o b u s t n e s s  has b ee n  one of the r e a s o n s  for the use of 
o t h e r  e s t i m a t o r s  of the p a r a m e t e r s  of the n o r m a l  
d i s t r i b u t i o n s .  E f r o n  and M o r r i s (  1976) and Ha f f ( 1980) h av e,  
a m o n g s t  o t h e r s ,  c o n s i d e r e d  the use of S t e i n - l i k e  e s t i m a t o r s  
and  P e c k  and Van  N e s s ( 1 9 8 2 )  l o o k e d  at o t h e r  s h r i n k a g e  
e s t i m a t o r s ,  in e a c h  ca se  the h o p e was that the e s t i m a t o r s  
w o u l d  be mo re  s t a b l e  in h i g h e r  d i m e n s i o n s .  In all case s  
i m p r o v e m e n t  was r e p o r t e d  but t y p i c a l l y  it was v e r y  sm a l l.
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8.4 L i ne ar d i s c r i m i n a t i o n  when cov arian ce s differ
A n d e r s o n  and B a h a d u r (1962)  c o n s i d e r e d  the p r o b l e m  of 
f i n d i n g  the o p t i m a l  l i n e a r  f u n c t i o n  g(x) and c o n s t a n t  k 
w h e n  the two n o r m a l l y  d i s t r i b u t e d  c l a s s e s  h a v e  d i f f e r e n t
c o v a r i a n c e  s t r u c t u r e s .  The  r e s u l t s  that th ey  d e r i v e d  ha d  
b e e n  o b t a i n e d  e a r l i e r  by K u l l b a c k ( 1959) but in a less
c o m p l e t e  form.
W e  s u p p o s e  th at  the two c l a s s e s  h a v e  d e n s i t i e s  that are
D - d i m e n s i o n a l  no rmals w i t h  mean y. and c o v a rianc e matri ces 
 ^ — ]
I , j=l,2. F u r t h e r  let the l i n e a r  f u n c t i o n  be,
3
g(x) = a'x
so that the v a l u e s  of a'x are d i s t r i b u t e d  as u n i v a r i a t e  
n o r m a l s  w i t h  m e a n s  a'y^ and v a r i a n c e s  a'£^a • This
s i t u a t i o n  is p i c t u r e d  in f i g u r e  8.5 and we are left to find 
the b e s t  v a l u e s  of a an d k.
k
Figure 8.5
Linear discrimination with unequal variances
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T h e  p r o b a b i l i t i e s  of e r r o r  u n d e r  this s c h e m e  a r e c l e a r l y
1 - 0
k -
/a'ï a
and
k - a'vL2
w h e r e  0 is the d i s t r i b u t i o n  f u n c t i o n  of the u n i v a r i a t e  
n o r m a l .  We w a n t  to m i n i m i s e  t he se p r o b a b i l i t i e s ,  or 
e q u i v a l e n t l y ,  to m a x i m i s e
and
^'H.2 ~
"'='12 ^
L et  us f i rs t  c o n s i d e r  the p r o b l e m  of m a x i m i s i n g  y^  ^ f or  a 
g i v e n  v a l u e  of y^ * E l i m i n a t i n g  k b e t w e e n  the e x p r e s s i o n s  for 
yj^  a n d y^ we o b t a i n .
w h e r e ,
1  - H.2 “ El
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In o r d e r  to m a x i m i s e  y for a g i v e n  y^ w e  nee d to 
d i f f e r e n t i a t e  this e x p r e s s i o n  w i t h  r e s p e c t  to a g i v i n g ,
"'='12 ^
va'Z , a — a d - Y 2 -
/a'Z^ a
—  — I —
E q u a t i n g  this e x p r e s s i o n  to ze r o l e a d s  to.
w h e  r e ,
X =
y i =
T h i s  e q u a t i o n  ca n be s o l v e d  i t e r a t i v e l y  g i v e n  an i n i t i a l
g u e s s  a^ a n d the r e l a t i o n s h i p .
a l t h o u g h  to d a t e  no c o n d i t i o n s  for c o n v e r g e n c e  h a v e  b e e n  
p u b l i s h e d •
C l e a r l y  the s a me  a p p r o a c h  c o u l d  be us e d  to m a x i m i s e  y 2 
f or a g i v e n  v a l u e  of H o w e v e r  the m i n i m i s a t i o n  of the
t o t a l  p r o b a b i l i t y  of e r r o r  is mo r e c o m p l e x ,  s i n c e  the u s u a l  
c a l c u l u s  a p p r o a c h  a p p l i e d  to.
>(w^) |l - 0(y^) 1+ P(W2) |l - ^{y^)
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do es not p r o d u c e  e q u a t i o n s  that can be s o l v e d  s i m p l y  and one 
is f o r c e d  to us e so me n u m e r i c a l  a l g o r i t h m .
J u s t  p r i o r  to A n d e r s o n  and B a h a d u r  the sa me  p r o b l e m  had  
b e e n  s t u d i e d  by C l u n i e s - R o s s  and R i f f e n b u r g h ( 1960); the
d i f f e r e n c e  b e i n g  that th e y  u s e d  a g e o m e t r i c  a p p r o a c h .  As
b e f o r e  the g e o m e t r y  h e l p s  one to u n d e r s t a n d  the n a t u r e  of
the p r o b l e m  and we  w i l l  l o o k  at t h e i r  r e s u l t s ,  r e s t a t i n g  
t h e m  in o ur n o t a t i o n ,  but o m i t t i n g  the p r o o f s  w h i c h  m a y  be 
f o u n d  in the o r i g i n a l  pa pe r.
If one has a p a i r  of p-diraensional n o r m a l  d i s t r i b u t i o n s
fo r X,
N(y_^, and £ 2^
t h e n  it is a l w a y s  p o s s i b l e  to find a l i n e a r  t r a n s f o r m a t i o n ,  
X. ~  21 È.
s u c h  that the d i s t r i b u t i o n s  b e c o m e ,
N(0, £) and N(]£, £)
As w e l l  as s i m p l i f y i n g  the n o t a t i o n  this t r a n s f o r m a t i o n  
l e a v e s  the i m p o r t a n t  c h a r a c t e r i s t i c s  of the c o n f i g u r a t i o n  
u n c h a n g e s .  T hu s  p l a n e s  r e m a i n  p l a n e s ,  t a n g e n t s  r e m a i n  
t a n g e n t s  and  the i n t e g r a l s  o v e r  r e g i o n s  b o u n d  by a p l a n e  
h a v e  the s a m e  v a l u e . T h e  set up for the ca s es  w h e r e  p= 2 is 
i l l u s t r a t e d  in f i g u r e  8.6.
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Figure 8.6
Transformed contours in two dimensions
T h e  c o n t o u r s  of e q u a l  d e n s i t y  w i l l  h a v e  the forms ,
y' y = constant
and
( y  - W  ' ^  ^ (y - y_) = constant
the f o r m e r  b e i n g  p - d i m e n s i o n a l  h y p e r s p h e r e s  and the l a t e r  
b e i n g  p - d i m e n s i o n a l  h y p e r e l l i p s o i d s .
T h e  t a n g e n t s  t h r o u g h  the p o i n t  w i l l  h a v e  the
e q u a t i o n s ,
(y - y) ' Z ^ (y - y) = (y - y)' Z ^ (y - y)
—  —  —  — o  —  —
and
i.e. (y - y^) ' ^  ^ (y^ - y_) = O
i.e. (y - V ) ' y^ =  O —  —o —o
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C l u n i e s - R o s s  and R i f f e n b u r g  were able to show that,
'The h y p e r p l a n e  w h i c h  s i m u l t a n e o u s l y ,
(i) e f f e c t s  a fi x ed  d i v i s i o n  of the p r o b a b i l i t i e s  
w i t h  r e s p e c t  to one m u l t i v a r i a t e  n o r m a l  p o p u l a t i o n ;
(11) m a x i m i s e s  the d i v i s i o n  of p r o b a b i l i t i e s  w i th  
r e s p e c t  to a n o t h e r  m u l t i v a r i a t e  n o r m a l  d i s t r i b u t i o n ;  
is a f u l l y  c o m m o n  t a n g e n t  to the two f a m i l i e s  of 
c o n s t a n t  l i k e l i h o o d  c o n t o u r s '
T h a t  is to sa y the b es t  l i n e a r  c l a s s i f i e r  w i l l  be a fu l l y  
c o m m o n  t a n g e n t  w h i c h  w i l l  thus be a s o l u t i o n  of,
<2. - ' 2o = (y - 2^) ' I  ^ (y - M.)
T h i s  e q u a t i o n  a l l o w s  m a n y  s o l u t i o n s  for the one r e q u i r e d
b e i n g  s p e c i f i e d  by the f ix ed p r o b a b i l i t y  as s t a t e d  in (i) 
a b o v e .
T h e  p r o b l e m  of s o l v i n g  the f u l l y  c o m m o n  t a n g e n t  e q u a t i o n  
is c o m p l e t e l y  e q u i v a l e n t  to the p r o b l e m  c o n s i d e r e d  e a r l i e r  
in  this s e c t i o n .  A l t h o u g h  this a p p r o a c h  does not m a k e  it
e a s i e r  to fi nd  the best l i n e a r  c l a s s i f i e r  w h a t  it do es  do is
h e l p  o u r  u n d e r s t a n d i n g  of the p r o b l e m .
F i n a l l y  in this s e c t i o n  we c o n s i d e r  a r e l a t e d  p r o b l e m  
s t u d i e d  by Guseraan, P e t e r s  and W a l k e r ( 1 9 7 5) .  T h e y  t o o k  m
g e n e r a l  p — d i m e n s i o n a l  n o r m a l  d i s t r i b u t i o n s  and s o u g h t  the
b e s t  set of k l i n e a r  c o m b i n a t i o n s  d e f i n e d  by,
y = B X
2 1 3
w h e r e  B is a k xp  m a t r i x .  The Ba y e s c l a s s i f i e r ,  b a s e d  on y, 
w o u l d  be o b t a i n e d  if one fo und  r e g i o n s  S^ s u c h  that the 
p r o b a b i l i t y  of c o r r e c t  c l a s s i f i c a t i o n .
m
Z
j=l
P(Wj) f(y I Wj) dy
w as  m a x i m i s e d .  Guseraan et al thus s o u g h t  to m a x i m i s e  this 
q u a n t i t y  bo th  w i t h  r e s p e c t  to the r e g i o n s  and the m a t r i x  B.
In fact, a l t h o u g h  they c o n s i d e r  this g e n e r a l  p r o b l e m  th ey  
w e r e  o n l y  a b l e  to s o l v e  the s p e c i a l  case w h e r e  m = 2  a n d  k=l. 
In this ca s e  the two d i s t r i b u t i o n s  t r a n s f o r m  into u n i v a r i a t e  
n o r m a l s  w i t h  u n e q u a l  v a r i a n c e s  and Ba y es  c l a s s i f i c a t i o n  is 
b a s e d  u p o n  two c o n s t a n t s  an d k^ s u c h  that
if k^ < y < kg classify as
else classify as Wg
T h e y  f o u n d  that e ve n  in this r e s t r i c t e d  c ase  B, k^ , a nd  k^ 
h a d  to be f o u n d  by n u m e r i c a l  o p t i m i s a t i o n .
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8.5 Other Cr i t e r i a  for linear cla s s i f i e r  design
In this c h a p t e r  we c o n s i d e r  a l t e r n a t i v e s  to the B a y e s  
c r i t e r i o n  for d e f i n i n g  a l i n e a r  c l a s s i f i e r .  O n c e  a g a i n  we 
c o n c e n t r a t e  on the c a s e  w h e r e  the d a t a  are n or m a l .
T h e  l i n e a r  f e a t u r e  s e l e c t i o n  m e t h o d s  d i s c u s s e d  in c h a p t e r  
f i v e  all p r o d u c e  f u n c t i o n  g(x) and so co u ld  be a d a p t e d  for 
c l a s s i f i e r  d e s i g n  if a m e t h o d  w e r e  a v a i l a b l e  for o b t a i n i n g  a
s u i t a b l e  v a l u e  of k.
L i k e  m a n y  p e o p l e  sin c e,  F i s h e r ( 1 9 3 6 )  e m p l o y e d  a d i s t a n c e  
m e a s u r e  to s e l e c t  s u i t a b l e  l i n e a r  f e a t u r e s  and t he n  t u r n e d  
t h e s e  f e a t u r e s  i n t o  c l a s s i f i e r s  by s e t t i n g  k to be m i d w a y  
b e t w e e n  the two c l a s s  m e a n s .  As is w el l  k n o w n  this p r o c e d u r e  
p r o d u c e s  the s a m e  c l a s s i f i e r  as the B a y e s  m e t h o d  w i t h  
m a x i m u m  l i k e l i h o o d  e s t i m a t e s ,  see for e x a m p l e .  
L a c h e n b r u c h ( 19 75) .
T he  i d ea  of s e l e c t i n g  a f e a t u r e  by m a x i m i s i n g  the 
s e p a r a t i o n  w a s  a l s o  u s e d  by K u l l b a c k ( 1959) e x c e p t  t ha t he 
b a s e d  his m e a s u r e  on the c o n c e p t  of i n f o r m a t i o n .  A n y  
o b s e r v a t i o n  x is s ai d to c a r r y  i n f o r m a t i o n  r e l e v a n t  to the 
c h o i c e  b e t w e e n  two c l a s s e s  Wj^  a nd w^ * The i n f o r m a t i o n  in 
f a v o u r  of w  ^ a n d  a g a i n s t  w  ^  is m e a s u r e d  by the log
215
l i k e l i h o o d  ratio,
I (2 :l;x) = In f (x)
f (X) Iw^)
w i t h  a s i m i l a r  d e f i n i t i o n  for 1 ( 1 : 2  ; x).
G i v e n  c o m p l e t e  k n o w l e d g e  of the d i s t r i b u t i o n s  it w o u l d  be 
n a t u r a l  to d e f i n e  the total i n f o r m a t i o n  in f a v o u r  of w^ as 
o p p o s e d  to Wg o b t a i n a b l e  f r o m  the w h o l e  d i s t r i b u t i o n s  as.
1(2:1) = f(x w.) In 
—  1
f(x w ) 
—  1
f(x| Wg)
dx
S i m i l a r l y  we ha ve .
1 (1:2) = f(x [wg) In
f(5c| w^)
f (x I w^)
dx
a nd the to t a l  i n f o r m a t i o n  or d i v e r g e n c e
J(l,2) = 1(1:2) + 1(2:1)
w h i c h  is a m e a s u r e  of s e p a r a t i o n  b e t w e e n  the two c l a s s e s .
W h e n  the two d i s t r i b u t i o n s  are m u l t i v a r i a t e  n o r m a l
N(y./ Z.) a nd  d = y_ - y_ , t he n  we find that,
— i —1 —  — 1 — A
1(1:2) = *5 In
I I 2 I
l^il
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with  a sim ila r e x p r e s s i o n  for 1(2:1) so that,
J(l,2) = *2tr (£l - l2> - £ 2') + 1.1 É  + É
I n t e r e s t i n g l y  w h e n  the c o v a r i a n c e  m a t r i c e s  are e qu a l  the 
d i v e r g e n c e  r e d u c e s  to the M a h a l a n o b i s  d i s t a n c e  d' ^  d and
the i n f o r m a t i o n  is e q u a l l y  d i v i d e d  b e t w e e n  the two c l a s s e s  
w i t h
1(1:2) = 1(2:1) = % É ' Z_ d
K u l l b a c k  c o n s i d e r e d  the i n f o r m a t i o n  and d i v e r g e n c e  as 
p o s s i b l e  c r i t e r i a  for d e r i v i n g  the best l i n e a r  d i s c r i m i n a n t  
f u n c t i o n .  S u p p o s e  that o u r  f u n c t i o n  has the form,
g (x) = a' x
t h e n  the i n f o r m a t i o n  a v a i l a b l e  in the l i n e a r  c o m b i n a t i o n  is 
m e a s u r e d  by.
a' Z_ a a' Z a a ' d d ' a
" TÎÏf
a' Z, a a' Z^ a a' d d' a
= tin ITI--; - t +  ^ + t ,
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W h ilst  when m a x i m i s i n g  J(l,2),
a' a I (a* Z_ a) ^  - (a'Z. a) ^  - (a' d) ^  (a' Z, a)
^ 2
a' Z_ a I (a' Z. a) - (a' Z, a) - (a* d) (aV Z. a)
and
a' d (a' Z^ a) a' Z^ a + a' Z« a 
(a* Z. a)^ - (a' Z, a) ^  + (a' d) ^  (a* Z. a)
T h e s e  e q u a t i o n s  w i l l  be s e e n  to h a v e  a g e n e r a l  f o r m  that 
is v e r y  s i m i l a r  to that d e r i v e d  in s e c t i o n  8.4 a nd  one m a y  
t ry  to s o l v e  t h e m  by a s i m i l a r  i t e r a t i v e  p r o c e s s .  
K u l l b a c k ( 1959) d o es  m a k e  so me b r i e f  c o m p a r i s o n s  b e t w e e n  
i n f o r m a t i o n  b a s e d  c l a s s i f i e r s  and e s t i m a t e d  Ba yes 
c l a s s i f i e r s  but b a s e s  the c o m p a r i s o n  on the a m o u n t  of 
i n f o r m a t i o n  in the s o l u t i o n  r a t h e r  th an  the mo r e  u s u a l  
p r o b a b i l i t y  of error , w i t h  the r e s u l t  that hi s f i n d i n g s  are 
h a r d  to g e n e r a l i s e .
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and
a' ZL a a' a
^ f - -  + 5^ = _ d L =  _ 1
L l  ËL
Ll £
a' d d' a
E a c h  of t h e s e  f o r m u l a e  b e i n g  o b t a i n e d  by s u b s t i t u t i n g  the 
t r a n s f o r m e d  m e a n s  and v a r i a n c e s  Ê. Ê. in to  the
a p p r o p r i a t e  e x p r e s s i o n s .
Th e u s u a l  c a l c u l u s  w i l l  e n a b l e  one to d e r i v e  the 
e q u a t i o n s  that  n eed  to be s o l v e d  if th e se  e x p r e s s i o n s  are to 
be m a x i m i s e d .  On d i f f e r e n t i a t i n g  w i t h  r e s p e c t  to a and  
e q u a t i n g  to zero, o ne o b t a i n s .
w h e r e  w h e n  m a x i m i s i n g  1 ( 1 :2 )
X =
Il Ê.
s.' £2 -
(a' d)
1 - a • I 2 a - a' a
and
Y =
(a* d) (a' a)
(a' L 2  -1
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8.6 Nu m e r i c a l  Pr ob lems
We  h a v e  s e e n  h o w  q u i t e  d i f f e r e n t  c r i t e r i a  for d e f i n i n g  a 
l i n e a r  c l a s s i f i e r  for two n o r m a l  d i s t r i b u t i o n s  lead to the 
s a m e  f o r m  of e q u a t i o n ,  n a m e l y ,
(Z - X Z ' ) a  = Y ^
In fact, P e t e r s o n  and M a t t s o n ( 1966) s h o w  that if one takes 
two m u l t i v a r i a t e  n o r m a l  p o p u l a t i o n s  and a l i n e a r  c l a s s i f i e r  
a ' x - k ,  so that the t r a n s f o r m e d  u n i v a r i a t e  d i s t r i b u t i o n s  
h a v e  m e a n s ,
m. = a ' y . - k
1  —  — 1
and v a r i a n c e s ,
a ? = a ' E . a  i - 1 , 2
1 —  — 1 —
t h e n  a n y  c r i t e r i o n  that is a f u n c t i o n  of th ese  p a r a m e t e r s ,  
t ha t  is,
9 2 \
f(m^, ^2' ^2 ' ^2
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w i l l  be o p t i m i s e d  w i t h  r e s p e c t  to a w h e n
Y . - V
9 o ^  — 1 9 0 ^  — 2
2
: 9f
(y. - y«)
^1 ^2'
and
1 ^  + = O
9ra^  din^
T h u s  the B a y e s ,  F i s h e r  an d i n f o r m a t i o n  c r i t e r i a  all lead to
the same type of n u m e r i c a l  p r o b l e m .
K u l l b a c k ( 1 9 5 9 )  ha d s u g g e s t  that an i t e r a t i v e  p r o c e d u r e  
c o u l d  be u s e d  to s o l v e  t h e s e  e q u a t i o n s  but e x p e r i m e n t  has 
s h o w n  that c o n v e r g e n c e  is not g u a r a n t e e d .
P e t e r s  a nd  M a 1 1 son( 1966) r e c o m m e n d  a s e a r c h  p r o c e d u r e .  
C h a n g i n g  t h e i r  n o t a t i o n  s l i g h t l y  we see that we m u s t  s o l v e  
a n  e q u a t i o n  of the f o r m
'>=1 h  + *^ 2 ^
w h e r e  b, and  are s c a l a r s  that d e p e n d  on a. This e q u a t i o n
c o u l d  be r e w r i t t e n  as,
(Ç COS0 = C sin6 ^2^ —  ~
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The c o n s t a n t  ^ Is then see n to be no m ore  than a s c a l i n g  
factor for a w h i c h  will not a l t e r  the c l a s s i f i e r .  
C o n s e q u e n t l y  one on ly  n e e d s  to c o n s i d e r  d i f f e r e n t  a n g l e s  0 
in the r a n g e  T h e y  s u g g e s t  that v a l u e s  of 0
t h r o u g h o u t  this ra nge  be tr ied and that these v a l u e s  be used 
to find
= (cos0 + sin0 ^ 2^
-1
from w h i c h  one m a y  find the m ea n s  and v a r i a n c e s  of the 
t r a n s f o r m e d  d i s t r i b u t i o n s  and he n c e  the v a l u e  of the 
criteri on.  P l o t t i n g  the c r i t e r i o n  a g a i n s t  the a n g l e s  c h o s e n  
will s ho w  the l o c a t i o n  of the glo b a l m a x i m u m  w h i c h  can then 
be l o c a t e d  m o r e  a c c u r a t e l y .  The e x a m p l e s  p r o d u c e d  in that 
paper deraonstate c l e a r l y  that care needs to be t ak e n  w i t h  
the s o l u t i o n  to av o i d  lo cal op ti ma.
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9. P A R TI AL  D I S C R I M I N A T I O N
9.1 I n t r o du ct ion
In this c h a p t e r  we e x t e n d  the r e v i e w  of l i n e a r  
c l a s s i f i c a t i o n  to c o v e r  the s i t u a t i o n  in w h i c h  some of the 
ca s e s  m a y  be left u n c l a s s i f i e d .  This e x t e n s i o n  is 
i n v e s t i g a t e d  b e c a u s e  it m a r r i e s  n a t u r a l l y  w i t h  the m e t h o d  of 
n o n - p a r a m e t r i c  f e a t u r e  s e l e c t i o n  d e s c r i b e d  in c h a p t e r  six. 
U n d e r  that s c h e m e  the ' c l a s s i f i e d  ca s e s'  are r e m o v e d  f r o m  
the t r a i n i n g  sets and  s e l e c t i o n  c o n t i n u e s  o n l y  w i t h  the 
u n c l a s s i f i e d  ca ses .
It is c o m m o n  in c l a s s i f i c a t i o n  to find that s om e  of the 
c a s e s  fall b e t w e e n  two c l a s s e s  in s u c h  a w a y  that th e i r  
o r i g i n  is d o u b t f u l .  It is s e n s i b l e  to a l l o w  s u c h  c as e s  to 
r e m a i n  u n c l a s s i f i e d .  T hi s  is the r e j e c t  o p t i o n  b r i e f l y  
r e v i e w e d  by H a n d ( 1 9 8 1 ) ,  a l t h o u g h  it is p e r h a p s  m o r e  u s u a l l y  
r e f e r r e d  to as p a r t i a l  d i s c r i m i n a t i o n  .
D e s p i t e  the a p p e a l  of the idea  it has r a r e l y  be en  us ed. 
In this c h a p t e r  we w i l l  fi r s t  d e s c r i b e  the s ma l l  a m o u n t  of 
w o r k  that has b ee n d on e and then c o n s i d e r  the p r o b l e m  of 
d e f i n i n g  a p a r t i a l  c l a s s i f i e r .  The n u m e r i c a l  p r o b l e m s  
a s s o c i a t e d  w i t h  the p a r t i a l  c l a s s i f i c a t i o n  of n o r m a l  da t a  
a re s o l v e d  and the a l g o r i t h m  is a p p l i e d  to an e x a m p l e  ta k e n  
f r o m  the l i t e r a t u r e .
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9.2 Previou s work on partial d i s c r i m i n a t i o n
T he idea u n d e r l y i n g  p a r t i a l  d i s c r i m i n a t i o n  has bee n  
r e c o g n i s e d  for m a n y  y e a r s ,  for e x a m p l e ,  it is m e n t i o n e d  but 
not p u r s u e d  in K e n d a l l  and S t u a r t (19 66 ) . It se em s  a l w a y s  to
h a v e  b ee n  p r i m a r i l y  l i n k e d  w i t h  n o n - p a r a m e t r i c  p r o c e d u r e s
a nd it is in this c o n t e x t  that Q u e s e n b e r r y  and
G e s s a m a n ( 1968) p u b l i s h e d  a p a r t i a l  d i s c r i m i n a t i o n  s c h e m e  
b a s e d  on t o l e r a n c e  r e g i o n s .  T h e y  s u g g e s t e d  the use of two 
s u c h  r e g i o n s  and A^ t o g e t h e r  w it h  the d e c i s i o n  rule, 
if E classify x as
if X e A 2 classify x as
if X e (A^ ^  Ag) A 2 ") reserved judgement
A l t h o u g h  t h e i r  c o n c e r n  was p r i m a r i l y  w i t h  n o n - p a r a m e t r i c
d i s c r i m i n a t i o n  th e y did q u o t e  one t h e o r e m  r e l e v a n t  to the
d e f i n i t i o n  of a p a r a m e t r i c  p a r t i a l  d i s c r i m i n a t i o n  s c h e m e .
T h e y  sh ow ed,  by a s i m p l e  e x t e n s i o n  of the r e s u l t s  of
W e l c h ( 1 9 3 9 ) ,  that in o r d e r  to f o r m  a p a r t i a l  d i s c r i m i n a t i o n
s c h e m e  w i t h  fi xe d p r o b a b i l i t i e s .
P(jc e I w^) and P (x_ E A^ | w^)
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t he n  one s h o u l d  use r e g i o n s  d e f i n e d  in te r ms  of the 
l i k e l i h o o d  ra t i o s .  T ha t  is,
f(x I w^)
^  f ^  f(x I w,) > =1 >
and
f(x I w )
T h i s  r e s u l t  is e x p a n d e d  u p o n  in the ne x t  se c ti o n .
B r o f f i t t ,  R a n d l e s  and H o g g ( I 9 7 6 )  a ls o  l o o k e d  at 
n o n - p a r a m e t r i c  d i s c r i m i n a t i o n  u s i n g  a p a r t i a l  c l a s s i f i e r  
b a s e d  on ranks . T h e y  s u p p o s e d  that th e y had  t r a i n i n g  sets of 
s i z e  Uj and n^ t o g e t h e r  w i t h  a c l a s s i f i c a t i o n  f u n c t i o n  
g( x), w h i c h  we w i l l  s u p p o s e  te nd s to give s m a l l e r  v a l u e s  
w h e n  the case is f r o m  cl a s s  w^.
T h e  v a l u e s  f r o m  t r a i n i n g  set one m a y  be t r a n s f o r m e d  
a c c o r d i n g  to g(x) and the r e s u l t i n g  v a l u e s  r a n k e d  
p r o d u c i n g ,
R^ = R an k( g ( x^ ) )
In w h i c h  ca s e s  ( R . , . . . , R  ) w i l l  be u n i f o r m l y  d i s t r i b u t e d
*1
o v e r  the set of i n t e g e r s  1 , 2 , . ..,n^. U s i n g  this id ea th ey  
s u g g e s t  that the c a se  of u n k n o w n  o r i g i n ,  x , be r a n k e d  a l o n g  
w i t h  e a c h  of the t r a i n i n g  s"ets in turn. S e l e c t i n g  w h a t  s e e m  
s u i t a b l e  y a u l e s  for a.^  a nd a^ the s c h e m e  is d e f i n e d  in t e r m s
225
of
{ X ' rank^ (g(x)) < (n^ + 1) }
^2 ” { 21 ; rank2 (g(x) ) > a^ (n^ +1)}
A l t h o u g h  this p r o c e d u r e  co u ld  be u s ed  w i t h  a n y f u n c t i o n  
g( x),  th ey  on ly  l o o k  at the use of F i s h e r ' s  l i n e a r
d i s c r i m i n a n t  f u n c t i o n .
T hi s  s c h e m e  is c o n t r a s t e d  by m e a n s  of s i m u l a t i o n  
e x p e r i m e n t s  w i t h  a t o l e r a n c e  r e g i o n  a p p r o a c h  a l o n g  the lines 
of Q u e s e n b e r r y  and G e s s a m a n ( 1966) w h i c h  u se d  the a c t u a l  
o r d e r  s t a t i s t i c s  of g( x ^ ) ,  and a th ir d n o r m a l  base d
m e t h o d .  This l a t e r  m e t h o d ,  i l l u s t r a t e d  in f i g ur e  9.1, u se d 
r e g i o n s  d e f i n e d  by.
 ^ = { X ; g(x) < y. + a a.1 ~  -  1 1
= { X ; g(x) > y2 - a a^}
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N e i t h e r  in this p a p e r  no r in a l a t e r  one, R a n d l e s ,  
B r o f f i t t ,  R a m b e r g  an d H o g g ( 1 9 7 8 ) ,  w h i c h  u s ed  a q u a d r a t i c  
f u n c t i o n  for g(x), w h e r e  t he y  ab le  to find a u n i v e r s a l l y  
b e s t  s c he m e , a l t h o u g h  t h e y  do r e c o m m e n d  the use of th e ir  own 
r a n k  ba s ed  p r o c e d u r e .
ao 2
Figure 9.1
Partial discrimination using . 'toi erance intervals
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9.3 D e f ining  partial cl as s i f i e r s
As we h a v e  s e e n  a to t a l c l a s s i f i c a t i o n  s c h e m e  may be 
t h o u g h t  of as a rule that d i v i d e s  the m e a s u r e m e n t  sp ac e S of 
X i n t o  m u t u a l l y  e x c l u s i v e  an d e x h a u s t i v e  r e g i o n s  S^ w i t h i n  
w h i c h  ca s e s are a s s i g n e d  to cl as s  w ^ . U s i n g  the u s u a l  
n o t a t i o n  for the d e n s i t i e s  and p r i o r  p r o b a b i l i t i e s  and 
l e t t i n g  c^j d e n o t e  the cost of i n c o r r e c t l y  c l a s s i f y i n g  a 
c a s e  f r o m  cl a ss  w^ as c o m i n g  f r o m  cl ass  w ^ , we m i g h t  c h o o s e  
S j so as to m i n i m i s e  the t o t a l  cost of m i s c l a s s i f i c a t i o n ,
m m 
I Z 
j=l 1=1
i#i ■ j
c. . f(x I w.) P(w. ) dx 
1] —  ] ] —
T h i s  is the u s u a l  B a y e s  c l a s s i f i c a t i o n .
F o r  a p a r t i a l  c l a s s i f i c a t i o n  s c h e m e  the o n l y  d i f f e r e n c e  
is that the r e g i o n s  S^ a r e  no l o n g e r  e x h a u s t i v e ,  in that,
U s. ^ S
i  ]
A n y  p o i n t s  that lie w i t h i n
V =  { | s . i V
are to be d e n o t e d  as u n c l a s s i f i e d  and we m a y  a s s o c i a t e  a 
co st cj w i t h  any  u n c l a s s i f i e d  case that a c t u a l l y  c ome s f r o m
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class w j .
The e q u i v a l e n t  to B a y e s  c l a s s i f i c a t i o n  w o u l d  n o w  be 
a c h i e v e d  if one c h o o s e s s o  as to m i n i m i s e ,
m m 
Z Z 
j=l 1=1
m
c . . f (x I w . ) P (w. ) dx + Z 
S.  ^  ^ j=i
c. f(x w.)P(w. ) dx
] —  ] ] —
T his  g e n e r a l  o p t i m i s a t i o n  p r o b l e m  is v e r y  c o m p l e x  but as we 
w i l l  see it has m a n y  s i m i l a r i t i e s  w i t h  t ota l c l a s s i f i c a t i o n ,  
and c o r r e s p o n d i n g  s i m p l i f y i n g  a s s u m p t i o n s  m ay  be made.
S u p p o s e  that one e i t h e r  has a s i n g l e  m e a s u r e m e n t  or that 
one s e l e c t s  a s i n g l e  f e a t u r e ,  g(x), so that the two 
p o s s i b l e  c l a s s e s  m a y  be r e p r e s e n t e d  as in f i gu r e 9.2.
g(x)
k k1 2
Figure 9.2 
Two class partial discrimination
2Z5
Pa rtial d i s c r i m i n a t i o n  would now be achieved if one were
to s e l e c t  v a l u e s  k^ and k^ s u c h  that,
if g(2c) < k^ classify as
if g(x) > kg classify as Wg
otherwise unclassified 
One  c l e a r l y  ca n n o t  g u a r a n t e e  that this w il l  w o r k  s e n s i b l y  in
al l s i t u a t i o n s ,  for the d e n s i t i e s  m i g h t  r e s e m b l e  th os e  in
f i g u r e  9.3. H o w e v e r  as w i t h  t o t a l  c l a s s i f i c a t i o n ,  the m e t h o d
w i l l  u s u a l l y  w o r k  in p r a c t i c e .
g(x)
Figure 9.3
Two populations unsuitable for partial . discrimination
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T he  p r o b l e m  is th en  n e a r l y  i d e n t i c a l  to that c o n s i d e r e d  
in c h a p t e r  e i g ht .  We n e e d  f i r s t l y  to d e f i n e  the f u n c t i o n  
g(x) and then to s e l e c t  the t h r e s h o l d  v a l u e s  and k^* 
T h e s e  c h o i c e s  c o u l d  be b a s e d  on a n y  one of a n u m b e r  of 
c r i t e r i a ,  for e x a m p l e ,
(i) to g iv e  the m i n i m u m  p r o b a b i l i t y  (cost ) of e r r o r  for 
a s p e c i f i e d  p r o b a b i l i t y  (c o s t)  of an u n c l a s s i f i e d  case.
(ii) to give the m i n i m u m  p r o b a b i l i t y  (cos t) of an 
u n c l a s s i f i e d  ca se for a s p e c i f i e d  p r o b a b i l i t y  (cost) of 
er ro r .
( i i i ) t o  m i n i m i s e  the to t al  cost
S u p p o s e  f i r s t l y  that one w e r e  to f o l l o w  c r i t e r i o n  (i) 
a b o v e .  T h is  w o u l d  r e q u i r e  us to m i n i m i s e  the cost of er ro r.
* 2^1 f(x W t)P(w .) dx + c _ 3  ^ -  1 1 -  12 s.
f(x I W2)P(Wg) dx_
s u b j e c t  to a fi xed  co st  C a s s o c i a t e d  w i t h  u n c l a s s i f i e d  
c a s e s ,  w h e r e ,
C = f (x^  I w^)P(Wj^) dx + c.
S*
f
f(x I WgjPfWg) dx_
H a v i n g  s e l e c t e d  a f e a t u r e  t= g( x )  one w o u l d  be a t t e m p t i n g  to 
d i s c r i m i n a t e  u s i n g  the two u n i v a r i a t e  d e n s i t i e s ,  f(t | w ^ )
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an d f(t I Wg). T he  v a l u e s  for k^ and k^ w o u l d  be c h o s e n  so as 
to m i n i m i s e ,
'21 ^ f(t I WgjPfwg) dt
s u b j e c t  to.
C  =  c . f(t I Wj^)P(w^) dt + f(t I WgiPfWg) dt
T h i s  o p t i m i s a t i o n  m a y  be a c h i e v e d  by the use of La grange 
m u l t i p l i e r s ,  l e a d i n g  us to d i f f e r e n t i a t e
'21
X [<+  A C -  c . f(t I w^)P(w^) dt - f(t I W2)P(Wg) dt]
1 1 
w i t h  r e s p e c t  to k^ and k ^ , g i v i n g  w h e n  e q u a t e d  to zero,
^ 1 2  W g j P C W g )  +  A c ^  f ( k ^  I w ^ ) P ( w ^ )  +  A c g  f ( k ^  | W g j P f w g )  =  O
and
^21 ^(^2 I f f k g  I w ^ ) P ( w ^ )  +  A c g  f ( k g  | W g j P f W g )  =  O
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E l i m i n a t i n g  X we obtain,
C i 2 f ( k ^  I W 2) P ( W 2)
X =
f(k^ I w^)P(w^) + C2 f(k^ I W2)P(W2)
W h i c h  w h e n  r e a r r a n g e d  g i v e s ,
f (k^ 1 w^) = 1 2 - ^ = 2  ^ ‘"2>
f (k^ |w,) - -Xc^ P(w^)
f (kg 1 « 2’ =21- >>=1 P(«i>
f (kg 1 « 1) -Xc2 PCW2)
The s i g n i f i c a n c e  of the g e n e r a l r e s u lt  b e c o m e s  more
a p p a r e n t  w h e n one considers the s p e c i a l case w h e r e b y  ^ i 2 ~ ^ 2 l
a nd c^» c 2 for then.
f (k^ 1 w^)P(w^ ) f(k2 1 Wg)P(Wg)
f (k^ 1 W2)P(W2 ) f (k2 1 w^)P(w^)
a n d  if P ( w ^ ) = P ( Wg ) t h e n ,
f(ki 1 « 1) f(kg 1 Wg)
f (kj_ l»2> ■ f(%2 ! " 1'
T h u s ,  in t h e s e  s p e c i a l  ca se s ,  we n e e d  to c h o o s e  k^ and k^ so 
t ha t  t h e i r  l i k e l i h o o d  ra t i o s  are eq ua l .
233
If one were to choose the second of the criteria suggested
a b o v e  t hen  one w o u l d  n e e d  to m i n i m i s e  the cost of the
n
u n c l a s s i f i e d  ca se s .
f(t I w^) P(w^) dt + f(t I Wg) P(Wg) dt
for a s p e c i f i e d  cost of er r or ,  C, w h e r e .
C = c21 f(t I w^) P(w^) dt + c12 f(t I Wg) PfWg) dt
O n c e  a g a i n  this p r o b l e m  m a y  be s o l v e d  by the use of L a g r a n g e
m u l t i p l i e r s ,  l e a d i n g  us to c o n s i d e r  the f u n c t i o n ,
fk.
f(t I W^) P(W^) dt + Cg I f(t I Wg) PCwg) dt
+ X C — c21
f(t I w^) P(w^) dt - c^g f(t I W2) P(Wg) dt
W h i c h  on d i f f e r e n t i a t i n g  w i t h  r e s p e c t  to and kg p r o d u c e s  
e q u a t i o n s ,
f(k^ I W^)P(W^) + Cg f(k^ I Wg) P(Wg) t ^ C^g f(k^ I Wg)P(Wg)
f(kg I W^)P(W^) + Cg f(kg I Wg) P(Wg) 4- ^Cg^ f(kg | W^)P(W^)
=  0
= O
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s o t h a t ,
f  ( k ^ 1 w^) = 2  + A = 1 2
f  ( k ^ 1 V - 1
f ( k g 1 W g ) ^ 1  ^ ^ 2 1
f ( k g 1 w^) - ^ 1
If ^ is e liraitii^ t ed f rom this p a i r  of e q u a t i o n s  one fi nds  
that,
^12 I ^2^ ^(*2^
f(k^ I w^) P(w^) + Cg f(k^ I Wg) P(Wg)
Cg^ f(kg I w^) P(w^)
C^ f(kg I W^) P(W^) + Cg f(kg I Wg) P(Wg)
w h i c h  is e x a c t l y  the f o r m  of the r e l a t i o n s h i p  d e r i v e d  for 
the firs t c r i t e r i o n .
F i n a l l y  we m i g h t  c h o o s e  the th ir d  of o ur  su g g e s t e d  
c r i t e r i a ,  that is to m i n i m i s e  the total  cost,
rk.
'21
+ c.
f'(t I w^) P(w^) dt + c12 f (t I W g )  P (Wg) dt
f(t I w^) P(w^) dt + C g  f(t I W g )  P ( W g )  dt
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If we d i f f e r e n t i a t e  w i t h  r e s p e c t  to an d k^ and e q u a t e  to 
z e r o  we o bt ain .
=12 f(%i I «2’ ^ ' "2’ ■ =1 f(%i I «1) P(w^ ) -  Cg f(k^ I w^ ) PtWg) = O
and
Cgi f(kg I W^) P(W^) - f(kg I W^) P(W^) - Cg f(kg I Wg) P(Wg) = Q
T hu s  to find kj we need,
f(k^ I W^) C^ g - Cg P(Wg)
f(k^ I Wg) "  P(w^ )
and
f(k2 I " 2' _ =21 - =1 P<“ l>
fÜ Ç T ^ ) Cg P(Wg)
It is not s u r p r i s i n g  that th e s e  e q u a t i o n s  h a ve  no s o l u t i o n  
w h e n  c ^ 2 " = 2  = 2 I ° = 1  H  t h e s e  c os ts are e q u a l  we are
not d i s t i n g u i s h i n g  b e t w e e n  e r r o r s  and  u n c l a s s i f i e d  c a s e s .  In
p r a c t i c e  it m us t  be that u n c l a s s i f i e d  c a s e s  are less c o s t l y  
t h a n  e r r o r s , i.e..
=1 < =21
=2 < =12
2 3
9.4 Two Normal D i st ributi on s
We  w i l l  n o w  c o n s i d e r  the p r o b l e m  of f i n d i n g  the l i n e a r  
c l a s s i f i e r  that minibuses the to ta l  cost of p a r t i a l  
d i s c r i m i n a t i o n  w h e n  the two c l a s s e s  are m u l t i v a r i a t e  no rm a l  
bu t w i t h  d i f f e r i n g  c o v a r i a n c e  s t r u c t u r e s .  S u p p o s e  that the
tw o n o r m a l  distctbutions are N(p , Z ) and N(y^ , Z.X" The
—_L — 1  —2  —2
l i n e a r  c l a s s i f i e r  w i l l  h av e the form,
g(x_) = X
a nd  we w i l l  s u p p o s e  that the c l a s s i f i c a t i o n  rule is of the 
form,
a_' ^  classify as
^ ^2 classify as Wg 
else unclassified
T h i s  is the s i t u a t i o n  i l l u s t r a t e d  in f i g u r e  9.2 e x c e p t  that 
w e  n ow  k n o w  that the u n i v a r i a t e  d i s t r i b u t i o n s  are n o r m a l
w i t h  m e a n s  m, = a' y, and = a' y_ and v a r i a n c e s  = a' E a
1 —  — 1 2 —  — 2 L —  — L —
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U s i n g  $ to r e p r e s e n t  the cutnulative n o r m a l  distributicrL 
we m a y  e x p r e s s  the t o ta l cost R as,
k„ - k, -
R = {l - 0 ('-------- ) } P ( w J  + 0 (—  -----) PCw?)21 0^ 1 2J. o 2
k« - m, k, - m.
+ c, {0 (— -----) - $ (-^------) } P(w.)
krt “ ni« “ in„
+ o, {$ (— -----) - $ (-i------)) P(w,)
2 a °2
U s i n g  the r e s u l t s  f r o m  the p r e v i o u s  s e c t i o n  we k n o w  that,
p i  - “l l (=12 - P("2' ^ [(kj - '°2>
*1 L =1 ) °2 (• =2
and
P("2'=2 \ S - ^ 2l ^ (=21 - =l' P("l) ^ j ”'2 - “l'
=2 I =2 J =1 (- °1
w h e r e  0 r e p r e s e n t s  the u n i v a r i a t e  n o r m a l  d e n s i t y .
T h u s  g i v e n  a l i n e a r  c l a s s i f i e r  a' x we may d e d u c e  m^ and 
an d h e n c e  we m a y  so l v e  for k^ and k ^ . T h e s e  e q u a t i o n s  
a r e  in fact q u a d r a t i c s  in k^ and it is i m p o r t a n t  to c h a c k  
t h a t  one r e a l l y  does h a v e  the s o l u t i o n  that m i n i m i s e s  R.
In o r d e r  to m i n i m i s e  R w i t h  r e s p e c t  to a we n e e d  to 
d i f f e r e n t i a t e .  Us in g,
9R ^ 9R !î!i + M  3^1^ + 9R ^^2^
8a 8m^ 8a 8m^ 8a 8o ^  8a 3 a ^  8a
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so that at the minimum,
t = °
N o w ,
3m^ 3m^ 'bo ^
3~ ° Ji-I aT “ Ü-2 -IT = ^ ~  “ 2^ 2 i
SO that at the m i n im um
with
8R
3mi =1 t °1 I =1 L °i
c^P(w^) [>^1 - “ i]
9R ^ ( ^1 ” “ 2 1 ^ \ ^ 2 ~  ^2
   =   0 \   > -   0 ),--------
2  ^ 2  L  O g  J I ^2
c_P(w„) r k - m
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9r
3a
C2iP(Wi)
— T 3   0 (kg - in^ )
c.P(w, )
■ ■ - ■ -J 0
kg
(kg -  ra^)
c P(w ) {k - m l
+ ^57^  ^l^T^J '"i-V
9r
30g^ I < 0^ J
+ 0  l X ^ ]  (k, _ m jV  0 3 - 1  “2'
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T he  p r o c e d u r e  a d v o c a t e d  by P e t e r s o n  and M a t t s o n (1 96 6) is no 
l o n g e r  a v a i l a b l e  to us si n c e  all f o u r  of the d e r i v a t i v e s
d e p e n d  u p o n  the t h r e s h o l d  v a l u e s  k^* H o w e v e r  we m ay  still
a t t e m p t  e i t h e r  to o p t i m i s e  d i r e c t l y  or to try an i t e r a t i v e  
p r o c e s s ,  su ch as,
(a) m a k e  an i n i t i a l  gu e s s  a^
(b) d e r i v e  and o^ a nd h e n c e  k^ and kg
(c) E v a l u a t e  the p a r t i a l  d e r i v a t i v e s
(d) So l v e
^i+1 "
9R y  ^  3R f
9a — 1 9a 2  ^ — 2
9R 9r
y. + T—  y
9m^ — 1 9ra^  — 2
to o b t a i n  an u p d a t e d  e s t i m a t e
(e) if c o n v e r g e n c e  is not o b t a i n e d  r e t u r n  to (b)
To i l l u s t a t e  this a l g o r i t h m  the e x a m p l e  f r o m  P e t e r s o n  and 
M a t t s o n  has b e e n  used. He re we h a v e  two b i v a r i a t e  n o r m a l  
d i s t r i b u t i o n s  w it h  p a r a m e t e r s .
'4 1\ P(Wj)“0.4
d  1
c ;) P( w 2 > = 0 . 6
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5 1 %
57
Figure 9.4 
The partial discrimination solution to 
Peterson & Mattson's problem
242
10 A M E A S U R E  OF SEPARATION F OR  USE IN 
D E F I N I N G  N O N - P A R A M E T R I C  D I S C R I M I N A T I O N  S C H E M E S
10.1 I n t r o d u c t i o n
N o n - p a r a m e t r i c  d i s c r i m i n a t i o n  has a lon g h i s t o r y  in 
p a t t e r n  r e c o g n i t i o n  and has u s u a l l y  i n v o l v e d  one of three 
a p p r o a c h e s ;  e i t h e r  n o n - p a r a m e t r i c  d e n s i t y  e s t i m a t i o n ,
n e a r e s t  n e i g h b o u r  a n a l y s i s  or m o r e  r a r e l y  the use of 
t o l e r a n c e  i n t e r v a l s .  As we sa w in c h a p t e r  nine it is this 
l a t e r  a p p r o a c h ,  i n t r o d u c e d  by Q u e s e n b e r r y  and G e s s m a n (1968 ) 
t h a t  l ink s n a t u r a l l y  w i t h  p a r t i a l  d i s c r i m i n a t i o n .
In this c h a p t e r  we w ill  f i r s t l y  c o n s i d e r  the d e f i n i t i o n s  
b a s i c  to t o l e r a n c e  i n t e r v a l s  and  then c o n s i d e r  the
c h a r a c t e r i s t i c s  of a n o n - p a r a m e t r i c  m e a s u r e  of s e p a r a t i o n
t h a t  ca n  be u s e d  to d e f i n e  a d i s c r i m i n a t i o n  s c h e m e .  As w i t h  
a n y  o t h e r  m e a s u r e  of s e p a r a t i o n  we can d e f i n e  the s c h e m e  by 
l o o k i n g  for the l i n e a r  f u n c t i o n  of the o r i g i n a l  v a r i a b l e s  
t h a t  m a x i m i s e s  that m e a s u r e .  Th e s c h e m e  is v e r y  c l o s e l y  
r e l a t e d  to the m e t h o d  of n o n - p a r a m e t r i c  f e a t u r e  s e l e c t i o n  
d i s c u s s e d  in c h a p t e r  six and m a n y  of the r e s u l t s  p r e s e n t e d  
h e r e  are a l s o  r e l e v a n t  to that e a r l i e r  work . The m e t h o d  is 
u s e d  to a n a l y s e  the b a l l i s t o c a r d i o g r a m s  and p s y c h i a t r i c  data 
in c h a p t e r  e l ev e n.
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10.2 T o l eran ce  In ter val s
T h i s  s e c t i o n  c o n t a i n s  on ly the b r i e f e s t  of i n t r o d u c t i o n s  
to t o l e r a n c e  i n t e r v a l s .  F o r  a f u l l e r  a c c o u n t  w i t h  p r o o f s  see 
C u t t m a n (1 97 0).
S u p p o s e  that X is a r a n d o m  v a r i a b l e  w i t h  c o n t i n o u s
d e n s i t y  f(x) d e f i n e d  for all real x. If we c o l l e c t  a s a m p l e
of d a t a  an d u se it to e s t i m a t e  two v a l u e s ,
1 ^ (x^/ X2 I ••• I and I2 (^ 2  ^ ^2 ••• /
t h e n  the i n t e g r a l ,
•1
C = ^ f(x)dx
is k n o w n  as the c o v e r a g e  of the i n t e r v a l  (1 ^ , 1 2 ) and  the 
i n t e r v a l  is a b - c o n t e n t  r e g i o n  w i t h  c o n f i d e n c e  y if,
P(C % b) % y
T h e  p r o b l e m ,  h a v i n g  c h o s e n  b and is to find a m e t h o d  
for e s t i m a t i n g  1  ^ a nd 1 g s u c h  that the d e f i n i t i o n  is 
s a t i s f i e d .
G e n e r a l l y  the be st  e s t i m a t e s  for 1  ^ an d 1 2 w i l l  d e p e n d  
u p o n  the f o r m  of the d e n s i t y  f(x), but W i l k s ( 1 9 4 1 )  s h o w e d  
th at  if we take the r^^ o r d e r  s t a t i s t i c  ^ (r )  The
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(n-r + l)th o r d e r  s t a t i s t i c  % ( n - r + l )  v a l u e s  for 1^ and
 ^2 r e s p e c t i v e l y  then the r e s u l t i n g  i n t e r v a l  has a c o v e r a g e  
that  f o l l o w s  a b et a d i s t r i b u t i o n  ^ n - 2 r + l  2r r e g a r d l e s s  of 
the d i s t r i b u t i o n  of X. This p o w e r f u l  r e s u l t  e n a b l e s  one to 
u s e  t a b l e s  of the b et a  d i s t r i b u t i o n  to set up n o n — p a r a m e t r i c  
t o l e r a n c e  i n t e r v a l s  b a s e d  on the o r d e r  s t a t i s t i c s ,  a l t h o u g h ,  
of c o u r s e ,  n a r r o w e r  i n t e r v a l s  may  be o b t a i n e d  if the fo rm  of 
the d e n s i t y  is k n o w n.
T u k e y ( 1 9 4 7 )  i n t r o d u c e d  the t e rm  'b lo ck s '  to r e f e r  to the 
(n+1) i n t e r v a l s ,
(-00, X(1)) (X(l)' *(2)) • (*(n)'
T h e s e  b l o c k s  are sa id  to be s t a t i s t i c a l l y  e q u i v a l e n t  b e c a u s e
t h e y  all ha v e e x p e c t e d  c o v e r a g e s  e q u a l  to l / ( n + l ) .  In fact
the t o t a l  c o v e r a g e  of a n y  k b l o c k s  can be s h o w n  to f o l l o w  a
b e t a  d i s t r i b u t i o n  I, ,
k ,n - k + 1
T h e  o nl y f o r m  of d e n s i t y  f(x) that has r e c e i v e d  any 
a p p r e c i a b l e  c o n s i d e r a t i o n  . is the u n i v a r i a t e  n o r m a l .
W i l k s ( 1 9 4 1 )  s h o w i n g  that the i n t e r v a l ,
X z k s
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w h e r e  x a nd  s are the s a m p l e  m e a n  and s t a n d a r d  deviation, 
has e x p e c t e d  c o v e r a g e  b if k is ta ke n  to be.
T he  p r o b l e m  of s p e c i f y i n g  k for g i v e n  v a l u e s  of b and is
m o r e  c o m p l e x .  W a l d  and W o 1 f o w i t z (1 94 6) gave an a p p r o x i m a t e  
s o l u t i o n  w h e r e b y .
k = k^ k;
w i t h  k^ the s o l u t i o n  of.
and
k , . =
O t h e r s  s u c h  as B o w k e r ( 1 9 4 7 )  and W e i s s b e r g  and B e a t h ( 1 9 6 0 )  
h a v e  g i v e n  t a b l e s  for f i n d i n g  k.
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10,3 A T o n ~ P a r a m e t r i c  Measure oF Sep arati on
l-Je saw in chapter eight ho\; it is possible to define a
linear classifier g(x) =ri ' x h y a host of different methods.
One of the more popular techniques is to choose a so as to
rriaxinise some measure of the separation between the 
classes. Tn this section we v.'ill define a n o n-parametric  
m easure of separation that is based on tolerance intervals, 
that is simple to handle and that works well in practice.
The vast majority of measures of separation tl'.at have 
been suggested in the literature assume that the forms of 
the densities are knov;n and the few that don't tend to rely 
on the first two sample moments, implicitly assuming aa 
a n p r o x i m a t e  normal structure.
The proposed measure, wh i ch will be denote d by ^ , v; o u 1 d 
for k n o w n rli s tribu t i o n s be based on the quant il es. Sun pose 
that we have two uni varia to densities as illustrated in 
figure 10 . 1, then if without any loss of generality, we.
assume that,
* l ( q )  *2 (q)
w h e r e ,
Fi(Xi(p)) = p
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and p = l-q, q>n then v;c? nay define the separation to be,
R = *1(P) " *2(q) 
*l(q) ” *2(p)
It will he seen fron the illustrations that R expresses the 
overlap or separation between the two distr i b u t i o n s  as a 
proportion of the combined ra n tî.
2(p) Kp) 2(q) 2(p) 2(q) -  K p ) K q )
Figure 10.1 
Values used in the calculation of R
(P)
This measure w n u 1d qi ve noor results i u cases su c 11 as 
t o s e illustrated in f i q u r e 10,2 , where the overlap is 
total, however, such cases present no real problem as it is 
always possible to transform to the absolute d e v i a t i o n  from 
the centre of the nar r o wer density so revertiny to tlie
situation shown in figure 10. 1.
If one takes precautions to %iia rd apainst complete
overlap the R will always be a proportion, negative iftlio
d i s t r i b u t i o n s  overlap and positive if thcv are separated.
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Thus,
Kp) 2 (q)2 (p)
Figure 10.2
A configuration for which is unsuitable
As it s t A nJ s R is dependent on the form of the 
d i s t r i b u t i o n s  ^ , hut the work on tolerance r ee, i o n s s u o s t s 
that we ni 7, ht nake n non-^pa ra ne t r i c version,
*l(r) ~ *2(s) 
*l(s) " *2(r)
v'here s>r and x^^is the rth order statistic oP the sample 
from population ''i* The order statistics serve as 
non-“para ne trie estimates of xi(p), since,
and r can be chosen so tiia t ,
n+1
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Before c o n s idering the properties of R (rs)  ^^  i s
i n s t r u c t i v e  to note the relationship between P. and an
e s t a b l i s h e d  measure of separation conr.only used for nornal 
data.
If we have two normal d i s t r i 1> u t i o n s M( nnd
N ( y , o 2) with known parameters then
2 2
*i(p) = - “°i
^  (q) = ^  + “°1
w her e
a = $ ^(q)
Thus,
R
(y^  - aa^ ) - (y^, + otu^) 
(p) “ (y. + ao.) - (y_ - aa )
(ti^  - V2>
a +
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çîo that R is directly  linked to the measure
R a d  t h e  o b s e r v a t i o n s  x  c o m e  P r o i i  m u l t i v a r i a t e  n o r m a l  
d i s t r i b u t i o n s  w i t h  a  c o m m o n  c o v a r i a n c e  m a t r i x  t h e n  t h e  
l i n e a r  c o m b i n a t i o n  t h a t  m a x i m i s e s  R w o u l d  a l s o  m a x i m i s e ,
s.' (H.1 - 2 2 )
t h a t  i s  t o  s a y  i t  w o u l d  b e  t h e  u s u a l  l i n e a r  d i s c r i m i n a n t  
f u n c t i o n .
251
i:
10.4 Th e S a m p l i n g  D i s t r i b u t i o n  of R,
(rs)
G e n e r a l l y  the s a m p l i n g  d i s t r i b u t i o n  is v e r y  c o m p l e x  but 
as we w i l l  see it is p o s s i b l e  to a p p r o x i m a t e  the m e a n  and 
s t a n d a r d  d e v i a t i o n  so e n a b l i n g  a p a r t i a l  s u m m a r y .  We 
c o n c e n t r a t e  on the n o r m a l  c ase  si nc e that is the mo st l i k e l y  
to be of i n t e r e s t ,  but the m e t h o d  is g e n e r a l  e n o u g h  to be 
a p p l i e d  to a n y  s u s p e c t e d  u n d e r l y i n g  s t r u c t u r e .
Le t
^l(r) ’ *2(s)
^ T  *l(s) " *2(r)
so that
(rs) V
A s s u m i n g  that we h a v e two r a n d o m  s a m p l e s ,
E (u) =
S'X2(s))
Var(u) = Var(Xi(r,) +Var(X2(^))
E(v) =
Var(v) = + Var(X2(^,)
Cov(u,v) = Cov(Ki(r)_, Xi(s,) + Cov(x,
2(r) ' ='2(s)’
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T a k i n g  the u s u a l  a p p r o x i m a t i o n s  for the m o m e n t s  of a ratio, 
see for e x a m p l e ,  K e n d a l l  an d S t u a r t (1 966 ),
= E(u)/E(v)
Var(R, J =
(rs) E(v)
Var(u) _ 2Cov(u,v) Var(v)
E(u)^ ” E(u)E(v) E(v) ^
U s i n g  t h e s e  f o r m u l a e  we m a y  r e l a t e  the m e a n  and s t a n d a r d  
e r r o r  of to the p r o p e r t i e s  of the o r d e r  s t a t i s t i c s  of
the o r i g i n a l  data.
T he jo i n t  d i s t r i b u t i o n  of x ^^^ ^ and x^^^^  c an be w r i t t e n  
in terras of the d i s t r i b u t i o n  f u n c t i o n s  as,
) (s) ’ (x. )dF^(x.
B(r, s-r) B(s, n-s+1)
w h e r e  n^ a re  the s a m p l e  size s and B is the beta f u n c t i o n .
F o r t u n a t e l y  it is not n e c e s s a r y  that we e v a l u a t e  the 
m o m e n t s  of this e x a c t  d i s t r i b u t i o n  b e c a u s e  D a v i d  and
J o h n s o n (1 954 ) d e r i v e d  e x p a n s i o n s  for the m o m e n t s  u s i n g  a 
m e t h o d  due to K a r l  P e a r s o n  w h e r e b y  the o r d e r  s t a t i s t i c  x , .
■ . i V t /
is o b t a i n e d  as a T a y l o r  s e r i e s  a b o u t  the true va l u e
253
This me tho d leads to expr e s s i o n s  for the moments of x^^^^ in
terras of a n d  its d e r i v a t i v e s ,
X
i(r)
^ A ( r )
dF.
k — 1, 2/ ...
""3
I g n o r i n g  te r ms  in (n+2) the a p p r o x i m a t i o n s  to the first 
two m o m e n t s  b e c o m e ,  ( d r o p p i n g  the s u f f i x  i).
Pr % 11 Pr 9r
= = \  + 2(ÏÏÎ2) \ 8
1 1 1 11 1 11 11  ^
(r) ) = \  ^ 2 "îr-Pr>\  ' ^ r V  + >
"Ir - Ps> %s'
In the ca se w h e r e  th e d at a  is n o r m a l l y  d i s t r i b u t e d .
i.e. X 'v N(y,o2)
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th en
= ü/2tÏ exp[-*5(X^  - y) ^ /a^ ]
=  27t (X^  -  y )  exp[(X^ - y ) ^ / a ^ ]
X
111 = a(2TT) ^ (1 + 2 (x^  - y)2/o2) expjy (X^ ~ y)^/a^J
IV
X^ = (27t)^(x^ - y) (7 + 6(X^ - y) ^ /a^) exp [2 (X^ - y)^/a^]
U s i n g  t he s e  f o r m u l a e  we m a y  c a l c u l a t e  the a p p r o x i m a t e  
m o m e n t s  o f R ^ y. Th u s  by w a y  of i l l u s t r a t i o n  s u p p o s e  that 
we c o n s i d e r  two d i s t r i b u t i o n s  that are N ( 0 , 1 )  and N ( 3 , l )  and 
that we take n ^ = n 2 = 2 0 ,  r=3, s=18, we find that
S(*3,18' " 0-140
St error (R^ - 0.093
In o r d e r  to c o n f i r m  th e s e  c a l c u l a t i o n s  and to get an 
i m p r e s s i o n  of the s h a p e  of the s a m p l i n g  d i s t r i b u t i o n  a 
s i m u l a t i o n  was p e r f o r m e d  in w h i c h  500 p a i r s  of s a m p l e s  of 
s iz e  20 w e r e  g e n e r a t e d  f r o m  t h es e  d i s t r i b u t i o n s .  The 
s i m u l a t i o n  p r o d u c e d ,
mean (R ) = 0.141
u / Xo ■ '
St error (R_ = 0.096
J/lO
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T h e  s h a p e  is s h o w n  in fi gu r e  10.3 d e m o n s t r a t i n g  that the 
n o n  n o r m a l i t y  is not s u f f i c i e n t  to m a k e  the use of the first 
t wo m o m e n t s  m i s l e a d i n g .
The S a m p l i n g  d i s t r i b u t i o n  b e c o m e s  less s y m m e t r i c a l  if one 
c o m p a r e s  two d i s t r i b u t i o n s  w i t h  u n e q u a l  v a r i a n c e s .  F i g u r e
10 .4 i l l u s t r a t e s  the r e s u l t s  of a s i m u l a t i o n  of N ( 0 , 1 )  and 
N ( 3 , 4 )  w i t h  s a m p l e  si ze s  of 20. This time the t h e o r y  
p r e d i c t s  that * ( 3 , 1 8 ) w i l l  h a v e  an a v e r a g e  v a l u e  of - 0 . 0 6 1  
a nd a s t a n d a r d  e r r o r  of 0.123. Th e s i m u l a t i o n  gave 
c o r r e s  p o n d i n g  e s t i m a t e s  of - 0 . 0 6 5  a n d  0 . 1 2 3
The e f f e c t  of s a m p l e  siz e can be se en  in f i g u r e s  10.5 and 
10.6. In th e se  f i g u r e s  the sa me d i s t r i b u t i o n s  h a v e  be e n used 
but w i t h  s a m p l e  si ze s of 40 and  r=6, s=35. The n o r m a l i t y  is 
noticeably b e t t e r  e v e n  in the c as e  of u n e q u a l  v a r i a n c e .
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Frequency
5%-
0% m
0,2 - 0.1 .1 .2 .3O
Figure 10.3
The Sampling distribution of R^ for samples of size 20 from
N(0,1) and N(3,l)
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Frequency
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Figure 10,4
The sampling distribution of R_ for samples
O y 1 D
of 20 from N(G,1) and (\l(3,4)
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Figure 10.5
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The sampling distribution of R^ for samples 
of 40 from N(Q,1) and I\!(3,1)
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Figure 10.6
The sampling distribution of ^5 
of 40 from f\!(0,l) and N(3,4)
for samples
260
10.5 C o m p ar in g Measu r e s  of Sepa ra tion
It is v e r y  d i f f i c u l t  to o b t a i n  fa ir c o m p a r i s o n s  b e t w e e n  
m e a s u r e s  of s e p a r a t i o n  s i n c e  t h e i r  p e r f o r m a n c e  is b o u n d  to 
v a r y  w i t h  the s t r u c t u r e  of the data. In the u s u a l  w a y  we 
w i l l  l oo k  at the c o m p a r a t i v e  p e r f o r m a n c e  of R and a c o m m o n l y  
u s e d  a l t e r n a t i v e  in the c as e w h e r e  the d at a  are n o r m a l l y  
d i s t r i b u t e d .  The r e s u l t s  do ne ed  to be i n t e r p r e t e d  w i t h  care 
as R is m e a n t  as a n o n - p a r a m e t r i c  m e a s u r e  and the 
a l t e r n a t i v e  is not. T h e s e  r e s u l t s  are m or e  i l l u s t r a t i v e  of 
the type of a n a l y s i s  that co ul d  be p e r f o r m e d  g i v e n  an a c t u a l  
p roble m.
T he  m e a s u r e  of s e p a r a t i o n  that we w i l l  u s e  in the 
c o m p a r i s o n  is one g e a r e d  to n o r m a l  data, that is,
^ ^ X, - K,
s^)
A s i m u l a t i o n  was p e r f o r m e d  m e a s u r i n g  D for 500 s a m p l e s  of 
s i z e  20 u s i n g  the d i s t r i b u t i o n s  e m p l o y e d  in the p r e v i o u s  
s e c t i o n .  Th e r e s u l t s  w er e,
D sample mean st.dev.
N(0,1) v.s N(3,l) 3 3.070 0.480
N(0,iy vs N(3,4) 2 2.035 0.401
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In t h e m s e l v e s  t h e s e  f i g u r e s  tell us v e r y  l i t t l e  a b o u t  the 
r e l a t i v e  m e r i t s  of R and D. H o w e v e r  a c o m p a r i s o n  b e c o m e s  
p o s s i b l e  if we loo k at t h e i r  r e l a t i v e  a b i l i t i e s  to 
d i s t i n g u i s h  b e t w e e n  two s i m i l a r  p ai rs  of p o p u l a t i o n s .  Th us  
s u p p o s e  that the p a r a m e t e r s  are c h a n g e d  s l i g h t l y  so that we 
w e r e  to c o m p a r e  N ( 0 , 1 )  w i t h  N ( 3 . 5 , l ) ,  c l e a r l y  D i n c r e a s e s  to 
3.5, a c h a n g e  of 0.5 w h i c h  is 104% of the s t a n d a r d  
d e v i a t i o n .  The  sa m e c h a n g e  in R is f r o m  0. 141 to 0 . 2 1 5  o n l y  
77% of the o r i g i n a l  s t a n d a r d  d e v i a t i o n .  C l e a r l y  D is 
p r e f e r a b l e  for this c o n f i g u r a t i o n ,  w h i c h  is as one m i g h t  
e x p e c t  g i v e n  that the d a t a  are no rm a l .
C h a n g i n g  N ( 0 , 1 )  and N ( 3 , 4 )  into N ( 0 , 1 )  and N ( 3 . 5 , 4 )  
p r o d u c e s  an 83% c h a n g e  in D an d a 63% c h a n g e  in R, a g a i n  
f a v o u r i n g  D .
If the s a m p l e  s i z e s  are i n c r e a s e d  to 40 the r e s u l t s  
b e c o m e  ;
R D
N(0,1) is N(3,l) 115% 150%
N(0,1) is N(3,4) 87% 113%
s h o w i n g  a s i m i l a r  a d v a n t a g e  for D.
O n c e  a g a i n  the p a r t i c u l a r  c o m p a r i s o n  is less i m p o r t a n t  
t h a n  the g e n e r a l  m e t h o d .  In the next s e c t i o n  we w i l l  us e  the 
i d e a  of the s e n s i v i t y  of a m e a s u r e  of s e p a r a t i o n  to c h a n g e s  
in the u n d e r l y i n g  c o n f i g u r a t i o n  in o r d e r  to s e l e c t  the be st  
v a l u e s  for r and s in the d e f i n i t i o n  of
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10.6 The S e n s i t i v i t y  of R
T h e  m o s t  i m p o r t a n t  p r o p e r t y  of any m e a s u r e  of s e p a r a t i o n  
is that it can, on the b a s i s  of s a m p l e d  data, tell r e l i a b l y  
w h i c h  of two c o n f i g u r a t i o n s  is the f u r t h e r  a p a r t .  In this
s e c t i o n  we w i l l  c o n s i d e r  h o w  good R is in this r e s p e c t .  It
is, of c o u r s e ,  not p o s s i b l e  to look at all of the s i t u a t i o n s  
t h a t  m i g h t  a r i s e  in the use of a n o n - p a r a m e t r i c  m e a s u r e ,  but 
th e m e t h o d  is g e n e r a l  and can be a p p l i e d  to a n y  p r o b l e m  of 
s p e c i a l  i n t e r e s t .
T he  s i m p l e s t  case, w h i c h  we n o w  c o n s i d e r ,  is w h e n  the
2 2
c l a s s e s  are n o r m a l l y  d i s t r i b u t e d ,  N(0, ^ ) and N(d, o ). 
F i g u r e  10.7 s h o w s ,  for n=20, the e x p e c t e d  v a l u e  of R^^ 18) 
a g a i n s t  the s e p a r a t i o n  d/o". It w i l l  be n o t e d  that E ( R ^ g  ig)^ 
v a r i e s  m u c h  m o r e  q u i c k l y  w i t h  s m a l l  c h a n g e s  in the 
s e p a r a t i o n  w h e n  the d i s t r i b u t i o n s  are c l o s e  t o g e t h e r ,  this 
is as one w o u l d  w i s h  in p r a c t i c e ,  a l t h o u g h  the s t a n d a r d  
e r r o r  of R is a l s o  an i m p o r t a n t  c o n s i d e r a t i o n .
B e c a u s e  of the p r o b l e m s  i n v o l v e d  in s a m p l i n g  we c a n n o t  
r e l y  on the e x p e c t e d  v a l u e s  a l o n e  but m ust  al s o c o n s i d e r  the
a c c u r a c y  w i t h  w h i c h  the m e a s u r e  can be e s t i m a t e d .  Th is  ma y
w e l l  a l s o  v a r y  w i t h  the s e p a r a t i o n ,  as is s h o w n  in f i g u r e
10.8, w h i c h  s h o w s  the s t a n d a r d  e r r o r  of R^^  ^g ^  p l o t t e d
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E(R
3,18
Separation d/cr
Figure 10,7 
Variation in [(R^  ^g) with separation
st error
Separation d/
Figure 10,9
standard error of  ^^  for various separations
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agai nst  the separation.
To p r o d u c e  a s e n s i t i v e  m e a s u r e  of s e p a r a t i o n  we r e q u i r e  
th at  a s m a l l  c h a n g e  in the s e p a r a t i o n  s h o u l d  p r o d u c e  a large  
c h a n g e  in the m e a s u r e ,  that is l a r g e  r e l a t i v e  to the 
s t a n d a r d  e r r o r  w i t h  w h i c h  the m e a s u r e  is e s t i m a t e d .  We thus 
a d o p t  the f o l l o w i n g  m e a s u r e  of s e n s i t i v i t y .
^  = f  /
®  ' St error (R)
W e  h a v e  a l r e a d y  s e e n  that this v a l u e  w i l l  v a r y  w i t h  the
s e p a r a t i o n ,  h o w e v e r  a g r a p h  of the type s h o w n  in f i gu r e
10.9, c o v e r i n g  a p r a c t i c a l  r a n g e  of s e p a r a t i o n s  g ive s a go od  
o v e r a l l  p i c t u r e .
In this p a r t i c u l a r  ca se  d i f f e r e n t  p a i r s  of o r d e r
s t a t i s t i c s  h a v e  b e e n  c o m p a r e d .  Thus we see that the use of 
the e x t r e m e s  f r o m  s a m p l e s  of size 20, i.e. the or d e r
s t a t i s t i c s  1 and 20, p e r f o r m s  p a r t i c u l a r l y  b a d l y  w h e n  the
s é p a r a  t ion is small , say less t ha n 2, and at w id e
s e p a r a t i o n s  the o r d e r  s t a t i s t i c s  f u r t h e s t  f ro m  the e x t r e m e s
p e r f o r m  le a s t  well.
W e r e  we r e q u i r e d  to c h o o s e  the best o r d e r  s t a t i s t i c s  on 
w h i c h  to b a se  out m e a s u r e  th en c l e a r l y  our a n s w e r  w o u l d  
d e p e n d  u p o n  the s e p a r a t i o n ,  but e i t h e r  (2 ,19 ) or ( 3,1 8)  
w o u l d  s e e m  to be r e a s o n a b l e - o v e r  m o s t  of the range.
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^sensitivity
2.5
3,18
1 ,2 0
5,16
7,14
separation
Figure 10.9
The sensitivity of R for various combinations of order
statistics
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10.7 Problems with M u l t i d i m e n s i o n a l  Data
It m u s t  be b o r n  in m i n d  w h e n  c o n s i d e r i n g  th es e r esu lt s  
that t h ey  a s s u m e  that one has a p a i r  of u n i v a r i a t e  n o r m a l  
d i s t r i b u t i o n s .  Th e n o r m a l i t y  a s s u m p t i o n  is not c r i t i c a l  in 
th at  the m e t h o d s  u s e d  are q u i t e  g e n e r a l  and co ul d  be 
r e p e a t e d  for o t h e r  c a s e s .  H o w e v e r ,  the r e s t r i c t i o n  to 
u n i v a r i a t e  d i s t r i b u t i o n s  is b o u n d  to h a v e  an e f f e c t .
T h e  r e s u l t s  q u o t e d  so far w o u l d  be a p p l i c a b l e  w e r e  R to 
be u s e d  as a u n i v a r i a t e  f e a t u r e  s e l e c t i o n  c r i t e r i o n  but if 
the p r o b l e m  of s e l e c t i o n  or of c l a s s i f i e r  d e s i g n  is to be 
v i e w e d  in a m u l t i v a r i a t e  w a y  th en  the p i c t u r e  wi l l ch a n g e .  
In the n ex t  c h a p t e r  R is u se d  to d e f i n e  a l i n e a r  c l a s s i f i e r  
by s e a r c h i n g  for the l i n e a r  c o m b i n a t i o n  of the o b s e r v e d  
v a r i a b l e s  that m a x i m i s e s  the s é p a r a t i o n . O ur  r e s u l t s  do not 
a l l o w  for the p r o c e s s  of c h o o s i n g  an o p t i m u m  and the 
s a m p l i n g  d i s t r i b u t i o n  fo u nd  in s e c t i o n  10.4 c a n n o t  t h e r e f o r e  
be used. Al l t ha t we  c a n  say is that,
(a) F o r  l a r g e  s a m p l e s  f r o m  m u l t i v a r i a t e  n o r m a l  p o p u l a t i o n s  
w i t h  e q u a l  c o v a r i a n c e  s t r u c t u r e s ,  m a x i m i s i n g  R w i l l  lead to 
the u s u a l  l i n e a r  d i s c r i m i n a n t  f u n c t i o n .
(b) Th e d e f i n i t i o n  of R is n o n - p a r a m e t r i c  and s h o u l d  r e m a i n  
s e n s i b l e  so l on g  as one g u a r d s  a g a i n s t  c o m p l e t e  o v e r l a p .
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11. A p p l i c a t i o n  of the M e t h o d  of 
N o n - p a r a m e t r i c  D i s c r i m i n a t i o n
11.1 Intr o d u c t i o n
We  w i l l  n o w  c o n s i d e r  the a p p l i c a t i o n  of the m e a s u r e  of 
s e p a r a t i o n  s u g g e s t e d  in the p r e v i o u s  c h a p t e r  to the a n a l y s i s  
of the b a l l i s t o c a r d i o g r a m s  and the da t a on d e p r e s s i o n .  
A l t h o u g h  the m e a s u r e  of s e p a r a t i o n  was s u g g e s t e d  so that it 
w o u l d  r e m a i n  s e n s i b l e  for an y c o n t i n o u s  d i s t r i b u t i o n  we ha ve  
not as yet se en  it a p p l i e d  to d i s c r e t e  p r o b l e m s .
T h e  p s y c h i a t r i c  d a t a  has s y m p t o m s  m e a s u r e d  on a f o u r  or 
f i v e  p o i n t  s c a l e  and as s u ch  w o u l d  a p p e a r  to c o n t r a d i c t  the 
b a s i c  a s s u m p t i o n s  of a t o l e r a n c e  i n t e r v a l  ba s e d  a p p r o a c h .  
H o w e v e r ,  it is u s e d  to d e f i n e  l i n e a r  c o m b i n a t i o n s  of the 
s y m p t o m s ,  so p r o d u c i n g  s c a l e s  w h i c h  a l t h o u g h  st i l l  d i s c r e t e  
a c t u a l l y  c o n t a i n  m a n y  v a l u e s .  The p e r f o r m a n c e  of the 
r e s u l t i n g  c l a s s i f i c a t i o n  s c h e m e  se e m s  to s u g g e s t  that u n d e r  
t h e s e  c o n d i t i o n s  the m e t h o d  is st i l l  g i v i n g  m e a n i n g f u l  
r e s u l t s .
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11.2 The B a l l i s t o c a r d i o g r a m s
In this s e c t i o n  we w i l l  lo ok at the da ta on
b a l l i s t o c a r d i o g r a m s  d e s c r i b e d  in d e t a i l  in c h a p t e r  three. 
F o l l o w i n g  the f e a t u r e  s e l e c t i o n  d e s c r i b e d  e a r l i e r  it wo u ld  
a p p e a r  that of the w a v e  p a t t e r n  the i m p o r t a n t  v a r i a b l e s  are 
the a m p l i t u d e s  of the H , K , L , M  and N wa v es ; th e se  are the
f e a t u r e s  u s e d  in this a n a l y s i s .
T h e  a l g o r i t h m  u s e d  m e r e l y  c o n s i s t e d  of a n u m e r i c a l  s e a r c h  
for the l i n e a r  f u n c t i o n  of the five v a r i a b l e s  that gave the 
l a r g e s t  m e a s u r e  of s e p a r a t i o n  R. E x p e r i e n c e  s h o w e d  that it 
w a s  n e c e s s a r y  to try s e v e r a l  d i f f e r e n t  s t a r t i n g  p o i n t s
b e f o r e  one c o u l d  be s ur e of c o n v e r g i n g  to the m a x i m u m
s e p a r a t i o n .  The o p t i m i s i n g  a l g o r i t h m  u se d  was that d e s c r i b e d  
by N e l d e r  and M e a d ( 1 9 6 5 ) .  Th is  a l g o r i t h m  is r e l a t i v e l y  q u i c k  
and does not r e q u i r e  that the d e r i v a t i v e s  of the f u n c t i o n  be 
k n o w n ,  i n d e e d  it does not e v e n  r e q u i r e  that the f u n c t i o n  be 
f r e e  of dis continuities and as s u ch  is w e ll  s u i t e d  to this
t y p e  of p r o b l e m .
T h e  s a m p l e  si z e s  v a r y  in this d a t a  set, there b e i n g  50 
p a t h o l o g i c a l  and 81 n o r m a l  w a v e s ,  c o n s e q u e n t l y  if one w i s h e s  
to a c h i e v e  the s a m e  a p p r o x i m a t e  q u a n t i l e  for e ac h  
d i s t r i b u t i o n  it is n e c e s s a r y  that we use d i f f e r e n t  o r d e r  
s t a t i s t i c s .  In the f i r s t  a n a l y s i s  the va l u e  of p was k e p t
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c l o s e  to 0 . 0 5  by u s i n g  the 3rd and 48th o r d e r  s t a t i s t i c s  
f r o m  the p a t h o l o g i c a l  d a t a  set and the 4th and 7 8 t h  f r o m  the 
n o r m a l  g rou p.  U s i n g  th e s e  v a l u e s  one fi nds  that the o p t i m u m  
s e p a r a t i o n  is R = - 0 . 0 8 1 ,  that is an o v e r l a p  of 8% of the 
c o m b i n e d  range.  T he l i n e a r  c o m b i n a t i o n  that gi v e s  this 
s e p a r a t i o n  b e i n g  d e s c r i b e d  by the w e i g h t s ,
H K L M N
.30 - . 9 0  -. 1 9 - . 2 4  .12
T h e  a m p l i t u d e s  h a v e  r o u g h l y  c o m p a r a b l e  v a r i a b i l i t y  and so 
the w e i g h t s  give a g oo d i n d i c a t i o n  of the r e l a t i v e  
i m p o r t a n c e  of e a c h  wa v e . It s h o u l d  be no t e d  that this 
s o l u t i o n  d i f f e r s  f r om  that o b ta i n ed  in c h a p t e r  nine.
F i g u r e  11.1 s h o w s  the s c o r e s  for ea c h  case on this scale, 
and s h o w s  i m m e d i a t e l y  the h i g h l y  f r a g m e n t e d  n a t u r e  of the 
d i s t r i b u t i o n s .  As has b e e n  memtioned b e f o r e  this is a l m o s t  
c e r t a i n l y  due to the fact that we h a v e  r e p e a t  m e a s u r e m e n t s  
on a f e w  s u b j e c t s .
F o r c e d  d i s c r i m i n a t i o n  c o u l d  be ba s e d  on a t h r e s h o l d  of,
^1^1(3) *2(78) I ^
E v e n  w i t h i n  the t r a i n i n g  sets u s e d  to d e f i n e  the s c h e m e  this 
r e s u l t s  in a 24% e r r o r  rate.
A p a r t i a l  d i s c r i m i n a t i o n  s c h e m e  m i g h t  be b a s e d  u p o n  
t h r e s h o l d s  at * 2 ( 7 8 )  g i v i n g  the r e q u i r e d  e r r o r
r a t e  of 5% but l e a v i n g  38% of c as es u n c l a s s i f i e d .
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Figure 11.1
Individual scores for the linear combination of features that
maximisesR(o.05)
A s e c o n d  analysis'Wf5s p e r f o r m e d  w i t h  the 1st and 50th 
o r d e r  s t a t i s t i c s  f r o m  the p a t h o l o g i c a l  g r o u p  and the 2nd and 
8 0t h  f r o m  thé n o r m a l s .  T hu s  a c h i e v i n g  a p v a l u e  of a bou t  
0.02. Th e s o l u t i o n  c h a n g e s  q u i t e  d r a m a t i c a l l y  n o w  g i v i n g
m o r e  w e i g h t  to the H and M w a v e s .  The r e s u l t s  are,
H K L M N
.40 — .20 — .25 — .84 — . 15 
T he  f o r c e d  c l a s s i f i e r  gi ve s  an e r r o r  rate of 24%, just as 
b e f o r e ,  and the p a r t i a l  c l a s s i f i e r  gi v e s  the r e q u i r e d  2% 
e r r o r  rate and a 44% u n c l a s s i f i e d  rate. The i n d i v i d u a l
s c o r e s  are s h o w n  in f i g u r e  11.2.
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Figure 11.2
Individual scores for the linear combination of features that
maximises R(0.02)
The d i f f i c u l t i e s  e n c o u n t e r e d  w i t h  this data set are due 
to it h a v i n g  be en  c o l l e c t e d  as r e p e a t e d  m e a s u r e m e n t s  on a 
f e w  s u b j e c t s .  The f r a g m e n t a r y  n a t u r e  of the d i s t r i b u t i o n s  
m a k i n g  it v e r y  d i f f i c u l t  to find a s i n g l e  l i n e a r  c l a s s i f i e r .  
There w o u l d  be good g r o u n d s  for t r e a t i n g  these  d ata  as c o m i n g  
f r o m  a s e r i e s  of s u b - p o p u l a t i o n s ,  one for ea ch  i n d i v i d u a l ,  
but the neces sar y i n f o r m a t i o n  is not a v a i l a b l e .
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11.3 The P s y c h i a t r i c  Data
T h i s  d a t a  set c o n t a i n s  d e t a i l s  of 42 s y m p t o m s  on p a t i e n t s  
w i t h  one of fi v e  ty p e s  of d e p r e s s i o n .  In o r d e r  to i l l u s t r a t e  
the u se  of the m e a s u r e  of s e p a r a t i o n ,  R, it was n e c e s s a r y  to 
t r e a t  the c l a s s e s  in p a i r s  and to p e r f o r m  so me  p r e l i m i n a r y  
f e a t u r e  s e l e c t i o n .  M a n y  of the s y m p t o m s  c a r r y  no i n f o r m a t i o n  
at al l t h a t is r e l e v a n t  to a p a r t i c u l a r  pair of c l a s s e s  and 
to r e d u c e  the c o m p u t a t i o n a l  load a f ir s t  s t a g e  s e l e c t i o n  was 
e m p l o y e d  w h e r e b y ,  for that p a i r  of c l a s s e s ,  the 22 s y m p t o m s  
w i t h  the s m a l l e s t  m e a n  d i f f e r e n c e  in s c or e s  w e r e  e l i m i n a t e d  
f r o m  c o n s i d e r a t i o n .
W o r k i n g  w i t h  the r e m a i n i n g  t w e n t y  s y m p t o m s  an i n t e r a c t i v e  
p r o g r a m  was us ed  that e n a b l e d  one to r e m o v e  s y m p t o m s  and to 
see the e f f e c t  that that r e m o v a l  w o u l d  h a v e  o n  the o p t i m u m  
s e p a r a t i o n .  Th e p r o g r a m  was u s ed  to r e d u c e  the n u m b e r  of 
s y m p t o m s  by a s e q u e n t i a l  b a c k w a r d  s e l e c t i o n  p r o c e s s  s t o p p i n g  
just b e f o r e  R w e n t  n e g a t i v e .
T h e  s i z e s  of the t r a i n i n g  sets va r y q u i t e  c o n s i d e r a b l y ,  
the l a r g e s t  b e i n g  41 a nd  the s m a l l e s t  b e i n g  15, thus som e  
a l l o w a n c e  n e e d s  to be ma d e in the c h o i c e  of the m e a s u r e  of 
s e p a r a t i o n .  In the a n a l y s i s  that f o l l o w  ^  o r d e r  s t a t i s t i c s  
w e r e  c h o s e n  to k e e p  as c l o s e  as p o s s i b l e  to p = 0 . 0 7 5  and 
q * 0 . 9 2 5 ,  w h e r e  this was' not p o s s i b l e  e x a c t l y  the p r o g r a m
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SUMMARY OF RESULTS
CLASS 1 vs CLASS 2
Maximum' separation R = 0,15
Selected symptom
19 Hopelessness
28 Loss of weight
29 Delayed sleep
39 Delusion or hallucination
Weight
.225
.421
-.226
.849
2.18
-.27 1,7  ^ 2.56 5.89
class 2 class 1
Class 1 is associated with high scores on symptoms 19, 28 
and 39 but a lower score on symptom 29
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CLASS 1 vs CLASS 3
Maximum separation R = 0.26
Selected symptom Weight
16 Brooding 
18 Depressed mood 
32 Irritability
38 Observed depression
39 Delusion or Hallucination
-.326
-.374
-.323
.473
.653
-.25
-2.73 -.90 .40 2.36
-2 -1
class 3 class 1
As with the comparison between classes 1 and 2, class 1 
is again best distinguished by a high score on symptom 39.
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CLASS 1 vs CLASS 4
This is a special case in that subjects in class 4 
always score zero on symptoms 35 and 39, whereas subjects 
from class 1 always score more than zero. The fact that R 
is less than one reflects the variability within class 1.
Maximum separation R = 0 . 2 5
Selected symptom Weight
36 Agitation
39 Delusion or hallucination
.707
.707
71
1.41 5.63
class 4 class 1
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CLASS 1 vs CLASS 5
Maximum separation R = .49
Selected symptom Weight
10 Depressed mood 
36 Agitation
38 Observed depression
39 Delusion or hallucination
.999
. 0 1 1
.019
.022
.0 2.02
3.04
4.06 4.16
class 5 class 1
Clearly discrimination is based almost entirely on 
the observation of a depressed mood. As with the other 
comparisons involving class 1, delusion and hallucination 
are still good indicators, but of relatively less use in 
this case.
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CLASS 2 vs CLASS 3
Maximum separation R = .11
Selected symptom Weight
12 Specific phobias
18 Anxiety avoidance
25 Ideas of reference
28 Loss of weight
35 Subjective loss of affect
36 Agitation
38 Observed depression
41 Obsessive symptoms
.134
.312
-.156
— .094
.167
.828
-.119
.351
2 7
1.18
I
I
.93 1 1.43 4.05
class 3 class 2
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CLASS 2 vs CLASS 4
Maximum separation R = .25
Selected symptom
18 Depressed mood 
36 Agitation 
41 Obsessive symptoms
Weight
-.256
-.819
-.513
-1,54
-4.55 —2.0 5 I — 1 03 -.51
-5 -4 -3 - 2 -1
class 4
^ — — — r
class 2
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CLASS'2 vs CLASS 5
This is another special case in that the maximum score of 
any patient from class 5 on symptoms 18 and 36 is one, whereas 
the minimum score for a patient from class 2 is two.
Maximum separation R = .25
Selected symptom Weight
18 Depressed mood 
36 Agitation
.707
.707
2 . 1 2
.0 1 .41 2.83 • 66
class 5 class 2
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CLASS 3 vs CLASS 4
Maximum separation R = ,08
Selected symptom Weight
2 Tension pain -.119
10 Situational autonomic anxiety .274
11 Autonomic anxiety on meeting people .399
15 Poor concentration .120
21 Morning depression .324
27 Pathological guilt ,705
331 Early waking .135
32 Irritability .187
35 Subjective loss of affect .286
.33
2.47
I
2.23 2.72 6.80
class 4 class 3
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CLASS 3 vs CLASS 5
Maximum separation R = *18
Selected symptom
7 Nervous tension
21 Morning depression
37 Observed anxiety
38 Observed depression
Weight
-.316
.063
-.316
.633
-2.53
-2 -1
.0
4-
0
.63
1
I
I
I
1,27 4,43
class 5 class 3
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CLASS "4 vs CLASS 5
Maximum separation R = .15
Selected symptom Weight
10 Situational autonomic anxiety -.160
11 Autonomic anxiety on meeting people -.609
15 Poor concentration -.335
18 Depressed mood .096
37 Observed anxiety -.640
38 Observed depression *270
— 6.86
-1.82
I
—2.40 I —1.25 .72
-7 -6 -"5 -4 -1
class 5 class 4
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In order to judge the worth of the scheme one must
o b t a i n  so me e s t i m a t e  of the e r r o r  rate. In the a b s e n c e  of a 
p a r a m e t r i c  m o d e l  for the d a t a  the best w a y  of o b t a i n i n g  su ch  
a n  e s t i m a t e  is by u s i n g  the ' l e a v e - o n e - o u t '  m e t h o d  s u g g e s t e d  
b y  L a c h e n b r u c h  and M i c k e y (19 6 8) . A c c o r d i n g  to this m e t h o d  
e a c h  c a s e  is o m i t t e d  in t urn  and the d i s c r i m i n a n t  f u n c t i o n  
is c a l c u l a t e d  u s i n g  the r e m a i n i n g  c a s e s .  The c ase  that was 
le ft  out is t he n c l a s s i f i e d  a c c o r d i n g  to this d i s c r i m i n a n t  
f u n c t i o n  and the r e s u l t s  are a v e r a g e d  o ve r  all ca s e s .
S i n c e  we h a v e  five c l a s s e s  of d e p r e s s i o n  it is n e c e s s a r y
to c a l c u l a t e  al l ten p o s s i b l e  f u n c t i o n s  and th en c l a s s i f y
th e o m i t t e d  ca se  a c c o r d i n g  to ea ch.  If the s u b j e c t  is p l a c e d  
in one c l a s s  in p r e f e r e n c e  to all o t h e r s  the n that is t a k e n  
as its c l a s s i f i c a t i o n .  If, on the o t h e r  hand,  th e r e  is a 
c o n t r a d i c t  ion t h en  the c a s e  is left u n c l a s s i f i e d ;  thus w e
h a v e  a type of p a r t i a l  d i s c r i m i n a t i o n  sc h e m e .  By w a y  of 
i l l u s t r a t i o n  t a b l e  11.1 sh o ws  the c l a s s i f i c a t i o n  of two 
c a s e s  f r o m  c l a s s  2. In the f i rs t  e x a m p l e  c l a s s  2 is 
c o n s i s t e n t l y  preferred, but in the s e c o n d  t h e r e  is no o v e r a l l  
p r e f e r e n c e  and so the case is left u n c l a s s i f i e d .
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Table 11.1
Two examples of the c l a s s i f i c a t i o n  pro cedure
C o m p a r i s o n  
1 vs 2 
1 vs 3 
1 vs 4
1 vs 5
2 vs 3 
2 vs 4
2 V s 5
3 vs 4
3 vs 5
4 v s 5 
R e s u l t
C l a s s i f i c a t i o n  
E x a m p l e  1 E x a m p l e  2
2
3 
1 
1 
2
4 
2 
3
3
4
C l a s s i f y  as 2 U n c l a s s i f i e d
T h e  r e s u l t s  o b t a i n e d  w h e n  this c l a s s i f i c a t i o n  was a p p l i e d  
in  a l e a v e - o n e - o u t  e x p e r i m e n t  are s u m m a r i s e d  in ta b le  11.2. 
It w i l l  be n o t e d  that 126 of the 146 c a s e s  that the 
p s y c h i a t r i s t  felt  a b l e  to c l a s s i f y  w e r e  c o r r e c t l y  c l a s s i f i e d  
b y  this s c h e m e ,  an o v e r a l l  s u c c e s s  rate of 8 6 . 3 % ;  of the 
r e m a i n d e r  a f u r t h e r  1 0 .3 % w e r e  w r o n g l y  c l a s s i f i e d  and 3 . 4 %  
w e r e  left u n c l a s s i f i e d .
285
Table 11.2
The results of a 'leave-one-out' analysis
Psychiatrist's 
Classification 1
Classification 
2 3
Obtained
4 5 Unsure Total
1 14 1 0 0 0 0 15
2 0 28 1 0 0 2 31
3 0 1 16 2 1 0 20
4 0 0 4 30 2 3 39
5 0 0 3 0 38 0 41
Unsure 0 0 1 1 2 0 4
Total 14 30 25 33 45 5 150
E x p r e s s i n g  the r e s u l t s  f r o m  t a b l e  11.2 as a p e r c e n t a g e  of 
the t o t a l  n u m b e r s  in e a c h  cl a s s  we c an  see i m m e d i a t e l y ,  as 
in t a b l e  11.3, th at the b u l k  of the m i s c l a s s i f i c a t i o n  is due 
to the u n c e r t a i n t y  o v e r  c l a s s e s  3 an d  A.
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Table 11.3
Percentage error rates from the 'leave-one-out■ analysis
Classification ObtainedPsychiatrist's 
Classification
Unsure
93
90
1080
7710
93
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12. E X T E N D I N G  THE M E T H O D  OF N O N - P A R A M E T R I C  P A R T I A L  
D I S C R I M I N A T I O N  TO H I G H E R  D I M E N S I O N S
12.1 I n t r o d u c t i o n
We s aw  in c h a p t e r s  ten and e l e v e n  h o w  it is p o s s i b l e  to 
d e f i n e  a u n i v a r i a t e  m e a s u r e  of s e p a r a t i o n  that w o r k s  w ell  as 
the ba s is  of a p a r t i a l  d i s c r i m i n a t i o n  s c he m e . It m ig h t  w e l l  
be the c a se  h o w e v e r ,  that in o r d e r  to d i s c r i m i n a t e  b e t w e e n  
two c l a s s e s  we n e e d  m or e  than one d i m e n s i o n .  In s u c h  a case  
it w o u l d  be n e c e s s a r y  to e x t e n d  the d e f i n i t i o n  of the 
m e a s u r e  of s e p a r a t i o n ,  and it is this p r o b l e m  that we 
c o n s i d e r  in the p r e s e n t  c h a p t e r .
T he  o r i g i n a l  m e a s u r e  us es  the o r d e r  s t a t i s t i c s  of the 
s a m p l e s .  U n f o r t u n a t e l y  th er e is no one o b v i o u s  w a y  of 
e x t e n d i n g  the i dea  of an o r d e r  s t a t i s t i c  into m or e than one 
d i m e n s i o n  and it is n e c e s s a r y  to w o r k  w i t h  a c o n v e x  hu l l  of 
e x t r e m e  po i n t s .  C a l c u l a t i o n  of the c o n v e x  h u l l  in m a n y  
d i m e n s i o n s  can be c o m p u t a t i o n a l l y  d i f f i c u l t  an d c u r r e n t l y  
a v a i l a b l e  m e t h o d s  r e s t r i c t  th e ir  a t t e n t i o n  to two or t hr ee  
d i m e n s i o n s .  H o w e v e r  a ne w a l g o r i t h m  is d e s c r i b e d  that m a k e s  
the c o m p u t a t i o n  of the c o m p l e x  hu l l  in a n y  n u m b e r  of 
d i m e n s i o n s  a p r a c t i c a l  p r o p o s i t i o n .
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12.2 ’hi 1 tivaria r. e 0 r d e rin%
B a r t l e t t ( 1 9 7 6 )  i n  a  r e v i e w  o f  m i l t i v a r i a  t o  o r d e r i n g  
d i s t i n g u i s h e d  b e t w e e n  P o u r  p o s s i b l e  e x t e n s i o n s  o  P t h e  
univariate concept.
1 .  M a r g i n a l  o r d e r i n g
I J h e n  t h e  d a t a  a r e  o r d e r e d  o n  t h e  v a l u e  o P  o n e  n a r g i n a l  
d i s t r i b u t i o n  o r  p e r h a p s ,  o n  a  u n i v a r i a t e  v a r i a b l e  f o r n e d  
b y  c o m b i n i n g  m u l t i v a r i a t e  m e a s u r e s .
2 .  R e d u c e d  o r d e r i n g
v J h e n  t h e  o r d e r i n g  i s  b a s e d  o n  s o m e  m u l t i v a r i a t e  
m e a s u r e  o f  d i s t a n c e ,  s u c h  a s  t h a t  o f  ' l a  h a  l a  n o b  i  s  .
3 .  P a r t i a l  O r d e r i n g
W h e n  t h e  d a t a  a r e  d i v i d e d  i n t o  s u b s e t s .  O n e  s e t  
c o n s i s t i n g  o f  ' e x t r e m e  p o i n t s ' ,  a n o t h e r  o f .  ' l e s s  e x t r e m e  
p o i n t s '  a n d  s o  o n .
4  .  C o n d i t i o n a l  0  r  i! e r  i  n g
W h e n  o n e  s u c c e s s i v e l y  o r r l e r s  t h e  d a t a  a c c o r d i n g  t o  
d i f f e r e n t  m a r g i n a l  d i s t r i b u t i o n s .  T h u s  o n e  m i g h t  f o r m  a  
s e t  o P  e x t r e m e  p o i n t s  a c c o r d i n g  t o  o n e  v a r i a b l e ,  a n d  t h e n  
o r d e r  t h e m  a c c o r d i n g  t o  t h e  v a l u e s  o f  a s e c o n d  v a r i a b l e .
A l t h o u g h  t h e  d i v i s i o n s  b e t w e e n  t h e  P o u r  m e t h o d s  a r e  n o t  
a l w a y s  c l e a r  c u t  t h e y  s t i l l  f o r m  a  u s e f u l  b r e a k d o v ; n  o f  t h e  
p o s s i b l e  a p p r o a c h e s  t o  t h e  p r o b l e m .
T h e  m e t h o d  t h a t  i s  b e s t  s u i t e d  t o  t h e  e x t e n s i o n  o f
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p a r t i a l  d i s c r i m i n a t i o n  i n t o  ! v i g h e r  d  l i n e n s  i o n s  i s  t h e  p a r t i a l  
o r d e r i n g  r e s u l t i n g  f r o m  t h e  c o n v e x  h u l l s  o f  t h e  s a m p l e .  T l i e  
o u t e r m o s t  c o n v e x  l i u l l ,  i n  t w o  d i m e n s i o n s ,  i s  d e f i n e d  a s  t h e  
c o n v e x  c o v e r i n g  p o l y g o n  w i t h  m i n i m u m  a r e a ;  t h i s  i s
i n t u i t i v e l y  e q u i v a l e n t  t o  i m a g i n g  t h e  p o i n t s  i n  t h e  s a m p l e  
a s  n a i l s  i n  a  h o a r d ,  t h e  o u t e r m o s t  c o n v e x  h u l l  v ; o u l d  t h e n  h e
o b t a i n e d  b y  w r a p p i n g  a n  e l a s t i c  h a  n d  a r o u n d  t h e  n a i l s .
S u c c e s s i v e  c o n v e x  h u l l s  m a y  b e  o b t a i n e d  b y  r e m o v i n g  t h e  
p o i n t s  i n  t h e  o u t e r m o s t  h u l l ,  t h e n  r e p e a t i n g  t h e  p r o c e s s  
w i t h  t h e  r e m a i n d e r ;  e x t e n s i o n s  t o  h i g h e r  d i m e n s i o n s  a r e  
o b v i o u s .  R i g u r e  1 2 . 1  s  h o w s  t h e  c o n v e x  l u i l l s  o f  o n e  s a r i p l e .
T h e  c o n v e x  h u l l s  o f  a  s a m p l e  h a v e  been, u s e d  o c c a s s i o n a l l y  
i n  s t a t i s t i c s  e s p e c i a l l y  i n  p r o d u c i n g  e s t i m a t e s  o f  t h e  
c o r r e l a t i o n  b e t w e e n  t w o  v a r i a b l e s .  F o r  a  r e v i e w  o f  t h e
a p p l i c a t i o n s  o f  c o n v e x  h u l l s  t o  p a t t e r n  r e c o g n i t i o n  s e e  
T o  u s  sa i  n t  (  I  0  7  n )  .
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Figure 12.i 
An example of the convex hulls of a sample
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12.3 Bi v a r i a t e  Partial  D i s c r i m i n a t i o n
K e n d a l l ( 1 966) s u g g e s t e d  the s i m p l e  idea that two c o n v e x
h u l l s  and  A ^ , as i l l u s t r a t e d  in f i g u r e  12.2, co u l d  be
u s e d  f or  n o n - p a r a m e t r i c  c l a s s i f i c a t i o n  by u s i n g  the rule,
/
if X € A^ n  A c l a s s i f y  as w
if X € A^ /I A^ c l a s s i f y  as w^
e l s e l e a v e  u n c l a s s i f i e d
A
1
A,
Figure 12.2
Partial classification using two convex hulls
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T he  p r o b l e m  t hat  r e m a i n s  is to find the p l a n e  w i t h i n  
w h i c h  the be s t  p a i r  of c o n v e x  h u l l s  lies w h e n  one has m o r e  
t h a n  two m e a s u r e m e n t s .  The m e a s u r e  of s e p a r a t i o n  used in 
c h a p t e r s  ten and e l e v e n  e m p l o y s  the o v e r l a p  b e t w e e n  the two
d i s t r i b u t i o n s .  A n a t u r a l  e x t e n s i o n  w o u l d  be to use.
Area (A n A«)
=  ------
Area (A^ u Ag)
T h u s  we  w o u l d  a t t e m p t  to find the two o r t h o g o n a l  l i n e a r  
c o m b i n a t i o n s  of the a v a i l a b l e  v a r i a b l e s  w h i c h  d e f i n e  the
p l a n e  in w h i c h  th e r a t i o  R is as s m a l l  as p o s s i b l e .  Once
a g a i n  t a k i n g  c ar e  to a v o i d  c o m p l e t e  o v e r l a p .
U n l i k e  the u n i v a r i a t e  m e a s u r e  this m e a s u r e  d o e s  not
e x t e n d  to c o m p l e t e l y  s e p a r a t e d  p o p u l a t i o n s .
B e c a u s e  of the h e a v y  c o m p u t a t i o n a l  load i n v o l v e d  in 
c a l c u l a t i n g  the c o n v e x  h u l l  it m a y  be p r e f e r a b l e ,  e s p e c i a l l y  
if t h e r e  are  m a n y  v a r i a b l e s ,  to find the f i r s t  l i n e a r  
c o m b i n a t i o n  by the m e t h o d s  of c h a p t e r  e l e v e n .  T ha t  
c o m b i n a t i o n  c o u l d  t h e n  be h e l d  fi x ed  w h i l s t  one s e a r c h e s  for 
the be st  o r t h o g o n a l  d i r e c t i o n ,  the p ai r  d e f i n i n g  the 
b e s t  plane .
E x t e n s i o n s  to t hr ee and h i g h e r  d i m e n s i o n  are o b v i o u s  w i t h  
the u se  of,
Vol (A^ n )
Vol (A^ Ag)
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12.4 C a l c u l a t i n g  the Co nvex Hull
D u r i n g  the 1970 's  a n u m b e r  of a l g o r i t h m s  w e r e  p r o p o s e d  
for f i n d i n g  the c o n v e x  h u l l  of a set of p o i n t s .  H o w e v e r  most
r e s t r i c t e d  t h e i r  att ent i on ^  to p o i n t s  in a p l an e .
Grahara(1972) s u g g e s t e d  that p o i n t s  in a p l a n e  m i g h t  be
e x p r e s s e d  in p o l a r  c o - o r d i n a t e s  r e l a t i v e  to s o m e  i n t e r i o r  
p o i n t .  T h e  p o i n t s  can then be s o r t e d  a c c o r d i n g  to t hei r 
a n g l e s ,  and  s e a r c h e d  t h r o u g h  in thre e s. G r a h a m  ga ve  a m e t h o d  
for e l i m i n a t i n g  th o s e  p o i n t s  not on the hull.
J a r v i s ( 1 9 7 3 )  a d v o c a t e d  an a p p r o a c h  s i m i l a r  to that w h i c h
w o u l d  be u se d  if the hu l l  w e r e  to be d r a w n  by ha nd . Thus the
.
l e f t m o s t  p o i n t  v^ is fo u n d  and the a n g l e s  of all o t h e r  
p o i n t s  r e l a t i v e  to a v e r t i c a l  t h r o u g h  v^ are found. The
l a r g e s t  a n g l e  z v ^ v ^  g i v e s  the ne xt v e r t e x  v^. Th is  is t hen  
u s e d  as the s t a r t i n g  p oi n t  for the n ex t  s ta ge.  See f i g u r e
12.3.
R e c u r s i v e  a l g o r i t h m s  h a v e  b e e n  s u g g e s t e d  by P r e p a r t a  and 
Hpjig_(1977) and  by B e n t l e y  and S h a m o s ( 1978). P r e p a r t a  and 
H o n g  s h o w  h o w  to m e r g e  two c o n v e x  h u l l s  so as to f o r m  the 
c o n v e x  h u l l  of the c o m b i n e d  set, a f t e r  the f a s h i o n  of f i g u r e
12.4.
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r X
i-
X
A- 4
Figure 12.3 
Initial calculation in Jarvis's method
X
Figure 12.4
Merging two hulls in the method of 
Preparta & Hong
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The re sulting rec ur sive a l g o r i t h m  is then;
Input : a set S of p o i n t s  ( a ^ , a ^ , . . .a ^ ) s o r t e d  by one 
c o - o r d i n a t e .
St ep  1: d i v i d e  S i n to  sets of 1,2 or 3 p o i n t s  so that
e a c h  set f orm s its o w n  c o n v e x  hull.
S t e p  2: m e r g e  the sets in pa i r s ,  f o r m i n g  the m e r g e d  
c o n v e x  hull, c o n t i n u i n g  u n t i l  a s i n g l e  h ul l  is fo rm ed .
T h e y  a l s o  s h o w  h o w  t h e i r  a l g o r i t h m  can be e x t e n d e d  to 
t h r e e  dimensions, g i v i n g  d e t a i l s  of a m e t h o d  for m e r g i n g  two 
t h r e e  d i m e n s i o n a l  hu l l s .
G r e e n  and Silverraan( 1 979) d e s c r i b e d  an a l g o r i t h m ,  a g a i n  
r e s t r i c t e d  to the pl an e , w h i c h  i t s e l f  is an i m p r o v e m e n t  on 
a n  e a r l i e r  a l g o r i t h m  of E d d y (1 9 7 7 ) .  T h e i r  m e t h o d  r e q u i r e s  
th at two e x t r e m e  p o i n t s  Vj^  a nd Vg be foun d;  th e s e  m u s t  by 
d e f i n i t i o n  lie on the fi n a l hull. If all p o i n t s  lie on one 
s i d e  of v ^ V g  t h e n  it is an e dge  of the f i n a l  hull. If not, 
l o c a t e  the m o s t  e x t r e m e  p o i n t  in the d i r e c t i o n  perpendiculrr 
to , say Vg and v^. L in e s  v^v^,  V g V g  and v ^ v ^  are
t he n  t e s t e d  in the sa me way. The a l g o r i t h m  st o p s  w h e n  all 
p o t e n t i a l  e d g e s  h a v e  b e e n  tested.
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Green and Silverman consider some of the numerical 
problems that arise in the application of their algorithm. 
The main difficulty being with nearly collinear points, 
together with the finite word length of a computer. This 
problem is considered again in the next section
O n e  a l g o r i t h m  that d oe s c o n s i d e r  the g e n e r a l  p r o b l e m  of 
the c o n v e x  h u l l  in p - d i m e n s i o n s  is the l i t t l e  q u o t e d  p a p e r  
of C h a u d  and K a p a r ( 1 9 7 0 ) .  T h e i r  idea was that s i n c e  e a ch  
e d g e  of a p - d i m e n s i o n a l  h u l l  is the i n t e r s e c t i o n  of two 
f a c e s,  it must be p o s s i b l e  to s t a r t  with'an e dge  and a face, 
to r o t a t e  the fac e a b o u t  the e d g e  to f o r m  a s e c o n d  fa ce . The  
e x t r e m e  p o i n t ( s )  in that p l a n e  w i l l  d e f i n e  a n e w  set of 
e d g e s  and the p r o c e s s  m a y  be c o n t i n u e d  u n t i l  the w h o l e  h u ll
is found.
Comparing these various algorithms Green and Silverman 
found theirs to be the quickest at finding a hull within a 
plane.
T hi s  g e n e r a l  p r o b l e m  has b e e n  s h o w n  by A v i s ( I 9 7 9 ) ,  to 
h a v e  a c o m p l e x i t y  of O ( n l o g n ) , w h e r e  n is the n u m b e r  of 
p o i n t s .  T he p a t t e r n  r e c o g n i t i o n  l i t e r a t u r e  has h o w e v e r  b e e n  
m u c h  c o n c e r n e d  w i t h  a r e l a t e d  p r o b l e m ,  that of f i n d i n g  the 
c o n v e x  h u l l  of a p o l y g o n .  S i n c e  a p o l y g o n  has mo r e s t r u c t u r e  
t h a n  a g e n e r a l  set of p o i n t s  it is not s u r p r i s i n g  that a 
s i m p l e r  s o l u t i o n  is p o s s i b l e  and S k l a n s k y ( 1972) s u g g e s t e d  
the fi r s t  0(n) a l g o r i t h m  for the p r o b l e m .  This a l g o r i t h m  has 
b a s i c  s i m i l a r i t i e s  w i t h  G r a h a m ' s  m e t h o d  and has a t t r a c t e d  a
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lot of a t t e n t i o n .  B y k a t ( 1 9 7 8 )  s h o w e d  that u n d e r  c e r t a i n  
c i r c u m s t a n c e s  the a l g o r i t h m  w o u l d  fail and O r l a w s k i ( 1 9 8 3 )  
a nd  G o s h l  and S h y a m a s u n d e r (1983) a m o n g s t  o t h e r s ,  h ave  
d e s c r i b e d  m o d i f i c a t i o n s .  U n f o r t u n a t e l y  th er e  is no 
g e n e r a l i s a t i o n  of this m e t h o d  out of the plane .
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12.5 A N e w  A l g o r i t h m  fo r L o c a t i n g  the C o n v e x  H u l l  of 
a set of p o i n t s  in p - d i m e n s i o n s
T h i s  a l g o r i t h m  r e q u i r e s  a set of p+1 d i s t i n c t  p o i n t s
w h i c h  t o g e t h e r  f o r m  the s t a r t i n g  p o i n t  for the c a l c u l a t i o n  
of the hu ll .  The  p+1 p o i n t s  mu s t  be c h o s e n  so that t h e y  are 
e x t r e m e  in d i s t i n c t  d i r e c t i o n s  thus t h e y  all lie on the 
f i n a l  h u l l  a nd it is a d v a n t a g o u s  to the s p e e d  of c o m p u t a t i o n  
if t h e y  ar e w i d e l y  s p re a d .
T h e  set of p+1 p o i n t s  w i l l  f o r m  a p - d i m e n s i o n a l
t e t r a h e d r o n .  P o i n t s  l y i n g  i n s i d e  this t e r t r a h e d r o n  m a y  be 
i g n o r e d  in al l f u t u r e  c a l c u l a t i o n  s i n c e  they  c a n n o t  p o s s i b l y  
lie on the f i n a l  hull.
E a c h  f a c e  of the t e t r a h e d r o n  is c o n s i d e r e d  in turn. If no 
p o i n t s  lie o u t s i d e  the face t he n  it mu s t be a face of the 
f i n a l  hull. If, h o w e v e r ,  th e r e  are p o i n t s  o u t s i d e  the face 
t h e n  the m o s t  e x t r e m e ,  m e a s u r e d  in a d i r e c t i o n  n o r m a l  to the 
face, is l o c a t e d .
Th is  e x t r e m e  p o i n t  m u s t  i t s e l f  lie on the hull.  T o g e t h e r
w i t h  the p p o i n t s  f r o m  the face u n d e r  test, this n e w  e x t r e m e
p o i n t  fo r m s  a p - d l m e n s i o n a l  t e t r a h e d r o n ,  p fa ces  of w h i c h  
m i g h t  be fa ce s  of the fi n a l  hull . O nc e m o r e  a n y  p o i n t s  
i n s i d e  the n ew  t e t r a h e d r o n  m a y  be i g n o r e d  in f u t u r e  
c a l c u l a t i o n  as t hey  c a n n o t  p o s s i b l y  lie on the f i n a l  hull.
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Figure 12.5
An example of the use of the new algorithm for 
finding a convex hull in two dimensions
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In this w a y  n e w  p o t e n t i a l  fa c e s are g e n e r a t e d  and the 
a l g o r i t h m  c o n t i n u e s  u n t i l  e i t h e r  t h er e  are no u n t e s t e d  fa ces 
or u n t i l  t he r e  are no r e m a i n i n g  p o i n t s ,  that is to say
p o i n t s  that a re n e i t h e r  k n o w n  to lie on the h u l l  nor 
e l i m i n a t e d .
T h e  t w o - d i m e n s i o n a l  v e r s i o n  of this a l g o r i t h m  is 
i l l u s t r a t e d  in f i g u r e  12.5.
T h e  i n i t i a l  set of t h r e e  p o i n t s  is ABC, t o g e t h e r  t h e s e  
t h r e e  f o r m  a t r i a n g l e .  T he  p o i n t s  i n s i d e  AB C m a y  be i g n o r e d .
T h e  f u r t h e r  p o i n t  o u t s i d e  AB is D. A D B  is a n o t h e r
t r i a n g l e  and AD and DB are  p o t e n t i a l  fa ce s for the f in a l  
h ull . P o i n t s  i n s i d e  A D B  m a y  be ig n or e d .
E is the m o s t  e x t r e m e  p o i n t  o u t s i d e  AC and F is the m o s t  
e x t r e m e  o u t s i d e  EC. At this s t a g e  all p o i n t s  h a v e  e i t h e r  
b e e n  e l i m i n a t e d  or i n c o r p o r a t e d  into the h u l l  a nd
c o n s e q u e n t l y  the c o m p u t a t i o n  is c o m p l e t e .
It w i l l  be s e en  that in two d i m e n s i o n s  the c a l c u l a t i o n s  
r e q u i r e d  a r e e s s e n t i a l l y  the sa m e  as th ose n e e d e d  for G r e e n  
a n d  S i l v e r m a n ' s  a l g o r i t h m ,  e x c e p t  that this m e t h o d  
p r o g r e s s i v e l y  r e m o v e s  p o i n t s  that lie i n s i d e  the hu l l .  For  
t hi s  r e a s o n  the a l g o r i t h m  w i l l  be no s l o w e r  t h a n  G r e e n  and 
S i l v e r m a n ' s  and m a y  be c o n s i d e r a b l y  q u i c k e r  if a go od
i n i t i a l  t e t r a h e d r o n  is f o u n d  a nd if t h e r e  are a l a r g e  n u m b e r
of p o i n t s .
T he  m a j o r  c a l c u l a t i o n  in the a l g o r i t h m  is the s c o r e  of a 
p o i n t  n o r m a l  to a p a r t i c u l a r  face. If the face c o n t a i n s
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the n o r m a l  is g i v e n  by the d e t e r m i n a n t ,
D = X
a i
X12 ‘IP
pi p2 PP
By p l a c i n g  the c o - o r d i n a t e s  of the p o i n t  to be t e s t e d  
i n t o  p o s i t i o n s  x ,x 2 » • • • , we o b t a i n  a s c o r e  w h i c h  w i l l  be
p o s i t i v e  on one s i de  of the face and n e g a t i v e  on the o t h er .  
F u r t h e r  D i n c r e a s e s  in m a g n i t u d e  as the d i s t a n c e  from the
face i n c r e a s e s .
In o r d e r  to c h e c k  w h e t h e r  or not the po in t  is on the 
i n t e r i o r  or e x t e r i o r  side of the face, one m ay  c o m p a r e  its 
s i g n  w i t h  that of the o t h e r  p oin t of the t e t r a h e d r o n .
T h e  one r e m a i n i n g  p r o b l e m  is to find the i n i t i a l  set of 
(p+1) p o i n t s .  The s i m p l e s t  w a y  to do this is to c h o o s e  an 
i n i t i a l  d i r e c t i o n  and to take the two e x t r e m e s  in that  
d i r e c t i o n .  C o n s i d e r  th e n the d i s t a n c e  of e a c h  r e m a i n i n g  
po in t ,  n o r m a l  to the lin e j o i n i n g  the fi r s t  two p o i n t s .  The 
l a r g e s t  in m a g n i t u d e  g i v e s  the n e x t  p o i n t  for i n c l u s i o n  in 
the i n i t i a l  set. P r o g r e s s i v e l y  a p o i n t  is a d d e d  w hy  f i n d i n g  
the l a r g e s t  d i s t a n c e  n o r m a l  to t hos e a l r e a d y  s e l e c t e d  u n t i l  
p+1 h a v e  b e e n  o b t a i n e d .
As a b y - p r o d u c t  this p r o c e d u r e  m a k e s  the v e r y  n e c e s s a r y
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12.6 C a l c u l a t i n g  the Volumes
T he  v o l u m e  of the tetrahedron f o r m e d  by p+1 p o i n t s  in 
p - d i m e n s i o n a l  s p a c e  is g i v e n  by D/p!, w h e r e  D is the 
d e t e r m i n a n t  c a l c u l a t e d  in the p r e v i o u s  s e c t i o n .  It is thus a 
s i m p l e  m a t t e r  to b u i l d  up the v o l u m e  of the c o n v e x  hul l by 
a d d i n g  the v o l u m e  of e a c h  t e t r a h e d r o n  as it is found.
Th e p r o b l e m  of the o v e r l a p  is m o re  c o m p l e x .  The 
d i f f i c u l t y  is e a s i e s t  i l l u s t a r t e d  in two d i m e n s i o n s .  It w i l l  
be s e e n  f r o m  f i g u r e  12.7 t ha t  in o r d e r  to find the o v e r l a p ,  
one n e e d s  the c o n v e x  h u l l  of t hos e po i n t s ,
(i) f r o m  h u l l  that lie i n s i d e  h u l l  A^
(ii) f r o m  h u l l  A^ th at  lie i n s i d e  h u l l  A^
(iii) p o i n t s  that lie on the i n t e r s e c t i o n  of the two
h u l l s .
W h i l s t  the l o c a t i o n  of the i n t e r s e c t i o n  p o i n t s  is o n l y  a 
m a t t e r  of s o l v i n g  s et s of l i n e a r  e q u a t i o n s  the p r o g r a m m i n g  
is q u i t e  c o m p l i c a t e d . l t  m i g h t  w e l l  be e a s i e r  to g e n e r a t e
p o i n t s  at r a n d o m  f r o m  w i t h i n  one h u l l  and  fi nd the 
p r o p o r t i o n  that lie w i t h i n  the othe r.
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Figure 12.7
The points necessary to define the overlap of two hulls
T he  p r o c e d u r e  for c a l c u l a t i n g  the i n t e r s e c t i o n  p o i n t s
c o n s i s t s  of  f i n d i n g  al l the f ac es of that h a v e  at le a st  
one p o i n t  i n s i d e  A^ and at le a st  one p o i n t  o u t s i d e  A ^ .
S i m i l a r l y  one f i n d s  all fa c e s of A 2 that lie p a r t l y  i n s i d e
and  p a r t l y  o u t s i d e  A^. E a ch  of the s e l e c t e d  faces f r o m  A^ 
t h e n  n e e d s  to be m a t c h e d  w i t h  e a c h s e l e c t e d  face f r o m  A 2 * 
T he  m a t c h e d  fa ces w i l l  i n t e r s e c t  a l o n g  an edge. If that edg e  
lies e n t i r e l y  w i t h i n  bo t h h u l l s  t h e n  it is an e d g e  of the
o v e r l a p .
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12.7 A p p l i c a t i o n  to the P s y c h i a t r i c  Data
We s a w in c h a p t e r  e l e v e n  h o w  it is p o s s i b l e  to s e p a r a t e  
e a c h  of the fi ve c l a s s e s  if t he y are t r e a t e d  in pa ir s .  The 
p r o b l e m  that we c o n s i d e r  h e r e  is s l i g h t l y  d i f f e r e n t  in that 
we s e e k  to d i s c r i m i n a t e  b e t w e e n  c la s s  five, the a n x i e t y  
s t a t e s ,  and the rest. Th us in the rest of this s e c t i o n  
c l a s s e s  one to f o u r  are t r e a t e d  as a s i n g l e  class .
T he  f i r s t  s t a g e  in the a n a l y s i s  is to d e c i d e  w h i c h  of the
f e a t u r e s  b e s t d i s t i n g u i s h  b e t w e e n  o ur  two c l a s s e s .  This was
d o n e  u s i n g  the m e t h o d s  of c h a p t e r  seven. The E u c l i d e a n  
d i s t a n c e s  b e t w e e n  the five c la s s  m e a n s  w e r e  u se d  to d e f i n e  
f o u r  p r i n c i a l  c o - o r d i n a t e s  and e a c h  c as e  was a s s i g n e d  to the 
r e s u l t i n g  fo u r  d i m e n s i o n a l  s pa c e  on the b a s i s  of its 
d i s t a n c e s  f r o m  the fi ve cl a s s m e a n s .
H a v i n g  a c h i e v e d  this f o u r  d i m e n s i o n a l  r e p r e s e n t a t i o n  we 
now  n e ed  to p l a c e  a p l a n e  t h r o u g h  that sp a c e so that the two 
c l a s s e s ,  five and the rest, are b es t  s e p a r a t e d .  Th e f ir s t  
d i r e c t i o n  was f o un d  b y  the m e t h o d s  of c h a p t e r  e l e v e n ,  u s i n g  
the e x t r e m e s  of the c l a s s e s  to d e f i n e  the m e a s u r e  of 
s e p a r a t i o n  R. The r e s u l t i n g  w e i g h t s  were,
.832 - . 0 8 1  - . 0 0 9  .543
w h i c h  g i v e  R = - 0 . 1 4 0 ,  an o v e r l a p  of 14% of the c o m b i n e d
ra nge , as i l l u s t r a t e d  in f i g u r e  12.8
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------  Class 5
Figure 12.8
The best single feature for distinguish class 5 using the
psychiatric data
K e e p i n g  this d i r e c t i o n  f i x e d  the be st  o r t h o g o n a l  
d i r e c t i o n  w as  s o u g h t ,  u s i n g  the c r i t e r i o n  of m a x i m i s i n g .
R =
Area (A^ r\ A^) 
Area (A^ u
In fact the be st  R that co u l d  be a c h i e v e d  was fo u n d to be 
- . 0 5 7,  an o v e r l a p  of just u n d e r  6%. This was o b t a i n e d  w h e n  
the s e c o n d  f e a t u r e  was d e f i n e d  by w e i g h t s ,
- . 3 5 4  .267 .670 .596
The  r e s u l t i n g  s o l u t i o n  is s h o w n  in f i g u r e  12.8. G i v e n  the
p a t t e r n  of s y m p t o m s  of a ny  f u t u r e  ca s e  it w o u l d  be a
r e l a t i v e l y  s i m p l e  m a t t e r  to p l a c e  t h e m  in the fo ur
d i m e n s i o n a l  sp a c e and then l o c a t e  t h e m  in this pl a ne .  The
h u l l s  c o u l d  thus be u se d as the ba s i s  of a p a r t i a l
d i s c r i m i n a t i o n  sc he me .
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Figure 12.9
The two dimensional solution of the psychiatric problem
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13.1 I n t r oduc ti on
I n  s e c t i o n  1 3 . 2  we  u i l l  s e e  how  o n e  o f  t h e  d a t a  s e t s  t h a t  
w a s  i n t e n d e d  f o r  u s e  i n  t e s t i n g  t h e  m e t h o d s  o f  f e a t u r e  
s e l e c t i o n  a n d  c l a s s i f i c a t i o n  t h a t  h a v e  h e e n  d e s c r i b e d  i n
p r e v i o u s  c h a p t e r s ,  w a s  i n  f a c t  i t s e l f  v e r y  p o o r l y
c l a s s i f i e d .  T h i s  i m p e r f e c t  i n i t i a l  c l a s s i f i c a t i o n  v i o l a t e s  
t h e  a s s u m p t i o n s  i m p l i c i t  i n  a l m o s t  a l l  p a t t e r n  r e c o g n i t i o n  
s c h e m e s  a n d  l e d  t o  a n  i n v e s t i g a t i o n  o f  m e t h o d s  t h a t  m i g h t  h e  
u s e d  t o  c o r r e c t  s u c h  e r r o r s .  W h  i 1 s t  t h e  i n i t i a l
m i s c l a s s i f i c a t i o n  i n  o u r  d a t a  s e t  p r o v e d  s o  e x t e n s i v e  t h a  t
l i t t l e  c o u l d  b e  d o n e  t o  c o r r e c t  i t ,  t h e s e  m e t h o d s  m a y  p r o v e
u s e f u l  f o r  a n a l y s i n g  l e s s  e x t e n s i v e l y  m i s c 1 a s s i f i e d  d a t a .
T h e  p r o b l e m  o f  p o o r l y  c l a s s i f i e d  t r a i n i n g  s e t s  i s  
p r o b a b l y  m o r e  w i d e s p r e a d  t h a n  i s  g e n e r a l l y  r e c o g n i s e d .
S o m e t i m e s ,  a s  i n  m o d  i c a 1  d i a g n o s i s ,  i t  m a y  n o t  b e  p o s s i b l e  
t o  e n s u r e  c o r r e c t  i n i t i a l  c l a s s i f i c a t i o n ,  w h i l s t  i n  o t h e r  
f i e l d s  o f  a p p l i c a t i o n  p e r f e c t  c l a s s i f i c a t i o n  m a y  b e  
t h c o r e c t i c a l l y  p o s s i b l e  b u t  p r o h i b i t i v e l y  e x p e n s i v e .
" h e n  c o r r e c t  i n i t i a l  c l a s s i f i c a t i o n  c a n n o t  b e  g u a r a n t e e d  
i t  i s  i m p o r t a n t  t h a t  we  c o n s i d e r  h o w  a n y  i n i t i a l
m i s c l a s s i f i c a t i o n  w o u l d  a f f e c t  t h e  s u b s e q u e n t  a n a l y s i s  a n d  
i f  p o s s i b l e  w e  s h o u l d  u s e  m e t h o d s  t h a t  a r e  r o b u s t  t o  s u c h
m i s c l a s s i f i c a t i o n .  h o s t  o f  t l i e  p u b l i s h e d  w o r k  o n  t h i s
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problem has, as we s lia 11 see in section 13.3, concentrated 
on the effect on the classifier, but it will, of course, 
also influence the feature selection.
One of the major problems in d e v e loping a realistic model 
for initial m i s c l a s s i f i c a t i o n  is that it is likely, in 
practice, to be those cases that lie near to the class 
bo u n daries that will be m i s c l a s s i f i e d . Although this point 
is well a p p r e c i a t e d  almost all of the results relevant to 
this p r o b l e m  assume a random d i s t r i b u t i o n  of 
m i s c l a s s i f i c a t i o n  and as such must be viewed with care.
The measure of separation R, described in chapter ten, 
may be made robust by the choice of less extreme order 
statistics and it would certainly be advisable, if initial 
m i s c l a s s i f i c a t i o n  were suspected, to analyse the data using 
measures R based on a range of order statistics.
In this chapter we consider the ways in wliich two other 
standard methods of analysis can be made robust to initial 
m i s c l a s s i f i c a t i o n  by introducing a methods that could be 
applied to many schemes.
310
13.2 At. E x a mp le of Initial M i s c l a s s i f i c a t i o n
Tha l i v e r  s c a n  data consist of images of 291 p a t i e n t s
c o l l e c t e d  r o u t i n e l y  b e t w e e n  S e p t e m b e r  1976 an d d u ne  1977. 
u s i n g  b r i e f  e x t r a c t s  fr o m the p a t i e n t  no t es ,  r e l a t i n g  b oth  
ro the d e s c r i p t i o n  of the s ca n  an d the c l i n i c i a n ' s  o p i n i o n  
as to the p a t i e n t ' s  g e n e r a l  c o n d i t i o n ,  the s ca n s  w e r e  s o r t e d
into five classes.
7 1 cases
1. Normal
2. Cancer affecting the liver 46 cases
3. Diffuse liver disease cases
4. Other diagnosed diseases 78 cases
49 cases
5. Unsure
T h e  n o t e s  w r i t t e n  by the d o c t o r s  at the time of the sc a n
were often vague; sometimes offering several possible
diagnoses all of which would be consistent with the evidence
Chen a v a i l a b l e .  It w o u l d  h a v e  b e e n  v e r y  u s e f u l  h ad  the
doctors been asked to complete a simple questionaire at the 
time of the scan, stating their v.ews and their degree of 
certainty. Unfortunately this was not done and by
Chat this p r e s e n t  a n a l y s i s  w a s  u n d e r t a k e n  it w o u l d  not h a v e  
b e e n  r e a s o n a b l e  to as k the d o c t o r s  to r e a s s e s s  the
o n e  is thus left with the f e e l i n g  that. n ot  o n l y  m i g h t
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the d i a g n o s i s  be w r o n g ,  but that the i n t e r p r e t a t i o n  of the 
n o t e s  c o u l d  a l s o  h a v e  i n t r o d u c e d  c l a s s i f i c a t i o n  e r r o r s .  
B e a r i n g  all of th es e  f a c t o r s  in m ind  it was d e c i d e d  to 
r e t u r n  to the p a t i e n t  r e c o r d s  in o r d e r  to try to i m p r o v e  on 
the q u a l i t y  of the c l a s s i f i c a t i o n s .  This was c a r r i e d  out 
d u r i n g  the s u m m e r  of 1982 and the re s u l t s  of the 
r e a s s e s s m e n t  are s u m m a r i s e d  in ta b l e 13.1.
Table 13.1 
Results of the reassessment
Nov Can
SECOND 
Dif 0th
ASSESSMENT
Uns N/T Total
Nov 40 2 0 17 0 12 71
Can 0 40 0 0 0 6 46
First Dif 10 1 22 9 1 4 47
Assessment 0th 2 5 0 62 0 9 78
Uns 5 4 2 11 14 13 49
Total
-- - ■'— ------------------------
57 52 24 99 15 44 291
Nor = normal 
Can = Cancer
Dif = diffuse 
0th = Other
Uns = Unsure 
N/T = not traced
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T h e  d e g r e e  of d i s a g r e e m e n t  is r e a l l y  q u i t e  m a r k e d ;  o n l y  
6 9% of th o s e  t r a c e d  w e r e  in the sa me  c a t e g o r y  at b o th
a s s e s s m e n t s ,  w h a t  is m o re  that p e r c e n t a g e  i n c l u d e s  a n u m b e r  
of ' o t h e r  d i s e a s e s '  w h e r e  the d i a g n o s i s  c h a n g e d  but not the 
c a t e g o r i s a t i o n .  I n d e e d  the fact that 15% of c as es co ul d  not 
be t r a c e d  d e s p i t e  the p o s s e s s i o n  of b o t h  the n a m e  and
h o s p i t a l  r e c o r d  n u m b e r  is i t s e l f  of c o n c e r n .
W i t h i n  the m ai n, u s a b l e  c a t e g o r i e s  of n o r ma l ,  d i f f u s e  and
c a n c e r  a f f e c t e d  l i v e r s ,  we are left w i t h  o n l y  102 c a s e s  w i t h
w h a t  m i g h t  be c o n s i d e r e d  a d e f i n i t e  d i a g n o s i s .  T h a t  is to 
sa y o n l y  35% of the o r i g i n a l  d a t a  set, and of t h o s e  five h a d  
to be d i s c a r d e d  b e c a u s e  of e r r o r s  in the r e c o r d i n g  of the
s cans
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13.3 A R e v i e w  of the L i t e r a t u r e
Th e  s t a t i s t i c a l  a nd  e n g i n e e r i n g  p a p e r s  w h i c h  c o n s i d e r  
i n i t i a l  r a i s c l a s s i f i c a t i o n  do so in a l m o s t  total i s o l a t i o n  
f r o m  one a n o t h e r ;  t h e r e  b e i n g  v e r y  f e w  cr os s  r e f e r e n c e s .
T h e  f i r s t  s t a t i s t i c s  p a p e r  to c o n s i d e r  the p r o b l e m  was by 
L a c h e n b r u c h ( 1966). In that p a p e r  he c o n s i d e r e d  the e f f e c t  of 
r a n d o m  i n i t i a l  r a i s c l a s s i f i c a t i o n  on the l i n e a r  d i s c r i m i n a n t  
f u n c t i o n .  T hu s s u p p o s e  that the two c l a s s e s  w^ a nd  w^ are 
m u l t i v a r i a t e  n o r m a l  w i t h  c o m m o n  c o v a r i a n c e  m a t r i x  Z and 
m e a n s  2% and W_2 * T h e n  the o p t i m u m  l i n e a r  c l a s s i f i e r  is,
D(x) = (x - + Mg) ) ' - 1^)
A s s u m i n g  h o w e v e r  that a p r o p o r t i o n  a ^  of the n^  ^ c a s e s  
c l a s s i f i e d  i n i t i a l l y  as c o m i n g  fr o m w^ a c t u a l l y  c om e  f r o m  Wg 
a nd  that a p r o p o r t i o n  a^ of the n^ c l a s s i f i e d  as c o m i n g  f r o m  
w^ a c t u a l l y  co me f r o m  w ^ , t h e n  D (x) the d i s c r i m i n a n t  
f u n c t i o n  e s t i m a t e d  f r o m  the i m p e r f e c t  d a t a  w i l l  be, for 
l a r g e  s a m p l e s ,
D*(x) = k [d (x ) " -
w h e r e
= (El - E2> ’ (H-i - M.2>
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and
^ " *1 " ^2k = —
a^(l - a^ ) + a2 (1 - a2^  2^
Hi + H2
F u t h e r  the p r o b a b i l i t i e s  of s u b s e q u e n t  m i s c l a s s i f i c a t i o n  
b e c o m e ,
= P(classify as ^2 —^  ^  ~ $(-^D (1 + a^ - a^))
P 2  = P (classify as w^|x e W2 ) = 0(-^D (1 + a2 - a^))
Th e c o n s e q u e n c e s  of th e s e r e s u l t s  are t h r e e f o l d .
(i) If a ^ = a 2 t he n the p r o b a b i l i t i e s  of s u b s e q u e n t
m i s c l a s s i f i c a t i o n  are u n a f f e c t e d .
2
(ii) The e s t i m a t e  of D b a s e d  on the i m p e r f e c t l y
c l a s s i f i e d  da t a  is a c t u a l l y  e s t i m a t i n g ,
^  .2 ^2 
(1 - a^ - a^) D
1 + k
t hat  is to say it is u n d e r e s t i m a t i n g  the a c t u a l  
s e p a r a t i o n .
(iii) S in c e  the e s t i m a t e  of the p r o b a b i l i t y  of
2
s u b s e q u e n t  m i s c l a s s i f i c a t i o n  d e p e n d s  on D , this w i l l  
t en d  to be o v e r e s t i m a t e d .
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L a c h e n b r u c h  goes on to c o n s i d e r  the s m al l  s a m p l e  case by 
m e a n s  of a s m a l l  s c a l e  s i m u l a t i o n ,  c o n c l u d i n g  that the la rg e  
s a m p l e  r e s u l t s  h o l d  to a g o o d  a p p r o x i m a t i o n .  M c L a c h a n (1972) 
o b t a i n e d  a s y m p t o t i c  s o l u t i o n s  to the s m a l l  s a m p l e  e q u a t i o n s  
and c o n f i r m e d  L a c h e n b r u c h ' s  c o n c l u s i o n s .
L a c h e n b r u c h ( 1974) r e t u r n e d  to the p r o b l e m  of i n i t i a l  
m i s c l a s s i f i c a t i o n  in o r d e r  to see w h a t  e f f e c t  the a s s u m p t i o n  
of r a n d o m n e s s  had on the r e s u l t s .  He c o n d u c t e d  a s e r i e s  of 
s m a l l  s c a l e  s i m u l a t i o n s  in w h i c h  all the ca se s m o r e  l i k e l y  
to h a v e  c om e  f r o m  the o t h e r  c la ss w e r e  m i s c l a s s i f i e d .  The 
c o n c l u s i o n s  r e a c h e d  w e r e  v e r y  s i m i l a r ;  that is,
(i) a p p a r e n t  e r r o r  r a t e s  are s e r i o u s l y  a f f e c t e d ,
(ii) a c t u a l  e r r o r  r a te s  are on l y  s l i g h t l y  a f f e c t e d .
T h e s e  g e n e r a l l y  r e a s s u r i n g  f i n d i n g s  do not e x t e n d  to the
q u a d r a t i c  d i s c r i m i n a n t  fu n c t i o n .  L a c h e n b r u c h (  1979 ) in yet 
a n o t h e r  p a p e r  on the to p i c c o n s i d e r e d  the p r o b l e m  of 
d i s c r i m i n a t i n g  b e t w e e n  two m u l t i v a r i a t e  n o r m a l  c l a s s e s  w i t h  
d i f f e r e n t  c o v a r i a n c e  s t r u c t u r e s .  By m e a n s  of s i m u l a t i o n s  in 
w h i c h  he i n t r o d u c e d  r a n d o m  i n i t i a l  m i s c l a s s i f i c a t i o n  he
f o u n d  that,
(i) I n i t i a l  m i s c l a s s i f i c a t i o n  does s e r i o u s l y  a f f e c t  the 
u l t i m a t e  e r r o r  rate.
(ii) The  e f f e c t  b e c o m e s  m or e s e v e r e  as the d i f f e r e n c e s  
b e t w e e n  the c o v a r i a n c e  m a t r i c e s  i n c r e a s e .
(iii) The e f f e c t  als o b e c o m e s  mo re  m a r k e d  as the
i n i t i a l  m i s c l a s s i f i c a t i o n  ra tes  i n c r e a s e .
316
Th e p r o b l e m  of I m p e r f e c t  t r a i n i n g  se ts has al s o r e c e i v e d  
s p a s m o d i c  a t t e n t i o n  in the e n g i n e e r i n g  l i t e r a t u r e .  
K a s h y a p C 1970) d e s c r i b e d  an o p t i m i s a t i o n  p r o c e d u r e  for 
d e a l i n g  w i t h  the p r o b l e m  of two n o n - o v e r l a p p i n g  c l a s s e s  w i t h  
i n i t i a l  m i s c l a s s i f i c a t i o n  at a k n o w n  rate, and  la te r  
Shanraugan and B r e i p o l (1971) p r o p o s e d  a s c h e m e  b a s e d  u p o n  
n o n - p a r a m e t r i c  d e n s i t y  e s t i m a t i o n .  This m e t h o d  is 
e s s e n t i a l l y  e q u i v a l e n t  to e s t i m a t i n g  the l i k e l i h o o d  r a t io  of 
e a c h  c a s e  an d t h e n r e c l a s s i f y i n g  it if the r a t i o  e x c e e d s  
s o m e  p r e - s p e c i f i e d  t h r e s h o l d .  V a r i o u s  s t r a t e g i e s  for 
s e l e c t i n g  the t h r e s h o l d  w e r e  d i s c u s s e d  but all r e q u i r e d  that 
the i n i t i a l  m i s c l a s s i f i c a t i o n  be r a n d o m  and at a k n o w n  rate. 
T h e  id ea of a t h r e s h o l d  was a l s o  u s e d  by 
C h i t t i n e n i ( 1 9 8 0 , 1 9 8 1 ) .  He p r o p o s e d  an i t e r a t i v e  s c h e m e  in 
w h i c h  e s t i m a t e s  of the m i s c l a s s i f i c a t i o n  rate ar e u p d a t e d  
w i t h  the o b j e c t i v e  of m i n i m i s i n g  the e v e n t u a l  p r o b a b i l i t y  of 
m i s c l a s s i f i c a t i o n .
Th e use  of a t h r e s h o l d  c am e  up in a n o t h e r  g u i s e  in a 
p a p e r  by G i m l i n  and F e r r e  11 ( 1974). T h e y  proposed the use of a 
s c h e m e  b a s e d  on the k n e a r e s t  n e i g h b o u r s .  In t h e i r  s c h e m e  if 
m o r e  th an  k ' of the n e a r e s t  n e i g h b o u r s  are in the s a m e  c la ss  
t he n  the c l a s s i f i c a t i o n  of that c a s e  is c h a n g e d  to that 
cl as s .  T h e y  s u g g e s t e d  that the c h o i c e  of m e t r i c  and the 
c h o i c e  of v a l u e s  for k and k ' a r e  not c r i t i c a l  and m i g h t  be 
le ft to the s u b j e c t i v e  j u d g e m e n t  of the i n v e s t i g a t o r .
In a s e r i e s  of p a p e r s  C h i t t i  B a b u ( 1 9 7 2 a ,  1972b, 1973a,
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1973b) con s i d e r e d  the affects of i mperfectly classified 
training sets on the process of feature selection. He showed 
that m i n i m i s a t i o n  of the B h a t t a c h a r y y a  coefficient based on 
the i m p e r f e c t l y  c l a s s i f i e d  data minimises an upper bound on 
the event u a l  p r o b a b i l i t y  of m i s c l a s s i f i c a t i o n .  He then 
suggests that this justifies the use of the B h a t t a c h a r y y a  
c o e f f i c i e n t  as the basis for feature selection when initial 
m i s c l a s s i f i c a t i o n  is suspected. By an identical argument he 
also shows that the m i n i m i s a t i o n  of the div e r g e n c e  of
impe r f e c t l y  cla s s i f i e d  data minimises an upper bound on the 
eventual p r o b a b i l i t y  of error and that the error resulting 
from the use of a fixed number of terms from the
K a r h u n e n —Loeve e x p a n s i o n  based on impe r f e c t l y  classified
data is bounded above by the error resulting from the use of 
the same number of terms together with c o r rectly c l a s sified 
data.
In all cases the argument rests on the a s s u m p t i o n  that it 
is sensible to minim i s e  a function that is bounded below by 
the function that we would actually like to minimise. He was 
not able to show that the minima occur close together or to 
indicate the tightness of the bounds and hence there must 
remain doubts over the u s e f ulness of the results.
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13.4 I t e r a t i v e  D i s c r i m i n a n t  A n a l y s i s  a l l o w i n g  for 
i n i t i a l  m i s c l a s s i f i c a t i o n
As we h a v e  s e e n  s e v e r a l  p e o p l e  h a v e  s u g g e s t e d  the use of 
t h r e s h o l d  v a l u e s  as a m e t h o d  of o v e r c o m i n g  i n i t i a l  
m i s c l a s s i f i c a t i o n .  Thus  if, on the ba s is  of the da ta, a case
a p p e a r s  to h a v e  b e e n  m u c h  mo r e  l i k e l y  to h a v e  co m e  f r o m  a
d i f f e r e n t  c la s s  to that o r i g i n a l l y  a l l o c a t e d  t h en  its 
c l a s s i f i c a t i o n  is c h a n g e d  and the a n a l y s i s  is r e p e a t e d .  The 
p r o c e s s  s t o p p i n g  w h e n  f u r t h e r  a l l o c a t i o n  s ee ms u n n e c e s s a r y .
O n e  a l t e r n a t i v e  to the t h r e s h o l d  a p p r o a c h  w o u l d  be to 
a l l o c a t e  to e a c h  ca s e  a set of w e i g h t s  w. ., w h e r e ,
i = 1 /  ... N denotes case
i = 1 ,  ... m  denotes the class
m
w . . % O and Z w . . = 1
ID j=l
S uc h  w e i g h t s  c o u l d  t h e n be u p d a t e d  in the li ght of the
a n a l y s i s ,  o n ce  a g a i n  the p r o c e s s  b e i n g  u p d a t e d  u n t i l  
c o n v e r g e n c e  is o b t a i n e d .
C l e a r l y  th e s e  w e i g h t s  h a v e  the c h a r a c t e r i s t i c s  of
p r o b a b i l i t i e s  and t h e r e  a p p e a r s  on the s u r f a c e  to be an
a n a l o g y  w i t h  the p r i o r  p r o b a b i l i t i e s  of a B a y e s i a n  a n a l y s i s ;  
this w o u l d  i m p l y  that u p d a t i n g  w o u l d  be a c c o r d i n g  to Ba ye s  
t h e o r e m  u s i n g  the l i k e l i h o o d  of the v alu e. The m o d e l  is
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h o w e v e r  u n l i k e l y  to be a p p l i c a b l e  in p r a c t i c e  for the pr i o r  
a s s e s s m e n t  of cl a s s  m e m b e r s h i p  is u s u a l l y  p e r f o r m e d  in full 
k n o w l e d g e  of the data. The p r o b l e m  is not that n e w  e v i d e n c e  
has c o m e  to li gh t  that n e c e s s i t a t e s  a c h a n g e  of o p i n i o n ,  but 
that a r e — e x a m i n a t i o n  of the old e v i d e n c e  s u g g e s t s  that the 
j u d g e m e n t  was wro n g.  W h i l s t  B a y e s i a n  m e t h o d  s h o w  us h ow  to 
u p d a t e  o u r  v i e w s  in the l i g h t  of n e w  i n f o r m a t i o n ,  t h e y  do 
not h e l p  w h e n  we w i s h  to r e a s s e s s  our v i e w s  in the light  of 
a r e - e x a m i n a t i o n  of the old data.
If we feel  th a t  m i s c l a s s i f i c a t i o n  is a p r o b l e m  t h e n  it 
w o u l d  be b e t t e r  to h a v e  an a n a l y s i s  that w h i l s t  u s i n g  the 
i n i t i a l  c l a s s i f i c a t i o n  is not d e p e n d e n t  on it for its f i n a l  
r e s u l t .  In p r a c t i c e ,  of co u r s e ,  th e r e  w i l l  u s u a l l y  be a 
m i x t u r e  of s o m e  c a s e s  a b o u t  w h i c h  one is c o n f i d e n t  of the 
d i a g n o s i s  a nd o t h e r s  a b o u t  w h i c h  one is less sure.
In the f o l l o w i n g  s e c t i o n s  we i n v e s t i g a t e  the a f f e c t  of 
i t e r a t i v e  w e i g h t i n g  on two of the m o r e  c o m m o n  m e t h o d s  of 
d i s c r i m i n a t i o n .
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13.5 Iter a t i v e l y  W e i g h t e d  kth Ne arest n e i g hbour
A c c o r d i n g  to the k t h  n e a r e s t  n e i g h b o u r  s c h e m e  one
c l a s s i f i e s  a ne w c a s e  by e s t i m a t i n g  the p r o b a b i l i t y  that it
c o m e s  f r o m  c l a s s  w. u s i n g  k. / k , w h e r e  k is the n u m b e r  of3 3 3
c a s e s  out of the k n e a r e s t  n e i g h b o u r s  that o r i g i n a t e  f r o m
c l a s s  w .. H a v i n g  f o u n d  t h e s e  p r o b a b i l i t i e s  the u n c l a s s i f i e d  
3
c a s e  is a l l o c a t e d  to the c la s s  w i t h  the h i g h e s t  e s t i m a t e d  
p r o b a b i l i t y .  E s s e n t i a l l y  this p r o c e d u r e  d i v i d e s  the
m e a s u r e m e n t  s p a c e  S in to m u t u a l l y  e x c l u s i v e  a n d  e x h a u s t i v e  
r e g i o n s  S^. E a c h  r e g i o n  is th en  a s s o c i a t e d  w i t h  one of the 
p o s s i b l e  c l a s s e s  w i t h  a s t r e n g t h  that d e p e n d s  u p o n  the 
e s t i m a t e d  p r o b a b i l i t y .
S u p p o s e  h o w e v e r  that the t r a i n i n g  sets w e r e  s u s p e c t e d  of 
c o n t a i n i n g  m i s c l a s s i f i e d  ca s e s.  We m i g h t  a l l o c a t e  an i n i t i a l  
set of w e i g h t s  w ^^ to e a c h  case then use a l e a v e - o n e - o u t
a l g o r i t h m  to r e - e s t i m a t e  the w e i g h t  on the b a s i s  of the
o t h e r  c a se s .  Th u s  one w o u l d  c o n s i d e r  e a c h  c as e in turn, fi nd  
its k n e a r e s t  n e i g h b o u r s  and make ,
r ° «
” ij = K
where L runs over the K-NN
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T hi s  c an  t he n  be m a d e  the b a s i s  for an i t e r a t i v e  s c h e m e  
w h e r e b y ,
Z ^ t 
t+1 L Lj
T^i] K
T he  r e s u l t  of s uch  an i t e r a t i v e  p r o c e s s  can best be s ee n  
u s i n g  the a n a l o g y  w i t h  a M a r k o v  p r o c e s s .  S u p p o s e  that we 
h a v e  f iv e  p o i n t s  A , B , C , D  and E, as s h o w n  in f i g u r e  13.1, and 
th at we  a r e  u s i n g  k=2.
A,
B
*
;,C
«D
\E
Figure 13.1
Five points to illustrate the Markov analogy 
The u p d a t i n g  of the w e i g h t s  w i l l  f o l l o w  the m a t r i x  e q u a t i o n .
w.
t+1
1]
TT W, .
 1 j
0 0 0
0 0 0
0 0 0
0 0 0 Î2
0 0 0
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T hi s  is d i r e c t l y  a n a l o g o u s  to the m a t r i x  of t r a n s i t i o n  
p r o b a b i l i e s  for a fi ve  s t a t e  M a r k o v  p r o c e s s ,  see for e x a m p l e  
C o x  & Mi H e r (1 9 6 5 ) •  F r o m  this t h e o r y  it can be s h o w n  that 
the w e i g h t s  w i l l  c o n v e r g e  to.
W . = ( lim TT ) w ,
~3 ~
t-X»
T hu s  the p r o c e s s  w i l l  d i v i d e  the t r a i n i n g  d a t a  into sets of 
p o i n t s  w h i c h  i n f l u e n c e  one a n o t h e r ,  c o r r e s p o n d i n g  to the 
a n a l o g o u s  i r r e d u c i b l e  s t a t e s  of a m a r k o v  chain . Thus,
W h e r e  u^ is the m e a n  r e c u r r e n c e  time. C o n s e q u e n t l y  the fina l  
w e i g h t s  w i l l  be,
W  .
w. . = E
q "q
T ha t  is to say that w i t h i n  a n y  i r r e d u c i b l e  set the p o i n t s  
w i l l  a l l  h a v e  the sa m e w e i g h t s .
O n c e  a g a i n  the f i n a l  set of w e i g h t s  w i l l  d i v i d e  the 
m e a s u r e m e n t  sp a c e  in to  r e g i o n s  w i t h i n  w h i c h  the e f f e c t  of 
a n y  i n i t i a l  m i s c l a s s i f i c a t i o n  w i l l  ha ve  b e e n  a v e r a g e d  out.
As an e x a m p l e  of the w o r k i n g  of this i t e r a t i v e  s c h e m e  
c o n s i d e r  the da t a d i s p l a y e d  in f i gu r e  13.2. H e r e  k= 2 an d  a 
E u c l i d e a n  m e a s u r e  of d i s t a n c e  is b e i n g  e m p l o y e d .
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T he  d a t a  c o n t a i n  t hr e e  d e l i b e r a t e l y  m i s c l a s s i f i e d  v a l u e s  
a nd  in the fi r s t  part of f i g u r e  13.2 we c an  see the d r a m a t i c  
e f f e c t  that t he y h a v e  on the c l a s s i f i c a t i o n  r e g i o n s .  The 
d a t a  w i l l  be s e e n  to d i v i d e  in to  th re e i r r e d u c i b l e  sets, 
n a m e l y  al l of c l a s s  A, t ho s e  c a s e s  in c l a s s  B for w h i c h  
X 2 > 0 . 1 ,  an d th os e  ca s es  in c la s s  B for w h i c h  
I t e r a t i v e  a n a l y s i s  thus g i v e s  d i f f e r e n t  w e i g h t s  to e a ch  of 
t h e s e  r e g i o n s .  T h e y  are, in terms of the c h a n c e  of c o m i n g  
f r o m  c l a s s  A. 0.89 , 0 . 2 8  a nd  0 r e s p e c t i v e l y .
Th e r e s u l t i n g  c l a s s i f i c a t i o n  r e g i o n s  s h o w n  the d i f f e r e n t  
l e v e l s  of c e r t a i n t y  w i t h  w h i c h  c l a s s i f i c a t i o n  ca n be ma d e ,  
and a l m o s t  e n t i r e l y  o v e r c o m e  the i n i t i a l  m i s c l a s s i f i c a t i o n .
C l e a r l y  the b e n e f i t  of this m e t h o d  w o u l d  be lost we re  the 
d a t a  set not to r e d u c e  to a s e r i e s  of d i s t i n c t  se ts. This 
p r o b l e m  is i l l u s t r a t e d  in f i g u r e  13.3 w e r e  th er e is s uch  
o v e r l a p  b e t w e e n  the c l a s s e s  that e v e r y  p oi n t  i n f l u e n c e s  
e v e r y  o t h e r  po in t,  thus the i t e r a t i v e  s c h e m e  w o u l d  end up
g i v i n g  e a c h  p o i n t  the sam e w e i g h t .  W h a t  is r e q u i r e d  is that
the d a t a  s h o u l d  be e d i t e d  so that s m a l l  i n d e p e n d e n t  sets of
p o i n t s  are p r o d u c e d .
Th e  d a t a  s h o w n  in f i g ur e  13.3 w e r e  r a n d o m l y  g e n e r a t e d .  
B e s i d e  e a c h  po i n t  is the final w e i g h t  a l l o c a t e d  by an
i t e r a t i v e  2 - N N  a n a l y s i s  in w h i c h  a w e i g h t  of 1 ia a s s o c i a t e d  
w i t h  cl a ss  A and a w e i g h t  of 0 is a s s o c i a t e d  w i t h  c la s s  B. 
E v e n  w i t h  this i n t e r a c t i n g  d a t a  set th e r e are two m a i n  
g r o u p i n g s ,  but if f u r t h e r  d i v i s i o n  is t h o u g h  d e s i r a b l e  then
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.5
0 X
X
I F
figure 13,2(a) 
the data class A = X class B = 0
figure 13.2(b) 
classification regions for the standard 
k-NN analysis
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A - class A 
B = class B 
U = unsure
5989
28
0.0
figure 13.2(c)
the results of the iterated analysis 
showing the weight given to a point falling in each region
where the weight shows the chance that the value came from class A
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some sort of editt in g is needed.
E d i t t e d  n e a r e s t  n e i g h b o u r  a n a l y s i s  has b e e n  q u i t e  w i d e l y  
s t u d i e d ,  see for i n s t a n c e ,  H a r t ( 1 9 6 8 ) ,  W i l s o n (1 972), 
K o p l o w i t z  and B r o w n ( 1 9 7 8 )  or K i t t l e r  and D e v i j v e r ( 1982) . The 
m e t h o d s  of e d i t in g  are b a s e d  on the idea that one s h o u l d  
s e e k  to r e m o v e  s om e  of the d at a  p o i n t s  in o r d e r  to clarify - 
the d i s t i n c t i o n s  b e t w e e n  the c l a s s e s .  This is g e n e r a l l y  not 
a g o o d  idea in an i t e r a t i v e  a n a l y s i s  for r e m o v i n g  a po i nt  
m e r e l y  f o r c e s  the n e a r e s t  n e i g h b o u r  l i n k  to go e l s e w h e r e  and 
c o n s i d e r a b l e  f o r e t h o u g h t  is n e c e s s a r y  if one is to e n s u r e  
that the s i t u a t i o n  w i l l  not be m a d e  w o r s e  by the n e w  l i n k s .
T h e  s o l u t i o n  to this p r o b l e m  is to edit the li n ks  and not 
the d a t a  p o i n t s .  Th u s in f i g u r e  13.4 we  see the r e s u l t s  of 
u s i n g  o n l y  t h o s e  2 - n n  li n k s  that are less than one u ni t  in 
le n g t h .  The b e n e f i t s  are not g r e a t  for this p a r t i c u l a r  
e x a m p l e  but n o ne  the less they are clear.  The c as e s  in the 
b o t t o m  le ft  and top of the d i a g r a m  are i s o l a t e d  into 
s e p a r a t e  g r o u p s  an d r e t a i n  t h e i r  o r i g i n a l  c l e a r  
c l a s s i f i c a t i o n s .
In p r a c t i c e  some e x p e r i m e n t a t i o n  a n d / o r  p r i o r  k n o w l e d g e  
w o u l d  be n e e d e d  b e f o r e  s p e c i f y i n g  the t h r e s h o l d  but this 
s h o u l d  not p r e s e n t  a m a j o r  d i f f i c u l t y .
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X
•X
Figure 13.3 
A Simulated Nearest Neighbour Analysis
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1.00V
Figure 13.4
An iterative solution to the problem illustrated 
in Figure 13.3
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13.6 I t e r a t i v e l y  W e i g h t e d  L i n e a r  D i s c r i m i n a t i o n
F o r  t w o  n o r m a l  d i s t r i b u t i o n s  w i t h  a  c o m m o n  c o v a r a i n c e  
m a t r i x  t h e  d i s c r i m i n a n t  f u n c t i o n  t h a t  m i n i m i s e s  t h e
n r o b a b i l i t v  o f  e v e n t u a l  m i s c l a s s i f i c a t i o n  i s ,
D(x) = (x - + £ 2) ^  ^ (Ji^  -
T h i s  f u n c t i o n  c a n  t h e n  h e  u s e d  t o g e t h e r  u i t i i  t h e  r u l e ,
D(x) ^ c assign to
< c assign to #2
whe re c  i s  a  c o n s t a n t  d e  p e n d  i n  o n  t h e  p r i o r  p r o b a b i l i t i e s  
a n d  c o s t s  o f  m i  s c l a  s s i  f  i  c a  t  i  o n .
G i v e n  t w o  p e r f e c t l y  c l a s s i f i e d  t r a i n i n p  s e t s  c o n t a i n i n y  n , 
a n d  n c a s e s ,  i t  i s  u s u a l  t o  e s t i m a t e  t h e  p a r a m e t e r s  ' ex ' .
"i
2-1 = 2 ^ =  I.3=1 1
2 b  _  _
Z = S = Z Z (x. . - X.) ' (x. . - x.)/(n^ + n., - n)
1=1 j=i “^2 -1 1 2
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and then to use the estimated l inear discriminant function,
D (x) = (x - %(Xi + x_)') S ^ (x_ - Xg) S — — —1 —2 — —1 —2
However, if m i s c l a s s i f  ication is a problem tiien this 
estimate can be misleading, as L a c h e n h r u c h (1966) has shown.
The i t e r a tively weighted algorithm would, in this case, 
consist of the following stages;
STAGE 1 :
Set the initial weights reflecting the initial 
m i s c l a s s i f i c a t i o n ,
■ o
= 1 if initially classified as
= O if initially classified as Wg
S T A G E .  2  ; F o r m  t h e  w e i g h t e d  e s t i m a t e s ,  ( i n i t i a l l y  w i t h  h = 0 ) ,
= ( E X ) / ( Z w )^
^ i=l i=l ^
k - k  ^ k ^ ky. = X = ( Z (1 - w )* X.) / ( Z (1 - w.*)
N
/V. , Z { w . ^  ( x  -  x . ^ )  ' ( x .  -  X ) + ( 1  -  w . ^ )  ( x .  -  k  ^ ) ' ( x .  -  X g ) },k  X , , 1 —1 —1 —1 —1 1 —1 —2 —1 —2
Z = S = i=l
N - 2
331
s TAG F. 3: Use the, relative likelihoods to define a n e w set of
weights,
k+l exp{-ij(x^ - - K^ ) }
=      _
exp{-^(x. - x-^)'S^(x. - x ^)}+exp{-^(x. - x«^)'S^(x. - x-^)}—1 — 1 —  — i 1 —I — 2 —  —i — 2
STAGE 4 :
If the weights have not converged.
I k+l k| ^ _ .
I.e. w. - w .  > 6 for some k
' 1 1 '
then return to stage 2 .
If they have converged continue to stage 5.
STAGE 3:
Form the est i m a ted linear d i scriminant function.
D*(2C) = (x - ^(x - X.1 ' (^) ^ (x.^ + X.9^)
An a l g o r i t h m  very similar to this has been e x t e n s i v e l y  
studied in the literature but not in the context of initial 
m i s c l a s s i f i c a t i o n .  It is, in fact, a method for solving the 
m a x i m u m  likelihood equations for est i m a t i n g  the parameters  
of a mixture of two densities, namely,
N
L = ÏÏ {p(w^) f^(x^ |w^) + pCw^) f2 (Xj_ IW2) } 
i=l
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T h i s  a p p r o a c h  t o  t h e  e s t i m a t i o n  o f  t h e  p a r a m e t e r s  o f  a 
m i x t u r e  o f  t v j o  n o r m a l s  h a s  b e e n  c o n s i d e r e d ,  a m o n g s t  o t h e r s  , 
b y  h a y  (  1 ' ^ 6 9 ) ,  FTo 1 f  e  (  1 G 7 0  )  ,  a o m e  r  (  1 H 7 3  )  a n d  H u r r a  y  a n  d 
T i t t e r i n g t o n ( 1 h 7 d  )  .  A s  M a r r i o 1 1 ( L G 7 5 ) ,  B r y a n t  a n d
M i l  1 i  a  m s  o n  (  1 9  7  B )  a n d  ' d c L a  c  h a  n  (  1 9  B 0  )  h a v e  a l l  f o u n d  i t  i s  
p r e f e r a b l e  t o  t l i e  r e a l l o c a t i o n  o f  c a s e s  t o  t h e i r  m o s t  l i k e l y  
c l a s s ,  a  p r o c e d u r e  t b .  a t  i s  e f f e c t i v e l y  m a x i m i s i n g  t h e  
l i k e l i h o o d ,
“  l-ai
1=1
v; h e r e  a  =  Q o r  1 .  T h i s  l a t e r  m e t î i o d  i s  f o u n d  t o  p r o d  u  ce 
b i a s e d  e s t i m a t e s  o f  t h e  p a r a m e t e r s .
D e s p i t e  t h e s e  o b j e c t i o n s  r e a l l o c a t i o n  c o n t i n u e s  t o  b e  a  
p o p u l a r  m e t h o d  o f  c l u s t e r i n g ,  s e e  f o r  e x a m p l e ,  F r i e d m a n  a n d  
S c  o  1 1  (  1 9  6  7  )  , J o } i  n (  1 9  7  0  )  , B c  o  1 1  a n d  B y m m o n s  (  1 9 7 1 )  , F n  g e  1 m a  n 
a n d  M a  r t  i  g a n  (  1 9 h  0  )   ^ S c  l o r e  (  1 9 7 7  )  a n d  F. v e  r  i  t  t  (  1 9  7  9 )  .
T h e  q u e s t i o n  a s  t w o  h o w  m u c h  i s  l o s t  b y  n o t  h a v i n g  
c l a s s i f i e d  o b s e r v a t i o n s  w h e n  e s t i m a t i n g  t h e  p a r a m e t e r s  h a s  
b e e n  s t u d i e d  b y  0 ' M e i 1 1 ( 1 9 7 B )  a n d  b y  G a n e s a l i n g a m  a n d  
M c L a  c h a  n (  1 9  7  8  )  .  O ' T I e i l  f o u n d  t h a t  o v e r  t h e  i m p o r t a n t  r a n g e  
o f  s e p a r a t i o n s  ( D = 2 . 5 t o  4 ) ,  t h e  a m o u n t  o f  i n f o r m a t i o n  i n  a n  
u n c l a s s i f i e d  c a s e  v a r i e d  b e t w e e n  2 0 / '  a n d  6  3 % o f  t h a t  i n  a  
c l a s s i f i e d  c l a s s .  G a n e s a l i n g a m  a n d  ' ^ c h a  c h a  n  (  1 9  7  8  )
c o n s i d e r e d  t h e  p r o b l e m  i n  t e r m s  o f  t h e  r e l a t i v e  e f f i c i e n c i e s  
o f  e s t i m a t i o n  b a s e d  o n  c l a s s i f i e d  a n d  u n c l a s s i f i e d  d a t a .
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ihey found that as the separation increased the efficiency 
of unclassified data approached tx;o thirds of that of 
classified data.
Clearly then, if the choice is between classified data 
and u n c l a ssified data there i 11 he a significant loss of 
information if one has to cî isr e g a r d all of the 
c l a s s i fications. however tliere is also a price to be paid 
in terms of loss of performance if one uses data that was 
mi s c l a s s i f i e d  and these two factors need to be weighted 
against one another.
ihis is, of course, quite an extreme view, for in 
practice it is likely that the person p e r f orming the 
initial c l a s s i f i c a t i o n  will be able to pick out those cases 
where the c l a s s i f i c a t i o n  is uncertain. The likelihhod could 
then be modified to allow for n. and n^ classified cases and 
n^ unsure ones, giving.
L - TT f (X |w ) TT f (X |w ) TT {p f (x |w_)+p f_(x,|w_ 
i=l - i=l ^ ^ i=l -L 1 -1 1 2 2 1 2
)}
This m o d i f i c a t i o n  has also been studied, in the context of 
parameter estimation, by hartley and Rao(1968) and by 
M e L a c h a n ( 1 97 5 ) .
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13.7 A Simu l a t i o n  Study of I t e r a tively W e i g h t e d  Linear
D i s c r i m i n a t i o n
The use of an iteratively weighted linear discriminator 
entails a loss of information because one is effectively 
ignoring the initial classification; on the other hand, if 
initial misclassification is a problem then the failure to 
use an iteratively weighted analysis will also produce a 
loss in discriminatory power. In order to try to assess the 
relative importance of these two factors a simulation was 
performed.
The parameter combinations used are an extension of those 
suggested by Lachenbruch(1966) and consist of a factorial 
structure with,
dimension p=2,4 or 8 
means = (0,0,...,0)
“ (d , 0 , .. . , 0 ) d= 1, 2 , 3 , 4 
sample sizes n^  = n^ = 11,22 or 44 
proportions misclassified a=0,0.091 or 0.182
In each case we assess the resulting probability of 
error, averaged over one hundred simulations, contrasting 
the iteratively weighted analysis with the usual linear
335
discriminant function#
Various sampling methods are possible and in this study 
it has been assumed that the prior probabilities are known 
to be equal and that what are thought to be equal samples 
have been chosen from each of the two populations#
The results of the simulation are shown in tables 13.2,
13.3 and 13.4. For each of the parameter combinations the 
average resulting error rate and the standard deviation over 
the hundred simulations are both given. The iterative method 
converged in all cases although for large dimensions, large 
sample sizes and small separations the computation time was 
long.
Taking the two dimensional results from table 13.2 as an 
example, it will be seen that when the separation, delta, is 
either one or two, the initial error rate would need to
be well in excess of our maximum of 18.2% before the 
iterative method would be justified. However as the 
separation increases to t h r e e s o  the ^breakeven^ level of 
misclassification drops to between 9.1% and 18.2%. It will 
also be seen from the table of results that the larger the 
samples the smaller becomes the breakeven level of initial 
raisclassification. When the separation is four then with all 
but the smaller sample size the iterative method is as good 
as the usual linear discriminant even when there are no 
initial errors.
Similar patterns emerge when one looks at the tables
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showing the result for larger numbers of dimensions, 
although, not surpiisingly, as the dimension increases so one 
needs either a larger sample size or a wider separation to 
achieve the same breakeven level of initial 
misclassification.
It might be noted in passing that as well as the usual 
linear discriminant function the simulation was also set to 
find the unbiased linear discriminant function. The 
resulting error rates are not shown as they were never 
significantly different from those shown in tables 13.2 to
13.4. However, what very small difference there was did 
always favour the unbiased version.
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Simulation renuits for dimension p=2
delta sample
size a:=0
error
a:
rates 
= .091 3— #182 Iterative
1 11 .333 .030 .340 .034 .362 .046 .432 .073
22 .320 .013 .331 .029 .355 .041 .404 .0 75
44 .315 .007 .323 .009 .342 .016 .395 .067
2 11 .177 .020 .185 .027 .209 .043 .284 .124
22 .166 .009 .172 .016 .191 .020 .242 .100
44 .163 .005 .170 .010 .189 .015* .209 .072
3 11 .078 .012 .087 .023 .110 .034 .103 .051
22 .075 .027 .079 .011 .097 .018 .086 .030
44 .071 .023 .075 .005 .094 .010 .075 .011
4 11 .029 .007 .037 .017 .057 .028 .034 .017
22 .029 .028 .0 32 .008 .04 6 .013 .0711 ,00î)
44 .076 .074 .079 .003 .04 4 .007 .075 .00 7
Table 13.2
Simulation means and standard deviations 
for dimension two
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Simulation results for dimension p=4
delta sample
size a=0
error
a
rates
=0.091 a=.182 Iterative
1 11 .366 .040 .372 .040 .378 .048 .427 .064
22 .338 .026 t .346 .031 .362 .032 .400 .057
44 .323 .012 .325 .015 .329 .018 .362 .0 36
2 11 .205 .042 .218 .052 .240 .048 .254 .067
22 .181 .0 30 .189 .021 .215 .031 .242 .057
. 44 .170 .021 .176 .010 .194 .016 ' .229 .060
3 11 .099 .028 .115 .041 .143 .047 .151 .070
22 .082 .033 .091 .017 .117 .027 .109 .0 36
44 .076 .025 .089 .023 .099 .014 .089 .023
4 11 .037 .010 .057 .029 .081 .036 .058 .046
22 .032 .026 .039 .013 .061 .021 .036 .018
44 .029 .029 .033 .006 .051 .012 .028 .004
Table 13.3
Simulation Means and standard devaitions 
for dimension four
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Simulation result s for dimensio n p=8
delta sample error rates
size a=0 a= .091 a=. 182 Itéra tive
1 11 .398 .038 .402 .043 .409 .042 .416 .043
22 .362 .024 .370 .027 .378 .031 .399 .042
44 .323 .012 .326 .015 .329 .018 .362 .036
2 11 .244 .048 .266 .056 .293 .061 .294 .068
22 .190 .020 .214 .026 .242 .032 .270 .053
44 .180 .011 . 190 .016 .211 .020 .261 .049
3 11 .130 .038 .164 .053 .205 .062 .176 .068
22 .098 .034 .113 .023 .142 .028 .161 .068
44 .080 .006 .092 .011 .117 .019 .128 .045
4 11 .068 .031 .101 .047 .145 .064 .086 .051
22 .042 .034 .057 .018 .089 .035 .059 .032
44 .030 .004 .040 .008 .063 .016 .04 1 .01 9
Table 13.4
Simulation means and standard deviations 
for dimension eight
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14. AN ANALYSIS OF THE LIVER SCANS
14.1 The Features
The process by which the livers were characterised was 
described in chapter four. After a two dimensional spline 
surface had been fitted through the scan the residuals were 
calculated and these were then analysed by looking at their 
texture and for patches of negative residuals.
This characterisation lead to nine primary features which 
are both meaningful and which showed some potential for 
discrimination. They were,
1. The liver size
2. The average level over the liver
3. The standard deviation of the levels
4. The standard deviation of the residuals
5. The standard deviation of texture measurement one.
6. The standard deviation of texture measurement two.
7. The maximum level
8. The total size of the patches
9. The average depth of the residuals over the
patches.
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F igure 14.1
Bcxplots of the nine primary features extracted from 
the liver scans
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In f i g u r e  14.1 t h e s e  n i n e f e a t u r e s  are b o x p l o t t e d  s h o w i n g  
the d i s t r i b u t i o n  of the 39 n o r m a l  c as e s ,  the 38 c a n c e r  
a f f e c t e d  c a s e s  and  the 18 d i f f u s e  ca s es .  Thus all of those  
c a s e s  for w h i c h  the d i a g n o s i s  was not c o n s i s t e n t  ha v e  b ee n  
e l i m i n a t e d .
It w i l l  be n o t e d  that no f e a t u r e  gi v e s  a c l e a r  
d i f f e r e n t i a t i o n  b e t w e e n  the c l a s s e s  but that the n o r m a l  
l i v e r s  tend to be s m a l l e r ,  h a ve  h i g h e r  a v e r a g e  u p t a k e s ,  h av e  
l a r g e r  t e x t u r e  v a r i a b i l i t y  and s m a l l e r  p a t c h e s  t ha n  the 
a b n o r m a l  li v e r s .  G e n e r a l l y  s p e a k i n g  the d i f f u s e  li v er s  tend 
to be f u r t h e r  f r o m  the n o r m a l s  than do the c a n c e r  a f f e c t e d  
livers.
F i g u r e  14.2 s h o w s  a b i p l o t  of the nine p r i m a r y  f e a u r e s  
an d  the 95 c a s e s .  C l e a r l y  th e r e  are two m a i n  g r o u p i n g s  
a m o n g s t  the f e a t u r e s  m e a s u r i n g  the s iz e  and le ve l  of u p t a k e .  
T he  th r e e c l a s s e s  are not w e l l  d i s t i n g u i s h e d  a l t h o u g h  t h er e  
is a t e n d e n c y  for the d i f f u s e  ca s e s to lie in the b o t t o m  
l e f t  of the d i a g r a m  and for the n o r m a l  to lie if the top 
irig^ h"t~^  w i t h  the c a n c e r  a f f e c t e d  l i v e r s  s p r e a d  b e t w e e n .  
I n d i c a t i n g  the r e l a t i v e l y  l a r g e r  s i z e  and l o w e r  u p t a k e  of 
the d i f f u s e  c ase s.
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Biplot of the nine primary features
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F o u r  s e c o n d a r y  f e a t u r e s  w e r e  f o r m e d  f r o m  the nine  
p r i m a r i e s .  In e a c h  c a s e  t h ey  w e r e  s e l e c t e d  b e c a u s e  of th e i r  
n a t u r a l  i n t e r p r e t a t i o n .  T h e s e  we re,
10. The t o t a l  u p t a k e ,  1x2
11. The p a t c h e s  as a p r o p o r t i o n  of the li ve r, 8/1
12. The d e p t h  of the p a t c h e s  as a p r o p o r t i o n  of the 
s t a n d a r d  d e v i a t i o n  of the r e s i d u a l s ,  9/4
13. The r a t i o  of the s t a n d a r d  d e v i a t i o n s  of the
r e s i d u a l s  to the le v e l s ,  4/3
T h e s e  f o ur  s e c o n d a r y  f e a t u r e s  are b o x p l o t t e d  in f i g u r e
14.3 f r o m  w h i c h  it w i l l  be se e n  that f e a t u r e s  11 a n d  13
a p p e a r  to be the m o s t  u s e f u l  w h e n  d i s t i n g u i s h i n g  b e t w e e n
n o r m a l  and a b n o r m a l  l i ve rs .  F e a t u r e  11 b e i n g  p r i m a r i l y
u s e f u l  w h e n  d e t e c t i n g  d i f f u s e  d i s e a s e s .
T h e  b i p l o t  of all t h i r t e e n  f e a t u r e s ,  fi gu r e 14.4, s h o w s  
r o u g h l y  the sa m e  d i s t r i b u t i o n  of ca se s  but i n d i c a t e s  that 
the n e w  f e a t u r e s  do not m e r e l y  d u p l i c a t e  the o r i g i n a l  n in e .  
F e a t u r e  11 is r a t h e r  p o o r l y  r e p r e s e n t e d  in the sp a c e  of this 
d i a g r a m .
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Biplot of the thirteen potential features
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14.2 The Feat ure Se le ction
F o u r  c o m p a r i s o n s  are of p r i m a r y  i n t e r e s t ,  they are the 
t h r e e  p o s s i b l e  c o m p a r i s o n s  b e t w e e n  pa ir s  of c l a s s e s  and the 
c o m p a r i s o n  b e t w e e n  the n o r m a l  c la s s  and the o t h e r  two 
c o m b i n e d .
In e a c h  case the e l i m i n a t i o n  m e t h o d  d e s c r i b e d  in c h a p t e r  
S ix was e m p l o y e d  u s i n g  the p r o p o r t i o n  of the o v e r l a p  as the 
s e l e c t i o n  c r i t e r i o n .  Th e re s u l t s  are s h o w n  in t a bl e s 14.1 to
14.4. T h e s e  t a b l e s  s h o w  the first fo ur  f e a t u r e s  s e l e c t e d  for 
e a c h  c o m p a r i s o n ,  the v a l u e s  u sed  w h e n  e l i m i n a t i n g  c a s e s  and 
the c l a s s i f i c a t i o n  r at e s  a c h i e v e d  by the s e q u e n t i a l  use of 
the s e l e c t e d  f e a t u r e s  on the s a me  d a t a  set.
T he  a p p a r e n t  s u c c e s s  r ate s s h o w  c l e a r l y  that it is on l y  
the n o r m a l  vs d i f f u s e  case that is at all w e l l  
d i f f e r e n t i a t e d ;  the o t h e r  t h r e e  all f a i l i n g  to r e a c h  an 
a p p a r e n t  s u c c e s s  rate of 40%. T h e s e  r e s u l t s  r e i n f o r c e  the 
i m p r e s s i o n  g i v e n  by f i g u r e s  14.1 to 14.4 t h at  t h er e  is 
l i t t l e  h o p e  of d i f f e n t i a t i n g  the c a n c e r  a f f e c t e d  l i v e r s  f r o m  
e i t h e r  of the o t h e r  two c l a s s e s .
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Table 14,1
Feature selection — Normal v/s Cancer
F eature
5, Texture one 
1 « Size 
13, Ratio of st dev 
9, Depth in patche:
Separation
-0.45
-0.59
—0,65
—0.81
Classification 
normal Cancer
>47.9
<2600
<.24
> 2 6 . 7
<30.0
>4920
>.44
< 9 . 3
Apparent succès 
rate (cumulative
13^
22%
26%
29%
Table 14.2
Feature selection - Normal vs Diffuse
F eatura Separation Clas
normal
si f ication 
diffuse
Apparent Succe 
r a t e (cumulative
s . Texture one -0.26 >41.7 <30.0 32%
13. Ratio st de vs -0.51 >.36 <.26 44%
9. Depth of patches -0.51 <11.7 >18.2 67%
1. Size -0.39 <3420 >4920 81%
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Table 14*3
Feature selection — Cancer vs Diffuse
Feature Separation Classification
Cancer " Diffuse
Apparent Success 
rate (cumulative)
7. Maximum -0.45 >180 <85 13%
8. Patch size -0.65 • <180 >360 23%
10. Total uptake -0.65 >244 000 < 1 1 0  000 29%
6. Texture two -0.53 < 9 7 . 8 >157.8 36%
Table 14.4
Feature selection — Normal vs Rest
Feature Separation Classification
Normal Rest
Apparent Success 
rate (cumulative)
13. Ratio st dev -0.37 < .24 > . 4 4 12%
5. Textur e cn e —0 .40 > 47.9 < 30.0 23%
1 . Size -0.61 <2600 >4900 32%
9. Depth Patches —0 .81 >26.7 <9.3 34%
355
14.3 Normal Livers  vs Diffuse diseases
U s i n g  the f o u r  s e l e c t e d  v a r i a b l e s  one m i g h t  s e e k  a l i n e a r  
c o m b i n a t i o n  to d i s t i n g u i s h  b e t w e e n  n o r m a l  and d i f f u s e  c as e s  
b a s e d  on a s i n g l e  scor e. The m e t h o d s  e m p l o y e d  on the 
p s y c h i a t r i c  d a t a  in c h a p t e r  twe l v e,  w i t h  p=0.1, r e s u l t  in an 
o v e r l a p  of 19.5%, as s h o w n  in f i g u r e  14.5.
T h e  a n a l y s i s  is c l e a r l y  not g o o d e n o u g h  for p r a c t i c a l  
i m p l i m e n t a t i o n , g i v i n g  as it does an a p p a r e n t  e r r o r  rate of 
39%. C h a n g i n g  the v a l u e  of p to gu ar d  a g a i n s t  o u t l i e r s  and 
m i s c l a s s i f i e d  ca s e s  does not e n h a n c e  the o v e r a l l  
p e r f o r m a n c e .
Normal is Diffuse
Feature 
1. Size (x.Ol)
5. Texture one
9. Depth of patches
13. Ratio of St. dev(x 100) .690
Separation R = -0.192
Weight 
.055 
-.648 .
-.318
NORMAL
DIFFUSE
25201510-10
Figure 14.5
The separation between the normal and diffuse cases
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14.4 Post M o r t e m
T h e  a n a l y s i s  of the l i v e r  sc a ns  has not p r o v i d e d  us w i t h  
a p r a c t i c a l  s c h e m e  for the d i a g n o s i s  of l iv e r  d i s e a s e  and it 
is i m p o r t a n t  that we q u e s t i o n  the r e a s o n s  for this f a i l u r e .  
S e v e r a l  m a j o r  f a c t o r s  ca n  be i d e n t i f i e d  as c o n t r i b u t i n g  to 
the d i f f i c u l t i e s /  of th e s e  the p r o b l e m  of d i a g n o s i s  has
a l r e a d y  b e e n  d i s c u s s e d  in c h a p t e r  t h i r t e e n .
A f u r t h e r  d i f f i c u l t y  is that the n o r m a l  c a s e s  are not 
t r u e l y  ' n o r m a l ' .  T he d a t a  w e r e  r o u t i n e l y  c o l l e c t e d  f r o m
s u b j e c t s  s u s p e c t e d  as h a v i n g  a l i v e r  d i s e a s e ,  the n o r m a l  
g r o u p  thus c o n t a i n s  t h o s e  w h o  t u r n e d  out not to h a v e
d i s e a s e d  l i v e r s  e v e n  t h o u g h  t h e y  had some s y m p t o m s  that 
i n i t i a l l y  s u g g e s t e d  that p o s s i b i l i t y .  W h i l s t  it is i m p o r t a n t  
to be a b l e  to d i s t i n g u i s h  s u c h  p a t i e n t s  f r o m  t h o s e  who  
a c t u a l l y  h a v e  li v e r  d i s e a s e  this is a far m o r e  d i f f i c u l t  
p r o b l e m  t h a n  that of d i s t i n g u i s h i n g  b e t w e e n  l i v e r  d i s e a s e
a n d  h e a l t h y  l i v e r s .  T he s i m p l e r  p r o b l e m  w o u l d  be b e t t e r  
s u i t e d  to an i n i t i a l  i n v e s t i g a t i o n  of this type.
A l t h o u g h  the d a t a  set a p p e a r s  at f ir st si gh t  to be l a r g e  
we h a v e  se e n  that the w a y  in w h i c h  it was c o l l e c t e d ,  w i t h o u t  
s p e c i f i c  d i a g n o s i s  has g r e a t l y  r e d u c e d  the e f f e c t i v e  s a m p l e  
size. The m e t h o d s  for d e a l i n g  w i t h  i n i t i a l
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mi sc las s i f i c a t i o n , d e s c r i b e d  in c h a p t e r  t h i r t e e n ,  m i g h t  h av e  
b e e n  a p p r o p r i a t e  ha d the c l a s s e s  be e n b e t t e r  s e p a r a t e d  and 
h ad the i m p o r t a n t  f e a t u r e s  b e e n  e a s i e r  to i d en t i fy .
T he  c l a s s e s  u se d  in the a n a l y s i s  are not e v e n  
h o m o g e n e o u s .  B e c a u s e  of the u n c o n t r o l l e d  n a t u r e  of the 
i n i t i a l  s t u d y  th e r e  are i n s u f f i c i e n t  ca s e s  to m a k e  up 
c l a s s e s  of p a t i e n t s  w i t h  a s i n g l e  d i s e a s e .  Thus d i f f u s e  
d i s e a s e  i n c l u d e s ,  a m o n g s t  o t h e r s ,  c i r r h o s i s  and h e p a t i t i s ,  
a nd  e v e n  h e p a t i t i s  is i t s e l f  a c o l l e c t i o n  of d i f f e r e n t  
f orm s.  C l e a r l y  t h e r e  is the s t r o n g  p o s s i b i l i t y  that m e t h o d s  
s u i t a b l e  for p i c k i n g  out a c as e of c i r r h o s i s  m ay  not be 
s u i t a b l e  for h e p a t i t i s  and vice ver s a .
It has a l r e a d y  b e e n  p o i n t e d  out h o w  the d a ta  was 
c o l l e c t e d  w i t h o u t  s u f f i c i e n t  b a c k g r o u n d  i n f o r m a t i o n  on the 
p a t i e n t s .  In the o r i g i n a l  st u d y  th er e  was no r e c o r d  of the 
p a t i e n t s  h e i g h t ,  w e i g h t  or age, f a c t o r s  that w o u l d  h av e  a 
i n f l u e n c e  on ones i n t e r p r e t a t i o n  of the scan. W h e n  the 
p a t i e n t  r e c o r d s  w e r e  t r a c e d  in the s u m m e r  of 1982 it was 
f o u n d  that this i n f o r m a t i o n  wai; only a v a i l a b l e  on a f r a c t i o n  
of the p a t i e n t s  and to r e q u i r e  a fu ll  set of p a t i e n t  d e t a i l s  
w o u l d  h a v e  v i r t u a l l y  e l i m i n a t e d  all of the c a s es .  C l e a r l y  
this i n f o r m a t i o n  s h o u l d  h a v e  b e e n  sort at the time of 
c o l l e c t i o n .
T h e  m e t h o d  for d e t e c t i n g  p a t c h e s  of n e g a t i v e  r e s i d u a l s ,  
i n d i c a t i n g  the p r e s e n c e  of s e c o n d a r y  c a n c e r s  has not b e e n  
e f f e c t i v e .  H ad  the da ta  set b e e n  m o r e  r e l i a b l e  t h e r e  are
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m a n y  w a y s in w h i c h  the m e t h o d  c o u l d  h a v e  been m o d i f i e d  in 
o r d e r  to try to i m p r o v e  its p e r f o r m a n c e .  Ch i ef  a m o n g s t  the 
v a r i a t i o n s  w o u l d  be an i n c r e a s e  in the n u m b e r  of k n o t s  in 
the s p l i n e  fit and the u se  of a r o b u s t  f i t t i n g  m e t h o d .  
S p l i n e  f i t t i n g  is b a s e d  on le as t s q u a r e s  and it w o u l d  be 
q u i t e  p o s s i b l e  to w e i g h t  the l ea st s q u a r e  fit so as to p l a y  
d o w n  the e f f e c t  of the n e g a t i v e  r e s i d u a l s ,  as i l l u s t r a t e d  in 
f i g u r e  14.5. So me  e x p e r i m e n t s  w e r e  ma d e a l o n g  th es e lines 
but the p o o r  q u a l i t y  of the d a t a  m a d e  t he i r  c o n t i n u a t i o n  a 
d o u b t f u l  e x e r c i s e .
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15. C O N C LU DING REMARKS
A U  '*
At the o u t s e t  the i n t e n t i o n  b e h i n d  this w o r k  was that it 
s h o u l d  a p p l y  s t a t i s t i c a l  p a t t e r n  r e c o g n i t i o n  to a 
s u b s t a n t i a l  d a t a  set and that the a p p l i c a t i o n  s h o u l d
i
m o t i v a t e  w h a t e v e r  t h e o r e t i c a l  d e v e l o p m e n t s  that h a p p e n e d  to 
p r o v e  n e c e s s a r y .  U n f o r t u n a t e l y  two of the data  sets p r o v e d  
to be a l i t t l e  d i s a p p o i n t i n g .  The b a l l i s t o c a r d i o g r a m s  
b e c a u s e  they w e re  r e pe a t  m e a s u r e m e n t s  on so few s u b j e c t s ,  
and the l i v e r  s c a n s  b e c a u s e  of the u n c e r t a i n t y  ov er  t h e i r  
c o r r e c t  c l a s s i f i c a t i o n .
A l t h o u g h  the d at a  sets we re  t h e m s e l v e s  not i dea l t he y did 
s e r v e  to m o t i v a t e  so me  d e v e l o p m e n t s  that s e e m  w o r t h  
c o n s i d e r i n g  for f u t u r e  a p p l i c a t i o n .
Th e d o u b l e  d a m p e d  h a r m o n i c  m o d e l  d e s c r i b e d  in c h a p t e r  
four gi ves  sucii a good fit to the b a l l i s t o c a r d i o g r a m s  that 
the p a r a m e t e r s  of the m o d e l  a l l o w  one, not just to i d e n t i f y  
d i s e a s e d  c ase s, but even  to i d e n t i f y  the i n d i v i d u a l s .  This  
m o d e l  w o u l d  mak e a u s e f u l  ba s is  for a f u r t h e r  st ud y,  
e s p e c i a l l y  as the p a r a m e t e r s  ha ve  c l e a r  i n t e r p r e t a t i o n s  in 
terms of a m p l i t u d e ,  ph a s e and d a m p i n g .  The r e q u i r e m e n t  now 
is for a l a r g e r  dat a set w it h  d e t a i l e d  c o v a r i a t e  i n f o r m a t i o n  
s uc h  as sex, age and d i a g n o s i s .  The m o d e l  f i t t i n g  c ou ld  
then be p r o g r a m m e d  i nto  a m i c r o c o m p u t e r  and used by d o c t o r s .
B e c a u s e  of the e r r o r s  in the data base it is m uc h  more 
d i f f i c u l t  to be c o n f i d e n t  as to the s u c c e s s  or o t h e r w i s e  of 
the B - s p l i n e  mo d e l for the l i v e r  sc an s .  The d e g r e e  of fit
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does h o w e v e r  s u g g e s t  that th ey  g iv e  a go od  r e p r e s e n t a t i o n  of 
the o v e r a l l  p a t t e r n  of u p t a k e .  It r e m a i n s  to be seen
w h e t h e r  or not this r e p r e s e n t a t i o n  l e ad s  to u s e f u l
d i s c r i m i n a t o r y  f e a t u r e s .
The l i v e r  sc a n s  did, n o ne  the less, m o t i v a t e  a s m a l l  
s tu d y  of i n i t i a l  m i s c l a s s i f i c a t i o n  w h i c h  s u g g e s t e d  the use 
° ^  the i t e r a t i v e  m a x i m u m  l i k e l i h o o d  m e t h o d s  w i t h  
m i s c l a s s i f i e d  data. F u t h e r  the i t e r a t i v e  idea is e x t e n d e d  
to e n c o m p a s s  the c o m m o n l y  u s e d t e c h n i q u e  k n o w n  as n e a r e s t
n e i g h b o u r  a n a l y s i s  so that it can a l so  be m o d i f i e d  to a l l o w
for a n y  i n i t i a l  m i s c l a s s i f i c a t i o n .
Th e w o r k  on f e a t u r e  s e l e c t i o n  has p o t e n t i a l l y  far 
r e a c h i n g  a p p l i c a t i o n  and d i v i d e s  ne a 1 1 y into two par t s , as 
d e s c r i b e d  in c h a p t e r s  six and seven.
Th e c o n d i t i o n i n g  m e t h o d  s eem s to be a u s e f u l  w a y  of
s e l e c t i n g  v a r i a b l e s  in p r o b l e m s  that are l ar g e  in term s of
d i m e n s i o n  and s a m p l e  size. W h i l s t  ndt o p t i m a l ,  the m e t h o d
w o r k s  w e ll  in p r a c t i c e , is s i m p l e  to p r o g r a m  and q u i t e
g e n e r a l .  Indeed, as has been shown , it can be a p p l i e d  both
*
to a s s u m e d  d i s t r i b u t i o n a l  forms and in non*“pa r a m e t r  i c 
a n a l y s e s .  T h e r e  is f u r t h e r  s c o p e  for e x t e n s i o n  h e r e  by 
u s i n g  the c o n d i t i o n i n g  a l g o r i t h m  in c o n j u c t i o n  w i t h  
n o n - p a r a m e t r i c  d e n s i t y  e s t i m a t e s .
K e r n e l  e s t i m a t e s  o f f e r  a good p r a c t i c a l  m e t h o d  for 
h a n d l i n g  p r o b l e m s  w h e r e  the f o r m  of the d e n s i t y  is u n l i k e l y  
to be c l o s e l y  a p p r o x i m a t e d  by a m u l t i v a r i a t e  n o r m a l .  
U n f o r t u n a t e l y  k e r n e l  e s t i m a t e s  are d i f f i c u l t  to o b t a i n  in
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hi gh d i m e n s i o n s  b e c a u s e  of the l a r g e  a m o u n t s  of da ta that 
t h e y  r e q u i r e .  The c o n d i t i o n i n g  a l g o r i t h m  o f f e r s  a u s e f u l  
w a y  of r e d u c i n g  the s e l e c t i o n  to a s e r i e s  of u n i v a r i a t e  
p r o b l e m s ,  e s s e n t i a l l y  by not t r y i n g  to e s t i m a t e  the d e n s i t y  
o v e r  r e g i o n s  that are of no i n t e r e s t .
T he  p r o b l e m s  r e s u l t i n g  f r o m  the use of this t e c h n i q u e  
h a v e  by no m e a n s  all be e n so l v e d .  F u r t h e r  w o r k  is r e q u i r e d  
on the e f f e c t  of the c o n d i t i o n i n g  ra n g e  on the forms of the 
r e s u l t i n g  d e n s i t i e s .  As s e c t i o n  6.5 s h o w s ,  for m u l t i v a r i a t e  
n o r m a l  data,  the n o r m a l i t y  of the v a r i a b l e s  is lost once 
t hey  h av e b ee n  c o n d i t i o n e d  on a r a n g e  of u n h e l p f u l  v a l u e s .  
H o w e v e r  the e x a m p l e s  i n v e s t i g a t e d  s u g g e s t  that the e f f e c t  of 
the n o n — n o r m a l i t y  is s m a l l  and of l i t t l e  i m p o r t a n c e  p r o v i d e d  
that  a r o b u s t  c r i t e r i o n  has b e e n  us e d for f e a t u r e  s e l e c t i o n .
T he t e c h n i q u e  d e s c r i b e d  in c h a p t e r  six is s e q u e n t i a l  and 
u n i v a r i a t e  and yet t a c k l e s  a p r o b l e m  that is m u l t i v a r i a t e .  
C l e a r l y  the r e s u l t s  w i l l  not be o p t i m a l ,  a l t h o u g h  the m e t h o d  
has the a d v a n t a g e  of b e i n g  a p p l i c a b l e  e v e n  w h e n  the full  
m u l t i v a r i a t e  s o l u t i o n  is p r o h i b i t i v e l y  c o m p l e x .  It w o u l d  be 
u s e f u l  to ha v e m o r e  i n f o r m a t i o n  on the p e r f o r m a n c e  of the 
m e t h o d  in c o m p a r i s o n  w i t h  the o p t i m a l  p r o c e d u r e s ,  w h e r e  
these e xis t.  The s i m u l a t i o n s  r e p o r t e d  in c h a p t e r  s ix  
s u g g e s t  that the t e c h n i q u e  p e r f o r m s  v e r y  we ll, at least w it h  
n o r m a l  da ta, but f u r t h e r  w o r k  is n e e d e d  to c o n f i r m  this.
In c h a p t e r  five the s t a n d a r d  m e t h o d s  of f e a t u r e  s e l e c t i o n  
w e r e  r e v i e w e d  and it was s h o w n  h o w  m a n y  d e p e n d  on the
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e i g e n s t r u c t u r e  of so me c o v a r i a n c e  e s t i m a t e .  In c h a p t e r  
s e v e n  it is a r g u e d  that this idea is b a s i c a l l y  m i s t a k e n  and 
that it is far b e t t e r  to l o o k  at the e i g e n s t r u c t u r e  in the 
d ua l  sp ac e .  One a g a i n  the m e t h o d  is far r e a c h i n g  and
a p p l i c a b l e  to a l m o s t  a ny p r o b l e m .  P o s s i b l e  o b j e c t i o n s  due 
to the r e q u i r e m e n t  of the e i g e n s t r u c t u r e  of an nxn m a t r i x ,  
w h e r e  n is the n u m b e r  of ca se s , are o v e r c o m e  by c l u s t e r i n g
the c a s e s,  u s i n g  the c l u s t e r  c e n t r e s  in the a n a l y s i s  and
then r e p l a c i n g  the i n d i v i d u a l s  in the r e d u c e d  sp ac e .
T he  w o r k  on n o n — p a r a m e t r i c  v a r i a b l e  s e l e c t i o n  lead to the 
use of the n o n - p a r a m e t r i c  m e a s u r e  of s e p a r a t i o n  b a s e d  on 
t o l e r a n c e  i n t e r v a l s .  Thi s w o r k  fo r ms  a n a t u r a l  e x t e n s i o n  to 
the e a r l i e r  id e as  of Q u e s e n b u r y  and G e s s a m a n (1 96 8 )  s e l e c t i n g  
the l i n e a r  f u n c t i o n  that g iv e s  the g r e a t e s t  s e p a r a t i o n .  The 
o v e r a l l  m e t h o d  w o r k s  w e l l  on both the b a l l i s t o c a r d i o g r a m s  
and the p s y c h i a t r i c  data.
E x t e n s i o n  into h i g h e r  d i m e n s i o n  li nk s f u r t h e r  w i t h  a 
s u g g e s t i o n  m ade , a m o n s t  o t h e r s ,  by K e n d a 11 ( 1 966 ) , for the
use of c o n v e x  h u l l s  in d i s c r i m i n a t i o n .  In o r d e r  to
f a c i l i t a t e  this e x t e n s i o n  an a l g o r i t h m  was d e v e l o p e d ,  the 
f i r s t  to a l l o w  the c a l c u l a t i o n  of a c o n v e x  hu ll  in any  
n u m b e r  of d i m e n s i o n s .  This a l g o r i t h m  m ay  w e l l  find  
a p p l i c a t i o n  in o t h e r  a r e a s.
In c o n s e q u e n c e ,  a l t h o u g h  the a p p l i c a t i o n s  h a v e  p r o v e d  
d i s a p p o i n t i n g ,  the ideas  that t h e y  h a ve  g e n e r a t e d  s e e m  to 
h a v e  c o n s i d e r a b l e  p o t e n t i a l  use.
365
REFERENCES
Aitc hison  J. & Du nsmo re  I.R. (1975) 
S t a t istic al  pre d i c t i o n  analysis 
C am bridge U n i v e r s i t y  Press
Ai chi so n J., Habberaa J.D.F., & Kay J.W. (1977)
A c r i t i c a l  c o m p a r i s o n  of two methods of stati stical 
d i s c r i m i n a t i o n  
Ap plied Stat is tics 26 ppl5-25
An der be rg M.R. (1973)
C lu ste r Analy si s for A pplic at ions 
A c a de mic Press 
New  York
An de rs on J.A. (1972)
Separa te sample logistic d i s c r i m i n a t i o n  
B i o m e t r i k a  59 ppl9-35
Ander so n J.A. & R i c h a r d s o n  S.C. (1979)
L o g i s t i c  d i s c r i m i n a t i o n  and bias c o r r ec tion in 
m a x i m u m  l ike li hood e stimat io n 
T e c h n o m e t r i c s  21 pn7 1— 78
And e r s o n  T.W. (1958)
An i n t r o d u c t i o n  to m u l t i v a r i a t e  analysis 
Wiley 
New York
Ander so n T.W. (1973)
An as ym p t o t i c  e x p an si on of the d i s t r i b u t i o n  of the 
'studentised' c l a s s i f i c a t i o n  stat istic W 
Annals Stat istics  1 p p 9 6 4 — 972
Ander so n T.W. & Ba dahu r R.R. (1962)
Cl a s s i f i c a t i o n  into two m u l t i v a r i a t e  normal distr i b u t i o n s  
with different cov ar ia nce matrices 
Annals Math. Statist. 33 pp 420-431
Andrews B.C. (1972)
I n t r o d u c t i o n  to ma th e m a t i c a l  techniques in pattern rec o g n i t i o n  
W i l e y  
New York
364
An g ehr n F.G., Schmid P., Percia R., Cueni B . , Schmid M . ,
A k o v b i a n t z  A., Heinzel F., Landoft M . , Haemmerli U.P. & Baum A.L.(1 
L e b e r m e t a s t a s e n : d i a g n o s t i s c h e r  wert von bluttests,
s z i n t i g r a p h i c  und l ap aroskop ic  
Dtsch Me d W o c h e n s c h r  101 ppl047*-1055
Avis D . ( 1 979)
On the com p l e x i t y  of finding the convex hull of a set of points 
Te c h n i c a l  report No. SOCS 79.2 
School of Co mp uter science 
Mc Gi ll  U n i v e r s i t y
Backe r & De Shipper (1977)
On the raax-min ap pro a c h  for feature ordering and selection 
Proc. seminar on pa ttern r e c o g ni tion Liege
B a h a d u r  R.R. (1961)
A r e p r e s e n t a t i o n  of the joint dist r i b u t i o n  of response to 
n d i c h otomo us  items
in
Studies in item analysis  & predi ction 
Ed . S o l o mon H .
St anfor d U n i v e r s i t y  pr Press 
Palo Alto, Cal ifor ni a
Bard Y. (1974)
N o n - l i n e a r  p a r a m e t e r  es ti mation  
Ac ademi c Press London
Barnett V. (1976)
The or derin g of m u l t i v a r i a t e  data 
J . R . S . S .  A  1 3 9  p p 3 1 8 - 3 5 4
Barr D.R. & Slezak N.L. (1972)
A co mp a r i s o n  of m u l t i v a r i a t e  normal generators 
CACM 15 p pl 04 8-1049
Ba tchel or  B.C. (1974)
P r a ct ic al  ap pr oach to patt ern cl a s s i f i c a t i o n  
P len um 
New York
Beck er P.W. (1971)
An i n t r o d u c t i o n  to the design of pattern  r e c o g n i t i o n  
devices 
Spring er 
New York
365
Be n- Bassat M, (1980)
M u l t i m e m b e r s h i p  and m u l t i p e r s p e c t i v e  cla ssification: 
In tr od uction , a p p l icati on s and a Bayesian model 
IEEE Trans Systems, Man & C yberne ti cs SMC-10 pp331- 336
Be nt le y J.L. & Shamos M.I. (1977)
Divid e and conquer for expected linear time 
C a r n e g i e - M e l i o n
U n i v e r s i t y  Com pu ter Science Tec hnic al  Report
B e r ks on  J.T. (1955)
M a x i m u m  like lihoo d and m i n i m u m  chi- squared est i m a t i o n  of 
the logistic  function 
J . A . S . A . 5 0 p p 130-162
Biello D.R., Levitt R.G., Barry A.S., Sagel S.S. & S t a nl ey  R.J. (1 
Co m p u t e r  T o m o g r a p h y  and r ad io nuclid e imagary of the liver: 
a co mp a r i t i v e  eval u a t i o n 
Ra d i o l o g y  127 ppl59-16 3
Blahd W.H. (1971)
N u c l e a r  Medicine  
M c G r a w - H i l l  New York
B l a s hf ie ld R.K. & A l d e n d e r f e l d  M.S. (1978)
The li terature on cluster analysis 
M u l t i v a r i a t e  b e h av io ur research 13 pp271-295
Bowk er A. II. ( 1947)
tables of tolerance factors for normal d i s t r ibut io ns
in
t ec hni que s of stat is tical analysis 
M c G r a w  Hi 11 
ne w York
Box G.E.P. & Jenkins G.M. (1976) 
Time series analysis 
H o I d e n - D a y  
San Franc isco
B r a u n s t e i n  P. & Song C.S. (1975)
The uses and li mi tations of r a di oi sotope s in the 
i n v e s t i e g g ation of g a s t r o i n t e s t i n a l  diseases 
Digest. Dis. 20 pp53-90
366
Brent R.P. (1974)
A l g o r i t h m  488: A Gaussian  p s e u d o - r a n d o m  number generator 
C o m m u n i c a t i o n s  of the ACM 17 pp704-705
Broffit , Randles , & Hogg (1978)
Discriminant analysis based on ranks 
J.A.S.A. 73 p p 3 79-38 4
Brofitt J.D., Rundles R.H. & Hogg R.V. (1976)
D i s t r i b u t i o n  free partia l dis crimin an t analysis 
J. Amer. Statist. Assoc. 71 pp 934-939
Bryant P. & W i l l i a m s o n  J.A. (1978)
A s y m p t o t i c  b e h a v i o u r  of c l a s s i f i c a t i o n  ma x i m u m  lik elihood 
est im ates  
B i o m e t r i k a  65 pp273-28 1
Bykat A . ( 1978) •
The convex hull of a finite set of points in two 
di men sions.
Inf Process Lett 7 pp2 96-2 98
Caetano D. (198 0)
En quiries into the c l a s s i f i c a t i o n  of af f e c t i v e  disorders 
Un p u blishe d PhD d i s s e r t a t i o n  
U n i v e r s i t y  of Camb ridge
Chaud D.R. & Kapar S.S>. (1970)
An a l g o r i t h m  for convex polytopes 
Journal of the ACM 17 pp78-86
Chen C.H. (1973)
Stat i s t i c a l  pa tt ern r e c o gniti on  
H ayd en 
New York
Chien Y.T. (1978)
In t e ractiv e pa tte rn reco gn ition 
M a r c e l  Dekke r 
New York
Chein Y.T. & Fu K.S. (1967)
On the g enera li sed K a r h u n e n - L o e v e  ex pansion 
IEEE Trans. IT-15 p 518
367
Chitti Babu (1972a)
On the a p p l i c a t i o n  of dive rgence for the ext racti on  of 
f eat ures from i m p e r f e c t l y  labeled patterns 
IEEE trans System, Man & Cyb er netics pp 290-292
Chii tti  Babu (1972b)
On the e x t r a c t i o n  of pattern features from imp er fectly 
id e n t i f i e d  samples 
IEEE trans compu ters pp410-411
Chitti Babu (1973a)
On the e x t r a c t i o n  of impe r f e c t l y  labeled patterns 
IEEE trans Systems, Man & Cyb ern et ics pp290 -292
Chitti Babu (1973b)
On the a p p l i c a t i o n  of pr o b a b i l i s t i c  distance mea su res for the 
e x t r a c t i o n  of features from i m p e r fe ct ly labeled patterns 
In t J Comp & I n f o r m  Sc p p l 0 3 — 114
Chittin en i (1980)
L e a r n i n g  with imp e r f e c t l y  labeled patterns 
Pa tt ern reco g n i t i o n  pp281-291
Chittin en i (1981)
E s t i m a t i o n  of the p r o b a bilit ie s of label im p e r f e c t i o n s  
and co rr e c t i o n  of misl ab els  
Pattern  R e c o g n i t i o n  pp 257 -26 8
Cl un i e s - R o s s  C.W. & R i f f e n b u r g h  R.H. (1960)
G e o m e t r y  and linear d i s c r i m i n a t i o n  
B i o m e t r i k a  47 pp l85 -18 9
Cochran W.G. & Hopkin s G.E. (1961)
Some c l a s s i f i c a t i o n  problems with m u l t i v a r i a t e  q u a l i t a t i v e  
data
Biometr ic s 17 pplO-32
Conn H.O. & E l k i n g t o n  S.G. (1968)
Is hepatic scanning ove rra ted?
G a s t r o e n t e r o l o g y  54 ppl 35~14 0
Cormack R.M. (1971)
A review of c l a s s i f i c a t i o n  
J.R.S.S. A 134 pp321 -367
368
C o s t a n z a M . C .  & A f i f i A . A « ( 1 9 7 9 )
C o m p a r i s o n  of stoppi ng rules in forward stepwise disc riminan t 
anal ys is
J, Amer. stat. assoc. 74 pp 777-785
Cover T.M. (1974)
The best two in de p e n d e n t  measu r e m e n t s  are not the two best 
IEEE Trans, syst. ma n cyber, (corresp) SMC-4 pp 116-117
Cover T.M. & Hart P.E. (1967)
Nearest n e i g h b o u r  pattern c l a s s i f i c a t i o n  
IEEE Trans. Inform. Theo ry  IT-13 pp 21-27
Cox D.R. (1970)
The analysis of binary  data 
M e t h u e n  
Londo n
Cox D.R. & M i ller  H.D. (1965)
The theory of s to chastic  processes 
M e t h u e n 
Lond on
C u n n i n g h a m  D.M. & Smiley P.C. (1961) 
J App P h y s i o l o g y  16 p4
David F.N. & J o h ns on N.L. (1954)
S t a t is ti cal treatment of censored data 
B i o m et ri ka pp 22 8-240
Day N.E. (1969)
E s t i m a t i n g  the co mponents of a mixture of two normal 
di s t r i b u t i o n s  
Bi om e t r i k a  5 6 p p 463-47 3
Day N.E. & K e r rid ge  D.F. (1967)
A general ma ximum likelih ood discrimina nt  
Bio me tr ics 23 p p 3 13-323
Dev ij ver P.A. (1979)
New error bounds with the nearest neigh bo ur rule 
IEEE Trans. Inform. Theory IT-25 pp 749-753
De vij v e r  P.A. & K i ttler J. (1982)
Pa tt er n rec ognition: A sta tisti ca l ap proach 
P r e n t i c e - H a 11
369
Duda R.V. & Hart P.E. (1973)
Pa t ter n c l a s s i f i c a t i o n  & scene analysis 
Wiley 
New York
Eckart  C. & Yo ung G. (1939)
A pri nc ip al axis t r a n s f o r m a t i o n  for n o n - H e r m i t i a n  matrices 
Ann Math Soc Bull 45 ppll8-121
Eddy W.F. (1977)
A new convex hull a l g o r i t h m  for planar sets 
ACM trans on Math Software 3 p p 3 98— 404
Efron B. & Morris C. (1976)
M u l t i v a r i a t e  em pir ical Bayes and es ti mation of co variance 
mat ri ces 
An nals Statist. 4 pp 22-32
Eise nbe is R.A. & Gilbert G .G . (1973)
I n v e s t i g a t i n g  the relative importa nce of ind iv id ual var ia bl es 
and var ia ble subsets in discri minant analysis 
Commun, in stats. 2 pp 205-219
E l- S h e i k h  T.S & Wacker A.G. (1980)
Effect  of d i m e n s i o n a l i t y  and es ti mation  on the p e r f o rm an ce 
of G a u s s i a n  cl ass ifiers 
Pa ttern  R e c o g n i t i o n  12 p p l 15-126
En ge lm an L. & H a r tiga n J.A. (1969)
Pe r c e n t a g e  points of a test for clusters 
J.A.S.A. 64 p p l 6 4 7 — 1648
Everitt B.S. (1979)
Un so lv ed problems in clu ster analysis 
Bi om etri cs  35 ppl 69-181
Everitt B.S. (1980) 
Cl uster  analysis 
He inemann 
London
F eh la uer J. & E i s e n s t e i n  B.A. (1979)
A d e c l u s t e r i n g  c r i te ri on for feature se lec tio n in 
p a t t e r n  reco gn it ion 
IEEE trans computers C-27 pp2 61- 26 5
370
Fisher R.A. (1936)
The Use of mu l t i p l e  m e a s u r e m e n t s  in taxonomic problems 
Ann E u g e n ?  pp 179-188
Fix F. & Hodges J.L. (1951)
D i s c r i m i n a t o r y  analysis: n o n - p a r a m e t r i c  di scrimina tion: 
small sample p e r f o rm an ce  
US School of Avi a t i o n  Me di ci ne Proj 21-49 -004  
Rep 11 R a n dolp h Field Texas
Foley (1973)
Or t h o g o n a l  ex p a n s i o n  study for w a v e f o r m  p r o c essing  systems 
Rome air develop, centre AF systems command
Griffiss AEB New Yor k Tech. Rep. R A D C - T R - 7 3 - 1 6 8
Fri e d m a n  J.H. & T u key J.W. (1974)
A p r o j e c t i o n  purs uit a l g o r i t h m  for e x p l o r a t o r y  data analysis 
IEEE Trans Comp C— 23 p p 3 8 1 — 889
Fr i e d m a n  U.P. & Rub in  J. (1967)
On some invariant criteri a for gro uping  data 
J.A.S.A. 62 p p l 152-1178
Fu K.S. (1968)
S eq ue ntial me thods in pattern rec o g n i t i o n  and machin e 
lea rn ing 
A c a de mi c 
New York
Fu K.S. (1974)
Sy ntati c methods in pattern  recogni ti on 
A c a de mi c 
New York
Fu K.S. (1980)
Recent d evelopm en ts in pattern reco gnition  
IEEE trans on compu ter s C-29 pp845-854
Fu kunag a K. (1972)
I n t r o d u c t i o n  to stat istica l pattern r e c o gn ition 
A c a de mic Press New York
F u k un aga K. & Ke ssel D.L. (1971)
Es t i m a t i o n  of c l a s s i f i c a t i o n  error 
IEEE trans on com puters C-20 pp l521-1527
371
F uku naga K. & Koontz (1970)
A p p l i c a t i o n  of the K a r h u n e n - L o e v e  expansion to feature 
s e l e c t i o n  and ordering 
IEEE Trans. Comp. IC-19 p 311
Gabriel K.R. & Zamir S. (1979)
Lower rank a p p r o x i m a t i o n  of matrices by least squares with 
any choice of weights 
T e c h n o m e t r i c s  21 p p 4 8 9 — 498
G a n e s a l i n g a m  G. & Mc Lachan G.J. (1978)
The e f f i c i e n c y  of a linear discr im inant function based 
on u n c l a s s i f i e d  initial samples.
Bi o m e t r i k a  63 pp 658-6 62
Ge iss er S. (1964)
P o s t e r i o r  odds for m u l t i v a r i a t e  normal c l a s s i f i c a t i o n  
J.R.S.S. B 26 pp69-76
Ge ls em a & Eden (1980)
M a p p i n g  algo ri thms in Ispahan 
Pattern r e c o gn it ion 12 n p l 27-136
Gilbert E.S. (1968)
On d i s c r i m i n a t i o n  using qual i t i t i v e  variables 
J . Am er. Stat. Assoc. 63 p 1399
Gilbert E.S. (1969)
The effect of uneq ual v a r i a n c e - c o v a r i a n c e  matrices bn 
Fisher's  disc r i m i n a n t  function 
B io me trics 25 pp 505-516
Gimlin D.R. & Ferrell D.R. (1974)
A K-K' error c or rectin g pro ced ur e for non — pa ramtetric  imperfect] 
su-p-eTTvlsed learning 
IEEE trans Syst Man & Cyber pp304-306
G o l d s t e i n  M. & D i llon W.R>. (1978)
Di s cre te  d iscr im inant analysis 
Wiley 
New York
Gordon J.W. (1877)
On certain molar movements  of the human body produce d  
by the c i r c ul at ion of the blood 
J. A n a t . 11 pp533-536
372
Goshi S.K. & S h y a m a s u n d e r  R.K. (1983
A linear time a l g o r i t h m  for obtaining the convex hull of a 
simple polytop e 
Pa tt ern rec o g n i t i o n  16 pp587 -59 2
Gower J . C . ( 1 9 6 6 )
Some di stance pr op erties  of latent root & vector methods 
used in m u l t i v a r i a t e  analysis 
Bi om e t r i k a  53 pp3 25- 33 8
Gower J.C. (1968)
Ad di n g  a point to vector  diagrams in m u l t i v a r i a t e  analysis 
B i o m e t r i k a  55 pp582 -5 85
G r a h a m  R.L. (1972)
An effi ci ent a l g o r i t h m  for det er mining the convex hull 
of a finite planar set 
In fo r m  Proc Lett ppl32-13 3
G r e b e n a r o v  (1973) 
in
B a l l i s t o c a r d i o g r a p h i c  meth ods and c a r d i o v a s c u l a r  dynamics 
P ro c e d i n g s  of the Cong ress in W. Sofia 
E d . A . T a l a k o v  
Kare er
Green 9. rman B.W. (1979)
C o n s t r u c t i n g  the convex hull of a set of points in the plane 
Co mpute r Jo urn al 22 pp 262 -266
G r e ville (1968)
Data fit ting by spline fun ctions 
MRC Tech Summ Rep 893 
Math Res Centre, US Army 
U n i v e r s i t y  of W i s c o n s i n
Gu s ema n L.F., Peter H.F.s B.C. & Walk er (1975)
On m i n i m i s i n g  the p r o b a b i l i t y  of raisclassification for 
li ne ar  f e a t u r e  selection  
A n nals  of Statisti cs 3 pp 661 -668
G u ttma n 1 . ( 1 9 7 0 )
S t a t i st ical toler ance regions 
Gr iffin  
Lo ndo n
373
Haff L.R. (1980)
Em piric al  Bayes est i m a t i o n  of the m u l t i v a r i a t e  normal 
c o v a rianc e matri x 
An nals Statist. 8 pp 58 6-597
Hand D.J. (1981)
Br anch and bound in stat is tical data analaysis 
The s t a t i s t i c i a n  30 pp 1-13
Hand D.J. (1981)
D i s c r i m i n a t i o n  and c l a s s i f i c a t i o n  
W i l e y  Hew York
Hanka R. (1978)
C o m p u t e r i s e d  c l a s s i f i c a t i o n  of B a l l i s t o c a r d i o g r a m s
in
Bi osigm a 78
I n t e r n a t i o n a l  c onfere nc e on signals & images in medicine 
and bi ology Paris
Ha ra li ck R . M . , Shanmugan  K. & Din I.s tein (1973) 
tex tu ral features for image cla ss i f i c a t i o n  
IEEE trans syst man cyber SMC-3 pp610-621
Ha rri s o n  W.K. & Talbot S.A. (1967) 
in
B a 1 1 i s t o c a r d i o 1ogy & Cardiac Perfor mance
Ed. Noord e r g r a a f  & Pollack
Basel
Hart P.E. (1968)
The condense d nearest ne i g h b o u r  rule 
IEEE trans on Inf o r m a t i o n  theory IT-14 pp515-516
Ha rtiga n J.A. (1975)
Cl u s t e r i n g  al gorithms 
John Wi le y & sons New York
Ha rt le y H.O. & Rao J.N.K. (1968)
C l a s s i f i c a t i o n  and est i m a t i o n  in analysis of variance 
pro ble ms
R e v i e w  of in te r n a t i o n a l  Stat istica l Inst. 36 p p l 41- 14 7
Hayes J.C. & H a l i d a y  J. (1974)
The least squares fitting of cubic spline surfaces to 
general data sets 
J. Inst Math Appl 14 pp89-1 03
374
Hea ly M.P. & Parr is h E.A. (1979)
An optimal metho d of ordering the basis vectors in the 
trun ca te d K a r h u n e n - L o e v e  ex pan sio n using the Fisher 
linear discri mi nant.
U n p u b l i s h e d
H e ilma n M.E. (1970)
The nearest n e i g h b o u r  c l a s s i f i c a t i o n  rule with a reject 
optio n
IEEE Trans. Syst. Sci. Cybern. SSC-6 pp 179-185
H e n d e r s o n  (1905)
The m a n - m o v e m e n t s  of the c ir cu lation  as shown by a 
recoil curve
Ame r J . Physiol. 14 pp287-298
Hills M. (1967)
D i s c r i m i n a t i o n  and all o c a t i o n  with discrete data
J.R.S.S. C 16 p p 2 3 7-2 50
H o agi in D.C. & An drews D.F. (1975)
The re por tin g of co mputer  based results in statisti cs
Amer Stat 2 9 p p l 22-126
Hosmer D.W. (1973)
A c o m p ar ison of iterative m a x imum li kelihood estimat es 
of the parameters  of a mixture of two normal d i s t r ib utions 
un de r three different typea of sample.
Biometr ic s 29 pp761 -779
Ho t e l l i n g  H. (1933)
Analysi s of a comple x of stat istical variables into 
p r i ncipal componen ts
J E d u c ati on al P s y c h o l o g y  24 pp417-441
375
Jain A.K. & W a l l e r  W.G. (1978)
On the opti mal number of features in the cl a s s i f i c a t i o n  of 
m u l t i v a r i a t e  G a u ssian data.
Patt ern  R e c o h n i t i o n  10 p p 3 6 5 — 374
J a r a m l o k o v a - N i c o l o v a  (1973) 
in
B a l l i s t o c a r d i o g r a p h i c  methods & c a r d i o v a s c u l a r  dynamics 
P r o c ed in gs of the congress in Sofia 
E d . A. T a l ak ov  
Ka rger
Jardi n K . & Sibson R . (1971)
N u m e r i c a l  Ta xon o m y  
Wiley, New York
Jarvis R.A. (1973)
On the i d e n t i f i c a t i o n  of the convex hill of a finite set 
of points in the plane.
I n form  Proc Lett 18-21
J h i n g r a m  S.G., Jordan L ., Jahns M.F. & Hayni e T.P. (1971)
Li ver  sci nt igr ams  compared with alkaline p h o s patase  & BSP 
d e t e r m i n a t i o n s  in the detection  of m e t a st atic c a r c ino ma  
J. Nucl. Med. 12 pp227-230
John S. (1970)
On i d e n ti fy ing the pop ula tion of origin of each o b s e r v a t i o n  
in a mixt ure of obser v a t a i o n s  from two normal p op ul ations 
T e c h n o m e t r i c s  12 pp 553-563
Kabe D.G. (1963)
Some results on the di st r i b u t i o n  of two random mat rices 
in c l a s s i f i c a t i o n  procedures 
Annal s of Math. Statistics 34 p p 181-18 5
K a i la th T. (1967)
The dive rgenc e and Bha tt a c h a r y y a  distance me asure s in 
signal detecti on  
IEEE Trans COM-15 p52
Kanal L. (1974)
Patte rns  in P a t ter n R e c o g n i t i o n  1968-1974 
IEEE Trans Inform T h eo ry IT-20 pp 697 -722
376
Kash yap  R.L. (1970)
Al go r i t h m s  for pattern cl assi f i c a t i o n  
in
Ad a pti ve  learni ng and pattern r ecog ni tion systems 
Ed. Mendel J.M. & Fu K.J.
Ac a d e m i c  Press, New York
Kazakos D . ( 1 977 )
Re c u r s i v e  esti m a t i o n  of prior probabil it ies using a mixture  
IEEE trans in fo rm theor y IT-23 pp203 -211
Kend all  M.G. (1966)
D i s c r i m i n a t i o n  and Cl a s s i f i c a t i o n  
in
Proc of an inter n a t i o n a l  sy mp osium on m u l t i v a r i a t e  ana lysis 
Ac ad em ic Press, New York
Kend all  M.G. & Stuart A. (1966)
The advances theory of statistics 
Gr if fi n Lo ndo n
Kennedy W.J. & Gentle J.E. (1980) 
S t a t i s t i c a l  computin g  
D ekk er Ne w York
Kittl er J. (1975)
M a t h e m a t i c a l  me th ods  of feature selection in patt ern 
re co g n i t i o n
Internat. J. M a n - M a c h i n e  Studies 7 pp 609-637
Kittler J. (1978)
Feature sel ec ti on met hods based on the K a r h u n e n - L o e v e  
e x p a n s i o n
in
Pattern recognition: Theory and Appl i c a t i o n  
Ed. Fu K.S. & W i n s t o n  A.B.
Noo rd hoff
Kittler J. (1978)
Fe at ure set search alg orit hm s  
In Patter n r e c o g nition and signal pr oc ess ing 
Ed Chen C.H.
Sijthoff and N o o r dhof f N e t h e rl ands
Kitt ler  J. & Young (1973)
A new ap pr oach to feature selec tion based on the 
K a r h u n e n - L o e v e  expansio n 
P at ter n reco g n i t i o n  5 pp3 35- 35 2
377
Ko p l o w i t z  J. & Brown T . A . (1979)
The we i g h t e d  nearest nei g h b o u r  rule for class dependent 
sample sizes 
IEEE trans inform  theory IT-25 PP6 17-619
K u l l b a c k  S. (1959)
I n f o r m a t i o n  theory and statistics 
Wi le y New York
L a c h e n b r u c h  P.A. (1965)
Es t i m a t i o n  of error rates in dis crim inant  analysis 
Ph D disserta ti on. Un i v e r s i t y  of California, Los Angeles
L a c h e n b r u c h  P.A. (1974)
D i s c r i m i n a n t  analys is where the initial samples are 
raisclassified II: N o n - r a n d o m  m i s c l a s s i f i c a t i o n  models 
T e c h n o m e t r i c s  16 pp419-42 4
La c h e n b r u c h  P.A. (1975) 
D i s c r i m i n a n t  Analysis 
Ha fn er  Press
L a c h e n b r u c h  P.A. (19 7 9)
Note on initial m i s c l a s s i f i c a t i o n  effects on the quad ra tic 
d i s c r i m i n a n t  function 
T e c h n o m e t r i c s  21 p p l 2 9 — 132
L a c h e n b r u c h  P.A. & G o l d st ein (1979) 
D i s c r i m i n a n t  Analysis 
Biometr ic s 35 pp69-85
L a c h e n b r u c h  P.A. & M i ckey M.R. (1968)
Es t i m a t i o n  of error rates in dis cri minan t analy sis 
T e c h n o m e t r i c s  10 p p 1-11
La c h e n b r u c h  P.A., Snee nriger  C. & Revo L.T. (1973)
R o b u st ne ss of the linear & qu ad ratic d i s c r im in ant funct ion to 
ce r tai n types of no n - n o r m a l i t y  
Commun. Stat. 1 pp 39-57
Lainiot is  D.G. & Park S.K. (1972) .
Feature e x t r acti on  criteria: c o m p ari so n and e v a l u a t i o n
Proc 5th Hawai. Internat. Conf. Syst. Sci.
Le d l e y  R.S. Ed. (1968) 
Pa t ter n R e c o g n i t i o n  
Pergamon, New York
378
Lid del l D. (1977)
M u l t i v a r i a t e  response in more than one sample 
The S t a t i s t i c i a n  26 ppl-15
Li n d e m a n  R.H., M e r enda P.F. & Gold R.Z. (1980)
I n t r o d u c t i o n  to bivari at e and mu lt i v a r i a t e  analysis 
Scott, Fo re sman & Co.
Li s s a c k  T. & Fu K.S. (1973)
Er ro r est i m a t i o n  and its a p p l icati on  to feature extra ct ion 
in patter n r e c o gn ition  
Purdue Univ. L a f a ye tte Ind. Rep. TR- EE73- 25
L u d b r o o k  J., S l a v ot inek A.H. & Ronai P.M. (1972)
O b s e r v e r  error in rep or ting on liver scans for space 
oc c u p y i n g  lesions 
G a s t r o e n t e r o l o g y  62 p p l 0 1 3 — 1019
Marks S. & Dunn O.J. (1974)
Di s c r i m i n a n t  functions when covaria nce matrices  are uneq ual 
J . Amer. Stat. Assoc. 69 pp 5 55-5 5 9
Mar rio tt F.H.C. (1975)
Separating mixtures of normal distributions
B i o m et ri cs 31 p p 7 6 7 — 769
Mc Ka y (19 7 6)
Simultaneous procedures in discriminant analysis involving 
two groups 
Technometrics 18 pp 4 7-53
McLachan G.J. (1972)
A s y m p t o t i c  results for d is crimin an t analysis when initial 
samples are mis class ifled 
T e c h n o m e t r i c s  14 pp4 15 -422
Mc L a c h a n  G.J. (1975)
Iterative reclassification procedure for constructing an 
asymptotically optimal rule of allocation in discriminant 
analysis 
J.A.S.A. 70 pp 365-369
379
M c L a c h a n  G.J. (1980)
The classification and mixture maximum likelihood approaches 
to cluster analysis
in
The ha n d b o o k  of statist ics 
Ed P. K r i s h n a i a h 
No rth  Holland A m s t e r d a m
M e n de ll  J.M. & Fu K.S. (1970)
A d a p t i v e  learning and pa tt ern re co gnitio n systems: Theory
and app li c a t i o n s 
Ac ademic, New York
M oo r e D . I l .  (1973)
E v a l u a t i o n  of five d i s c r i m i n a t i o n  procedu res for binary 
va riabl es
J. Amer. Stat. Assoc. 68 pp 399-404
Mora n M.A. & M u r p h y  B.J. (1979)
A clear look at two alt e r n a t i v e  methods of statist ic al 
d i s c r i m i n a t i o n  
Ap plied Stat istic s 28 pp223 -232
M u c c i a r d i  A.N. & Go se E.E. (1971)
A c o m p aris on  of 7 te ch niques for choosing subsets of 
p a t te rn  r e c o g nit io n properties 
IEEE Trans Computers C— 20 ppl023-1031
M u r r a y  & T i t t e r i n g t o n  (1978)
E s t i m a t i o n  problems with .d ata from a mixture 
A p p li ed St at ist ics
Ne Ider J.A. & Mead R. ( 1 965)
A simp lex  method for fpnction m i n i m i s a t i o n 
The C o m pu te r J o u rna l 7 p p 3 0 8 — 313
Oka mot o M. (1963)
An a s y m pt otic ex p a n s i o n  for the d i s t r i b u t i o n  of the linear 
d i s c r i m i n a n t  function 
A nna ls of Math Stat ist ics 34 ppl286-1301
Ok amoto  M. (1968)
C o r r e c t i o n  to: an a s y m pto ti c ex pan sion for the d i s t r i b u t i o n
of the linear d i s c r im in ant function 
Annals  of Math Sta tistics 39 p pl358-1 38 0
380
Ols en D.R. & F u k unaga  K. (1973)
R e p r e s e n t a t i o n  of nonline ar  data surfaces 
IEEE Trans on Comput ers C— 22 p p 912 — 9 22
O' Nei ll T. (1978)
Nor mal d i s c r i m i n a t i o n  with u n c l a s s i f i e d  ob se rva tions 
J.A.S.A. 73 pp821-8 26
O r w l awski  M. (1983)
On the cond itions for the success o f S k l a n s k y '  
’all a l g o r i t h m  
Pa ttern r e c o gnit io n 16 pp57 9 — 58 6
Parze n E. (1962)
On the esti ma tion of a pr ob a b i l i t y  density functio n and mode 
Anna ls Math Sta ti stics  33 p p l 0 65-1076
Patrick E.A. (1972)
F u n d a m e n t a l s  of pattern recogni ti on 
P re nt ice Hall, New Jersey
Pat rick E.A. & F i sh er F.P. (1969) 
N o n — p a r a m e t r i c  feature selecti on 
IEEE Trans IT-15 p 577
Pack R. & Van Ness J. (1982)
The use of shrinkage est ima tors in linear disc ri minant 
analysis
IEEE Trans. Pattern Anal. & Mach. Intell. PAM-4 pp 530-537
Pet e r s o n  D.W. & Mat t s i o n  R.L. (1966)
A m e t h o d  for finding linear d i sc riminan t function s for a 
class of p erf or mance criteria 
IEEE Trans Info rm Th eory  pp3 80-387
Pre par ta F.P. & Hong S.J. (1977)
Co nvex hulls of finite sets of points in 2 & 3 d i m e n s i o n s  
Comm of the ACM 20 p p 8 7 — 93
■Queensbury O.P. & Ge ss a m a n  M.P. (1968)
N o n p a r a m e t r i c  d i s c r i m i n a t i o n  using tolerance regions 
Annal s Math. Statist. 39 pp 664-673
Rao C.R. (1944)
Tests with d is crimin an t functions in m u l t i v a r i a t e  analysis 
Sa nkhya 7 pp 407-413
381
Rao C.R. (1970)
In ference on d i scr im inant functi on coef ficie nts 
In Essays in p r o b a b i l i t y  and statistics  
Ed Rose R.C. et al
U n i v e r s i t y  of North Carolina Press Chapel Hill pp 557-602
Ro ber ts S. (1984)
AS199 A branch & bound a l g orith m for det ermi ni ng the optimal 
feature subset of size S 
Ap p lie d Stat istics  33 pp236-241
Rosenfe ld  A. (1984)
Image analysis: Problems, progress & prospects
Pattern r e c o g nition 17 pp3-12
Samraon J.W. (1968)
On line pattern analysis and r e c o g nition  systems (OLPARS) 
Rome Air Dev elo p Center 
T e c h- Re p TR— 68— 263
Sammon J.W. (1969)
A n o n li ne ar mapping for data structure analysis 
IEEE Trans Computers C-18 p p 4 0 1-409
Scherer U ., Bull U., Roth R., Eisen be rg J ., Schi Idberg F . W . , 
M e i s t e r  P. & L i s s n e r  J. (1978)
C o m p u t e r i s e d  to mography & nucl ear  imaging of the liver 
E u r o p e a n  J. of Nucl. Med. 3 p p 7 1 — 80
Scott A.J. & Syramons M.J. (1971)
C l u s t e r i n g  me thods based on lik elihood  ratio criteria 
B io m e t r i c s  27 pp 3 8 7 — 3 9 7
Sha nm ugan  K . & B r e i p o 1 A.M. (1971)
An error c orrec ti ng pro cedure for learning with an imp erfect 
tea cher
IEEE Trans Syst. Man & Cybern. pp223-229
Silve y S.D. (1970)
S ta t i s t i c a l  Inf erence 
Penguin, London
Sklans ky J. (1972)
M e a s u r i n g  concavity on a r e c t an gu lar mosaic 
IEEE Trans Computers C-21 p p l 3 5 5 — 1364
382
T or ge nsen W . S . (1958)
T heo ry and methods of scaling 
Wiley, New York
Tou J.T. & Ileydorn R.P. ( 1 967 )
Some a p p l i catio ns  to op ti mum feature selectio n
in
C o m p u t e rs & I n f o r m a t i o n  Sciences vol II 
E d . Tou J .T .
A c a demic Press New York
Tou J.T. & Go nzale z R.C.
Pa t t e r n  R e c o g n i t i o n  
Ad d i s on-Wes ley M a s s .
Toussa int  G.T. (1978)
The convex hull as a tool in patt ern  r ecog ni tion
in
Proc AFOSR wo r k s h o p  in c o m m u n ication s theory & a pp licatio ns  
P r o v i c e t o w n  Mass
Tuk ey J.W. (1947)
N o n - p a r a m e t r i c  es t i m a t i o n  II st a t i s t i c a l l y  equ iva le nt blocks 
- the con ti nuous  case 
Ann Math Stat 18 p p 52 9-539
Oilman J.R. (1973)
Pa tt er n r e c o g ni tion techniques 
Crane, Russak  & Co, New York
Vadja I. (1970)
Note on d i s c r i m i n a t i o n  i n f o r ma ti on and var ia tion  
IEEE Trans IT-16 p 771
Van Ness J.W. (1979)
On the effects of di m e n s i o n  in disc rimina nt  analys is for 
u n e qual cov ar iance  p op ulatio ns  
T e c h n o m e t r i c s  21 pp 119-127
Van Ness J. (1980)
On the domi nance of n o n - p a r a m e t r i c  Bayes. Rule d i s c r i m i n a n t  
al go i r t h m s  in higher dimension s 
P a t t e r n  rec o g n i t i o n  12 pp355 -368
Van Ness J.W. & Simpson C. (1976)
On the effects of d i m e nsion in d i s c r imi na nt analysis 
T e c h n o m e t r i c s  18 pp 175-187
383
Van Ryzin J. Ed. (1977)
Cl a s s i f i c a t i o n  and clust ering 
Ac a d e m i c  Press New York
Ve rhage n C . J . D . M . (1975)
Some gen eral remarks about pattern recognition; Its defi nitio n 
Its re lation with other discipines: A literature survey
Pa ttern  R e c o g n i t i o n  7
Vi l m a n s e n  T.R. (1973)
F ea tur e ext r a c t i o n  with measur es of pr oba b i l i s t i c  dependence 
IEEE Trans C-22 p 381
Vido I., H u n d e s h a z e n  H., Becker H. & Schmidt F.W. (1975)
V e r le ic h l a p a r o s k o p i s c h e r  und s z i n t i g r a p h i s c h e r  befunde 
bei c h r o n i s c h e r  Hep atitis, L e b e r z i r r h o s e  und lebe r t u m s r e n 
Dtch Med W o c h e n s c h r  100 ppl29 -132
Wald A. (1944)
On a s t a t i stical  p r o blem arising in the c l a s s i f i c a t i o n  of 
an in di vid ual into one of two groups 
Ann Math Stat 15 p p l 45-162
Wald A. & W o l f o w i t z  J. (1946)
T o l e r a n c e  limits for a normal di str i b u t i o n  
Ann Math Stat 17 pp 208-215
Wa t a n a b e  S. (1965)
K a r h u n e n - L o e v e  expansio n and factor analysis - th e o r e t i c 
remarks and a ppli ca tions 
Proc. 4th Prague conf. I nforma ti on theory
W a t a n a b e  S. (1972)
F r o n t i ers of patt ern r eco gn ition 
A c a d e m i c  press. New York
Wegraan E.J. (1972)
N o n - p a r a m e t r i c  densit y est ima ti on 
T e c h n o m e t r i c s  14 pp 5 33 — 546
W e i s s b e r g  A. & Beatt y G.H. (1960)
tables of t o l e r a nc e-1im it  factors for normal di s t r i b u t i o n s  
T e c h n o m e t r i c s  2 pp48 3- 500
384
We in e r  J . & Dunn O.J. (1966)
E l i m i n a t i o n  of variâtes in linear d i s c i m i n a t i o n  problems 
B i o m et ri cs 22 p268
We lc h B.L. (1939)
Note on d i s r c imin an t functions 
B i o m e t r i k a  31 pp 2 18-220
Wezka J.S., Dyer C.A. & R o s e n f e l d  A. (1976)
A c o m p a r i t i v e  study of texture measur es for terrain 
c l a s s i f i c a t i o n  
IEEE Trans Syst Man Cyber SMC— 6 p p 2 6 9 — 285
W i l k s  S. (1941)
D e t e r m i n a t i o n  of sample sizes for setting tole rance limits 
Ann Math Stat 12 p p 9 1 — 96
Wilks S. (1962)
M a t h e m a t i c a l  sta tisti cs  
W i l e y  New York
Wi ls on D.L. ( 1972)
A s y m p t o t i c  proper ties of nearest nei g h b o u r  rules 
u s ing edited data 
IEEE trans Syst Man Cyber SMC-2 pp4 08 -420
Wold S. (1976)
Pattern reco g n i t i o n  by means of disjoint pri nc ipal ccom po nent  
mo de ls
Pattern reco g n i t i o n  8 p 127
Wolfe J.H. (1970)
P a t tern cl usteri ng  by m u l t i v a r i a t e  mixture analysis 
M u l t . Behav. R e s . 5 p p 329-350
Zubin J. (1938)
A techn ique for measuri ng  likem in dedness  
J. A b n o r m  Soc Psy chol 33 pp 508-516
385
